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ON  BACKFLOW  OF  A  VISCOUS  FLUID  IN  A  DIVERGING  CHANNEL* 

Bt  Milton  Abbamowitz 


1.  Introduction.  Viscous  flow  between  parallel  plane  walls  may  be  described 
by  the  Poiseuille  flow  distribution  u  =  U  (1  —  if*/o*)  when  the  Reynolds  number 
does  not  exceed  a  certain  limit  and  the  motion  remains  steady.  Slight  conver¬ 
gence  of  the  walls  tends  to  stabilize  the  laminar  flow  and  a  complete  description 
of  the  flow  has  been  given  on  the  basis  of  the  boundary  layer  theory  [1].  How¬ 
ever,  if  the  walls  of  the  channel  diverge  the  situation  is  reversed.  Due  to  the 
divergence  there  is  a  decreate  in  velocity.  The  consequent  increase  in  pressure 
is  superposed  on  the  frictional  pressure  in  such  a  manner  that  the  direction  of 
flow  will  reverse  itself  when  the  resultant  pressure  gradient  becomes  negative. 
The  problem  of  two  dimensional  steady  flow  has  been  studied  under  the  simpli¬ 
fying  assumption  that  the  entrant  flow  is  radial  and  the  boundary  of  the  channel 
is  rectilinear  [2].  The  resulting  solution  is  expressed  in  terms  of  elliptic  func¬ 
tions.  However,  the  practical  value  of  this  solution  is  limited  since  the  fluid  will 
not  generally  enter  the  channel  in  radial  fashion.  Its  chief  claim  to  importance 
is  the  fact  that  it  is  one  of  the  few  instances  where  the  Navier-Stokes  equations 
in  polar  coordinates  can  be  solved  exactly.  Another  method  of  attack  has  been 
given  by  Blasius  [3].  Under  non-radial  initial  conditions  and  employing  a 
method  of  approximations  he  demonstrates  a  symmetrical  solution  of  the  two- 
dimensional  Navier-Stokes  equations  in  Cartesian  coordinates.  Blasius  found 
that  backflow  will  occur  in  a  divergent  channel  when  mi2  =  105/8  where  m  =  slope 
of  the  channel  and  R  is  the  Reynolds  number.  We  shall  first  justify  the  result 
obtained  by  Blasius.  Secondly,  emplo3ing  his  procedure  we  shall  carry  the 
approximation  another  step  to  refine  the  critical  condition  for  backflow.  Finally, 
using  a  different  approach  we  shall  determine  an  improved  solution.  In  particu¬ 
lar  we  shall  be  able  to  calculate  the  point  of  detachment  from  the  backflow 
criterion. 

2.  Equation  of  Flow.  Consider  a  diverging  channel  whose  boundary  is  given 
by  the  relation  n  =  ±^({),  ^(0)  *=  ±o. 

We  assume  that  the  fluid  enters  the  divergent  section  of  the  channel  at  (  =  0 
after  having  passed  through  a  straight  portion  in  which  the  Poiseuille  flow  has 
developed.  The  Navier-Stokes  equations  for  the  flow  are 

(2.1)  ~  “  vV*w,  w  = 

where 

(2.2)  u  =  'I'nl  t;  =  -it 

*  The  author  wishes  to  express  his  gratitude  to  Professor  K.  O.  Friedrichs  for  his  advice 
in  the  preparation  of  this  paper.  The  content  of  this  paper  was  submitted  as  partial  fulfill¬ 
ment  of  the  requirements  for  the  degree  of  doctor  of  philosophy  at  New  York  University. 
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and  the  boundary  conditions  are 

^  =  aui^i  h  =0fort  =  0 

(2.3)  Va  3  oV 

^  -  §ai7;  ^,  =  0  for  =  ±<pi^). 

The  boundary  condition  at  {  =  0  expresses  the  fact  that  the  fluid  entering  the 
divergent  portion  of  the  channel  is  characterized  by  the  Poiseuille  flow.  The 
condition  along  i;  =  requires  that  the  boundary  shall  be  a  streamline  for 

the  flow.  In  addition  we  impose  the  condition  that  ri)  shall  be  flnite  for 
{  =  00. 

3.  Transformation  of  Equations.  We  note  that  the  boundary  conditions  (2.3) 
refer  to  the  curvilinear  boundary  ji  —  ±^(t)  of  the  divergent  channel.  In  order 
to  work  in  the  same  fixed  domain  for  various  tyiies  of  channels  we  set 

(3.1)  H  x;  n  “  y>p(^)  “  ^(O)  -  ±o. 

The  values  of  the  parameter  S  is  not  fixed  as  yet.  At  a  later  stage  we  shall  be 
able  to  attach  proper  significance  to  it.  However,  if  we  particularize  the  types 
of  channels  to  be  considered  to  the  form  ij  *  v>i({)  *■  ^(5{)  then  we  obtain 
v>i(()  <fi(x)  a  function  which  is  indep>endent  of  5  so  that  ~  •  'I'ke 

differential  equation  (2.1)  will  then  become 

(3.2)  +  (1  +  5y^*)ww 

+  yh'{2>p\  — 

<pu)  =  5* +  (1  +  y*<pl)in  +  y^*(‘2<f>l  —  —  2i*vv*^»» 

and  the  boundary  conditions  (2)  become 

(3.3)  i  =  aU(y  -  \y*),  (3.4)  yj/,  =  oC7^,(0)(y  -  |/*)forx  «  0, 

(3.5)  ^  =  iaU,  (3.6)  =  Ofory  -  ±1. 

4.  Condition  for  Backflow.  In  order  that  the  point  (  =  (o  shall  be  a  point  of 
detachment  there  must  be  jbl  streamline  ij  =  ff(()  such  that  ff((o)  ~  ^($>)  and 
H|(fo)  ^  ^i((o).  These  two  conditions  imply  that  the  boundary  v  —  ^(f)  and 
the  streamline  v  ff(()  intersect  at  (  (o .  The  second  relation  implies  that 
the  boundary  if  >=  ^(()  is  a  streamline  which  separates  into  two  distinct  parts  at 
f  =  $) .  Since  JI(()  and  ^(()  are  streamlines 

(4.1)  ^({,  H({))  =  ^({,  ^(0)  =  H(o ,  ¥>((o))  =  constant 

(4.2)  it  +  iMO  “  0,  iti  +  2i(^t  +  “  0. 

When  {  —  ^  we  have  H(^)  »  ^((o)  and  »  0  from  the  boundary  conditions, 
so  that 


(4.3) 


“  0. 
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Furthermore  on  the  boundary  we  have  =  0,  =  0.  Differentiating  with 

respect  to  {  we  get 

(4.4)  =  0;  =  0. 

Eliminating  <fi((  and  from  the  last  three  equations  we  get 

(4.5)  =  0. 

By  hypothesis,  the  expression  in  brackets  is  different  from  zero  so  that  the 
backflow  becomes  =  o.  It  is  evident  that  under  the  transformation  in  (3.1) 
the  condition  in  the  (xj/)  plane  is  =  0. 

6.  Blasius  Method.  On  the  basis  of  the  preliminaries  we  are  now  able  to  ob¬ 
tain  a  justification  of  Blasius’ solution.  Leti;  =  d:^({)  with  ^(0)  =  d:a  represent 
a  particular  channel.  We  can  relate  this  channel  to  the  straight  channel  v  = 
±a  by  a  continuous  set  of  channels  17  =  =  ^(wi{).  As  m  0  these  channels 

clearly  converge  to  the  straight  channel  ^(()  =  o.  We  identify  the  arbitrary 
parameter  previously  referred  to  as  5  by  setting  5  =  m  and  therefore  the  function 
^m(()  ”  =■  ^(mS~^x)  =  ^(x)  when  considered  as  a  function  of  x  is  inde¬ 

pendent  of  m  together  with  its  derivatives  with  respect  to  x.  Blasius  assumed 
the  boundary  of  the  channel  was  of  the  form  ^m(()  =  oc"*.  However,  if  m  is 
small  enough  e*"^  1  -h  and  the  solution  for  the  linear  case  will  be  sufficient 

to  characterize  the  flow  for  the  boundary  of  small  exponential  divergence.  In 
order  to  determine  the  solution  of  (3.2)  we  assume  the  following  expansions  in 
terms  of  the  parameter  m. 

\^'  =  -f-  Twl/^  -j-  mV*  "!■••• 

w  »  w*  -|-  m<i>*  -j-  m*w*  *1"  •  •  *  . 

Thus  substituting  (5.1)  into  (3.2)  and  neglecting  terms  of  order  m*  or  higher  we 
obtain  the  following  systems  of  equations  by  equating  powers  of  m. 

System  I: 

(5.2)  vwly  “  0;  ifiia  -» 
with  the  boundary  conditions 

(5.3)  =  \aU\  -  0  for  y  =  ±1 
The  solution  of  this  system  is  given  by  the  Poiseuille  flow 

(5.4)  u  »  —{2aUI<p*)y. 

When  m  is  small  backflow  will  not  occur  near  the  mouth  of  the  channel  since 
divergence  from  the  rectilinear  channel  will  be  small.  Thus  we  are  interested 
in  the  behavior  of  the  flow  away  from  the  entrant  portion.  This  has  been  the 
motivation  for  the  transformation  m{  »  x.  A  fixed  section  0  <  {  <  (0  goes  over 
by  the  transformation  into  a  varying  section  0  <  x  <  m(  and  in  the  limit  shrinks 
to  a  point  x  =  0.  Therefore  we  cannot  expect  that  the  limit  function  for  m  — ►  0 
shall  satisfy  the  boundary  conditions  at  x  =  0  which  the  solution  for  m  >  0 
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satisfies  at  x  »  0.  This  is  consistent  with  the  fact  that  the  solution  of  the  limit 
differential  equation  is  already  determined  without  imposing  a  boundary  condi¬ 
tion  at  X  »  0.  This  situation  is  similar  to  that  occurring  in  the  boundary  layer 
theory  where  a  boundary  condition  is  lost  in  the  limiting  process.  The  expres¬ 
sion  given  in  (5.4)  above  has  been  so  obtained  and  the  solution  obtained  is  valid 
for  values  of  x  away  from  the  entrant  portion. 

System  II: 

(5.5)  wrfi,  -  •pWU'I  — 
with  the  boundary  conditions 

(5.6)  4^  “0;  ■=  0  for  j/  =  ±1. 


The  solution  of  this  system  is 

(5-7) 

^ix,y)  -  {-iiy  ?y‘  -  iy‘}. 

System  III: 

•pWlil  +  —  >'{«»  +  <9*«L  +  y'vluly 

+  yi^l  —  w»»)«2  “ 

(5.8)  ifi'u  -  v>V2«  +  yWw  +  +  y(2^!  —  <fxpx,)4'l  —  2y<p<fi^ly 


with  the  boundary  conditions 

(5.9)  “  0;  ^5  =  0  for  y  =  ±1. 


Up  to  this  point  the  special  nature  of  the  boundary  of  the  channel  has  not  been 
used.  However,  in  order  to  carry  out  the  integration  of  System  III  we  assume 
that  the  boundary  of  the  channel  is  a  straight  line  so  that  if>{x)  «  a  -f-  x,  <pm(X) 
a  -{-  m^.  In  this  case  the  terms  involving  ipa  drop  out  of  the  equations  of  System 
III  and  the  solution  will  be  independent  of  x.  Furthermore,  in  order  to  insure 

the  occurrence  of  backflow,  we  assume  that  the  Reynolds  number  R  =  —  char- 

V 

acterizing  the  flow  is  large  so  that  terms  involving  R~^  may  be  neglected.  If  we 
substitute  the  known  functions  in  (5.8)  we  get  for  the  particular  rectilinear 
boundary 

9V*  o‘U*//76  ,  48\  272  12  5  87! 

By  assumption  the  term  48/i2*  is  small,  so  that  it  may  be  neglected.  Integration 
yields 

_*  r  r* 

(5.11)  i^x,  y)  -  {.19755378y  -  .56496943y*  -1-  .60317460?/" 

lOOi^ 

-  .30839002  y^  +  .07936508  y*  -  .00673401  y"} 
^^(x,  1)  «  .0069484(o*(7*/v*), 


(.19755378y  -  .56496943y’  -1-  .60317460y" 
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rhe  stream  function  ^^(x,  y)  is  then  obtained  from  the  expression 
(5.12)  ^(x,  y)  =  aU{^^  +  +  (mR)V\. 

6.  Discussion  of  Backflow.  With  the  results  obtained  we  are  now  able  to 
determine  the  condition  for  backflow.  In  the  xjz-plane,  the  condition  for  back- 
flow  is  ^n(x,  y)  =  0  for  y  *  ±1.  The  expression  for  ^(x,  y)  is  given  in  (5.1)  so 
that  when  y  =  ±1  we  should  determine  a  value  of  m  for  each  particular  value 
of  X.  The  condition  for  backflow  is 

(6.1)  y)  =  ^ly{x,  y)  -f-  »t^i»(x,  y)  +  mVw(x,  y)  4-  •  •  •  =  0  for  y  =  ±1. 

Since  we  have  carried  the  expansion  for  ^{x,  y)  up  to  terms  of  order  m*,  (6.1) 
will  be  a  quadratic  equation  in  mR.  The  parameter  m  is  the  slope  of  the  bound¬ 
ary  of  the  channel  17  »»  ^».({)  =  o  +  m^.  After  substituting  the  values  of  ^2*  j 
4'n  ^  (6.1)  we  And  that  ^„{x,  y)  is  independent  of  x  for  all  these  channels, 

SO  that  the  position  of  the  point  of  detachment  cannot  be  fixed.  However,  our 
later  investigation  will  show  that  it  actually  takes  place  at  a  definite  point 
X  “  x»  which  can  be  determined  from  the  new  relations.  The  explicit  expression 
for  (6.1)  is 

(6.2)  1  -  .076190  {mR)  -  .003474  {mR)'  =  0 

The  positive  root  of  this  equation  is  mR  »  9.24.  Blasius’  solution  included  only 
the  first  two  terms  of  (5.1)  and  he  found  the  critical  value  mR  =  13.125. 

In  an  experimental  investigation  carried  out  by  Patterson  it  was  found  that 
the  value  of  mR  obtained  by  Blasius  was  too  large.  Thus,  the  critical  value  ob¬ 
tained  here  will  be  more  accurate  but  not  very  accurate  anyway.  The  approxi¬ 
mation  can  be  determined  to  any  desired  degree  of  accuracy  by  merely  evaluating 
further  terms  in  the  expansion  for  ^(x,  y).  Furthermore,  since  Blasius  stated  in 
his  discussion  that  his  result  was  to  be  valid  for  channels  of  small  exijonential 
divergence,  Patterson  went  to  the  trouble  of  constructing  his  channel  so  that  it 
would  conform  with  the  Blasius  theory.  Actually  as  we  have  shown  the  same 
experimental  results  could  have  been  obtained  if  a  diverging  channel  with  recti¬ 
linear  boundaries  were  studied. 

If  we  criticize  the  Blasius  results  from  the  view-point  of  adequacy,  the  first 
objection  to  be  offered  is  that  his  critical  value  for  mR  is  much  too  large.  Further¬ 
more,  since  the  condition  he  obtained  was  independent  of  x,  it  gives  no  clue  to  the 
position  at  which  the  backflow  occurs.  Actually,  as  our  later  investigation  will 
show,  his  result  corresponds  to  the  situation  where  backflow  occurs  at  {  =  00 . 

7.  Formulation  of  New  Method.  We  will  now  try  to  develop  a  theory  in 
which  the  backflow  is  found  to  occur  at  some  finite  point.  To  this  end  consider 
the  parameter  involved  in  the  problem.  First  of  all  the  Reynolds  number  R 
must  be  large  for  practical  purposes.  Secondly  the  parameter  m  which  is  the 
slope  of  the  rectilinear  boundary  should  be  allowed  to  take  on  values  which  are 
not  necessarily  small.  In  the  discussion  of  the  Blasius  method  it  was  assumed 
that  the  Reynolds  number  was  fixed  at  first  and  then  determined  the  particular 
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channel  from  the  set  of  channels  (fimii)  =  a  +  m^.  Thus,  if  S{R  *,  m;  »j)  repre¬ 
sents  the  solution,  it  can  be  written  in  the  form 

S{R  ij)  =  S{R  S  0;^,  17) 

+  0;  {,  ,)  -I-  S^{R-\  0;  . 

From  the  condition  obtained  for  backflow  the  parameters  R  and  m  are  dependent 
on  one  another  but  independent  of  the  point  of  detachment.  Examining  the 
Blasius  solution  we  note  that  the  boundary  of  the  diverging  channels  were  referred 
to  the  fixed  straight  channel  by  means  of  the  transformation, 

=  x;  j;  =  ^(0)  »  ±0. 

The  diverging  channels  were  assumed  to  be  of  the  form  =  a  -|- 

where  m  is  the  slope  of  the  channel.  Then  for  fixed  Reynolds  number  R  an  ex¬ 
pansion  for  was  taken  as 

^  -f-  mV*  +  •  •  •  • 

The  slope  m  was  taken  to  be  small  so  that  the  above  expression  would  give  a 
satisfactory  representation  up  to  terms  of  order  m*.  The  solution  was  then  finally 
obtained  for  values  of  R~^  that  are  small. 

In  order  to  obtain  an  improvement  over  the  Blasius  solution,  we  shall  refer  the 
boundary  of  the  diverging  channels  to  the  fixed  boundary  of  the  straight  channel 
by  first  choosing  h  ^  {aR)~^  so  that  the  transformation  shall  be 

f  “  aRx\  V  “  y¥>iO  *=  y<l>iaRx),  ^(0)  -  ±0. 

We  assume  that  the  set  of  channels  17  *  0j({)  are  of  the  form  17  »  atp{^/aR)  » 
atp(x).  Then,  if  ip{x)  =  1  +  «fii(x)  it  is  possible  to  determine  the  parameter  c  as 
follows:  The  slojie  of  the  channel  is  m  =  dri/d^.  Thus,  for  {  =  0  we  get 

^  dr,  (Ufi'iO) 

(if  “  oft  “  ft  * 

Therefore  mft  *  ^'(0)  is  fixed  and  if  ^  =  1  -H  «^(x),  we  have  «  “  mft/^I(0). 

Since  we  are  interested  in  flows  for  which  ft~‘  is  small  and  have  chosen  S  » 
(aft)“‘,  we  first  let  i  — »  0  in' (3.2)  and  obtain 

(7.1)  ;  (7.2)  ^  «  aU(j/  —  ly*)forx  »  0 

(7.3)  =  ol7v>,(0)(y  —  y*)  for  x  =-  0;  (7.4)  ^  =  |oC7  for  y  =  ±1 

(7.5)  =  Ofory  *  ±1. 

The  solution  of  the  system  of  differential  equations  (7.1)  to  (7.4)  is  the  problem 
that  will  occupy  us  in  this  paper  from  now  on.  However,  as  in  the  Blasius  case 
a  fixed  section  0  <  f  <  fo  goes  into  0  <  x  <  fo/oft.  ^When  ft  — >  «  the  fixed 
section  goes  into  x  =  0  so  that  we  cannot  hope  to  satisfy  all  the  conditions  at  x  » 
0.  For  this  reason  we  shall  discard  (7.3). 
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In  order  to  determine  the  solution  of  (7.1)-(7.4)  we  make  use  of  a  method  of 
approximations.  We  choose  as  the  parameter  the  quantity  defined  above  and 
set 


(7.6)  +  eV*  +  •  *  •  w  =  CO**  +  «!)*  +  e*co*  +  •  •  •  • 

Substituting  in  (7.1)  we  get  the  following  systems  of  equations  and  their  corre¬ 
sponding  boundary  conditions. 

System  I: 

(7.7)  coVJ  —  ;  (7.8)  ^**  ^  aU(y  —  iy*)  for  x  =  0 

(7.9)  ^**  =  iaUfoT  y  =  ±1;  (7.10)  =  0  for  y  =  ±1 

System  II: 

(7.11)  coS^i  -h  coi^J  —  coj^i  —  coi^S  =  Uuly  «’  =  —  2(upi(x) 

(7.12)  ^*-0forx  =  0;  (7.13)  ^^‘  =  0fory=±l 

(7.14)  ^i  =  0fory  =  ±l 


System  III: 

(7.15)  ultpl  +  ~  ~  ~  =  UuU 

*  #*  O..  *  0 

"  “  r  w  —  Mtpiw  —  a  (filU 

(7.16)  »  0  for  X  -  0;  (7.17)  =  0  for  y  -  ±1 

(7.18)  ^;-0fory=±l. 

8.  Solution  of  Systems  I  and  II.  The  solution  of  System  I  is  ^*’  =  aU(y  —  §y*) 
agreeing  with  that  obtained  by  Blasius  for  his  first  approximation. 

If  in  order  to  determine  the  solution  of  system  II,  we  substitute  in  (7.11)  the 
explicit  expressions  for  ^’*  and  o)**  we  obtain 

(8.1)  <4,  —  (1  —  y*)wl  —  2^i  »  0;  w*  “  +  4aU<pi(x)y. 


In  order  to  determine  a  solution  of  this  system  satisfying  the  boundary  condi¬ 
tions  (8.1)  we  first  note  that  the  function  ^*(x;  y)  *  aU(pi(x)(y  —  y*)  satisfies  the 
differential  equation  (8.1),  boundary  conditions  (7.11),  (7.14)  but  not  (7.13). 
Therefore  putting 

(8.2)  ^‘(x,  y)  =  fix,  y)  +  aUipi{x){y  -  y*) 

and  eliminating  co*  from  (8.1)  we  obtain 


(8.3) 
and 

(8.4)  / 


dy< 


-(1 


-J/*) 


IL 

dx*dy 


0 


0,  for  X  «=  0; 


/-O, 


^  =  2aU<pi(x)  for  y  =  ±1. 
oy 
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9.  Solution  of  (8^)  as  a  contour  integral.  In  order  to  obtain  a  solution  of 

(8.3)  and  (8.4)  we  assume  that/(x,  y)  may  be  expressed  as  a  contour  integral,  the 
path  of  integration  being  an  appropriate  line  parallel  to  the  imaginary  axis.  Thus 

(9.1)  fix,  v)  =  e^HOOOiy,  X)  dX 
where  G(y,  X)  is  such  that  Gy(y,  X)  =»  1  for  ^  =  ±1.  Then 

(9.2)  /,(x,l)  -  e^Hi\)dK. 

Furthermore,  since /^(x,  1)  ■=  2aU<p\{x)  is  given,  the  function  /f(X)  can  be  deter¬ 
mined  by  the  Laplace  transformation  as 

(9.3)  Hi\)  =  e-’Syix,  \)dx  ~2aU  e~*Vi(x)  dx. 

Substituting  the  integral  for  /(x,  y)  into  (8.3)  we  see  that  all  the  conditions  are 
satisfied  if 

(9.4)  G"  »  X{(1  —  y')Cf*  +  2Cr}  and  G{y,  X)  satisfies  the  conditions 

(9.5)  G(0)  -  G"(0)  -=  0;  (9.6)  (?(!)  -  1;  (9.7)  G'(l)  -  1. 

The  condition  (9.5)  is  a  consequence  of  the  fact  that  the  flow  shall  be  sym¬ 
metrical  about  the  center  line,  y  0  of  the  channel,  (9.6)  results  from  the  condi¬ 
tion /(x,  ±1)  0  and  (9.7)  from  the  definition  of  G(y,  X)  in  (9.1). 

In  order  to  determine  G{y,  X)  it  is  convenient  to  set 

G{y,  X)  -  g{y,  X)/^'(lf  X) 

where  g{y,  X)  satisfies  (9.4),  (9.5),  (9.6)  but  not  (9.7).  Instead  we  require  that* 


(9.8)  X)  =  1. 

The  integral  in  (9.1)  may  be  evaluated  by  the  theorem  of  residues  once  we  know 
the  poles  of  the  integrand.  The  original  path  of  integration  along  the  imaginary 
axis  is  deformed  by  shifting  it  to  X  »  —  <» .  For  the  sake  of  simplicity  we  restrict 
the  function  ^(x)  so  that  singularities  due  to  HQC)  will  be  poles.  Thus,  in  the 
shifting  process  if  we  take  account  of  the  singularities  we  will  be  able  to  obtain 
an  explicit  expression  for  (9.1).  If  X  =  X,  are  the  zeros  of  g'il,  X)  and  X  ■■  o,  are 
the  poles  of  H(\)  we  get 


fix,  y) 


f.  ,  »(»,  M  ,  V  n  *•> 


Actually,  the  poles  X  Xi  will  be  seen  to  be  situated  on  the  n^ative  real  axis  and 
they  must  be  determined  as  the  eigenvalues  together  with  their  corresponding 
eigen-functions  as  solutions  of  the  system 


(9.10) 


g^*  =  X{(1  -  i/V  + 


>  We  write  dg{y,  \)/dy  -  g'(,y,  X)  and  dg(y,  X)/dX  —  gt(y,  X). 
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(9.11)  g{0)  -  g\0)  -  0;  (9.12)  f^d)  -  0,  g'(l)  =  0;  (9.13)  g'(0)  -  1. 


10.  Determination  of  the  Eigenvalues.  In  order  to  determine  the  successive 
eigenvalues  we  shall  employ  iteration  methods. 

To  find  the  first  eigenvalues  we  assume  the  following  expansion  for  the  first 
eigen  function, 

(10.1)  go(y,  \i)  ~  y  -  2y*  + 

This  function  satisfies  (9.11)  and  (9.12)  but  not  the  differential  equation  (9.10). 
Substituting  in  the  right  member  of  (9.10)  we  get 


(10.2) 


gi'iy,  Xi)  =  Xi{-  lOy  +  28y*  -  18y‘}. 


Integrating  and  determining  the  constants  of  intention  so  that  (9.11)  and 
(9.12)  are  satisfied  we  obtain 


(10.3)  {/i(y,  X,) 


_  /29 

(840  ^ 


19s.l6  1T|1  1 

210^  ■*"  l2^ 


We  are  concerned  with  determining  the  eigen  function  g(y,  Xi)  corresponding  to 
the  fixed  eigenvalue  Xi .  Therefore  in  order  to  completely  determine  g(y,  Xi)  we 
make  use  of  (9.13)  namely,  g'(0,  X)  »  1  for  all  X.  This  condition  affords  us  a 
criterion  to  fix  the  value  of  Xi  at  each  step  of  the  iteration  process.  The  functions 
g»iy,  Xi)  which  we  are  obtaining  in  the  iteration  process  are  approximations  to 
the  eigen  function.  Furthermore,  if  y»(y,  Xi)  is  an  approximation  to  the  eigen¬ 
function  y(y,  Xi),  the  value  obtained  for  Xi  by  satisfying  (9.13)  must  be  an  approxi¬ 
mation  to  the  eigenvalue.  Returning  to  the  approximation  yi(y,  Xi)  we  find 

d  /A  \  \  29Xi 

5-J.(0.X.)  = 


840 


1  *1.  *  ^  840 

1  so  that  Xi  =  — 


—28.9.  We  then  obtain 


/tA  f  \  \  ^8  *  L  *  1^  ^  8  S 

(10.4)  gxiy,  \x)  ~  y  -  —y  +  V  +  ^1^ 


Ckintinuing  the  process  until  the  approximation  to  Xi ,  and  g{y,  Xi)  remain  un¬ 
changed  (to  the  order  of  accuracy  indicated)  we  obtain 

(10.5)  X,  -  -28.2210;  g{y,  X,)  -  y  -3.01266y*  3.78064y‘  -  2.94517y^ 

-h  1.78945y*  -  .87886y"  +  .36498y‘*  -  .13081y“ 

+  .01134y”  -  .01166y”  -|-  .00297y”  -  .00069y”  -|-  .00014y“ 

In  order  to  evaluate  the  integral  in  (9.9)  by  the  residue  theorem  it  is  necessary 
to  evaluate  (d/dy)g\(y,  X)  for  y  *  1  at  each  of  the  poles.  Differentiating  (9.10), 
(9.11)  and  (9.12)  with  respect  to  X  we  get 

(10.6)  d*yx/dy*  *=  X{(1  -  y*)d‘yx/dy*  -I-  2yx}  +  {(1  -  y*)d*y/dy*  +  2g] 


(10.7)  yx(0)  -  (d/dy)yx(0)  -  (d*/dy*)yx(0)  =  yx(l)  -  0 

where  y(y,  X)  is  the  solution  of  (9.10),  (9.11)  and  (9.12).  Since  the  values  of  X 
are  considered  as  given  in  (10.6)  and  (10.7)  the  function  yx(y,  X)  can  therefore  be 
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determined  for  each  of  the  successive  eigenvalues.  The  actual  solution  of  (10.6) 
is  obtained  by  iteration  in  a  method  similar  to  the  one  described  previously. 
Finally,  by  differentiating  with  respect  to  y  and  setting  y  >=  1  we  will  obtain 
{d/dy)g\{\,  X).  Carrying  out  the  solution  for  X  =  Xi  =*  —28.2210  we  get 

(10.8)  Qxiy,  Xi)  =  .15240y*  -  .34901j/‘  +  .3593 V  -  262881/’  +  .14980j/" 

-  .07029y‘*  +  .02801i/“  -  .009712/”  +  .002982/” 

-  .000822/’*  +  .000202/”  -  .000042/” 

from  which  we  find  (d/dy)g\{\,  X)  =  —.1059. 

In  order  to  determine  the  further  eigenvalues  Xn(n  >1)  and  eigenfunctions 
g(y,  X)  consider  the  differential  equation 

(10.9)  ((i^/dy*)giy,  X«)  «  X«{  (1  -  y*)(^/dy*)g(y,  X»)  +  2g{y,  X*) )  =  X«L^(X«) 

(10.10)  (.d^/dy*)g(y,  X,)  -  X»{(1  -  y‘)i(f /dy‘)giy,  X,)  +  2g{y,  X,)}  -  X«L^(X,)* 
The  adjoint  differential  equations  are 

(10.11)  (.(f/dy*)g(y,  =  x»l{(i  -  y*)§(y,  X«)}"  +  20iy,  XJ]  - 

(10.12)  id*/dy*)giy,  X.)  =  X»1{(1  -  y')g(y,  X,)}"  +  2g(y,  X,)]  =  X,r^(X,). 

The  boundary  condition  for  the  adjoint  equations  are  the  same  as  in  (9.11)  and 

(9.12) .  Multiplying  (10.9)  by  S(y,  X»)  and  (10.10)  by  g(y,  X«)  subtracting  and 
integrating,  we  obtain 


(10.13) 


/  lJ(X.)j'’(X.)  -  »(Uj‘'(X0|  dy 


\m  [  5(X0I^(X«)  dy  —  Xn  f  g(Xj)Zil(K)  dy. 


Integrating  by  parts  we  find  that  the  left  member  of  (10.13)  vanishes  so  that  we 
have 


(10.14)  X«  SiK)Lg(\J  dy  ^  gMlgiK)  dy. 


Integration  by  parts  shown  that  the  two  integrals  in  (10.14)  are  equal/  Since 
Xm  ^  X.  the  equality  can  hold  only  if  both  integrals  vanish.  Thus,  we  have 


(10.15) 


g(\m)T>§(Xn)  dy  0  if 


m  ^  n. 


This  relation  provides  us  with  an  “orthogonality”  condition  with  the  aid  of  which 
the  successive  eigenfunctions  can  be  determined.  Suppose  Xi ,  Xj ,  •  *  *  X«-i  and 
17(^i)»  •  •  •  17(^n-i)  are  known,  having  been  determined  by  any  means.  Also  let 
X«*’  and  gn\Xn^)  be  an  approximation  to  X.  and  g(\n)  satisfying  the  boundary 
conditions  (9.11)  and  (9.12).  Then  ^**''’**(Xn'*‘‘*)  can  be  found  in  the  following 
manner.  We  assume  that  flf”*(X»**)  has  been  obtained  from  the  differential  equa¬ 
tion  as  the  int^al 


g'^^y,  x*« ’)  =  xj.*’  |a2/  +  62/*  +  ////  X*.*"”)  dy  dy  dy  d2/} 
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where  a  and  b  have  been  determined  so  that  X**’)  satisfies  the  boundary 

conditions.  Then  we  write 

where  ai*\  •  •  •  ,  a»2i  are  constants  which  can  be  determined  using  (10.15).  We 
multiply  by  Z^CX*)  and  integrate  from  0  to  1.  Then  by  (10.15)  the  integrals  in 
which  m  ^  n  will  vanish  and  we  get 

Jo 

=  ct»  ’  [  g(y,  X«)L^(X*)  dy  +  [  g^^^y,  X$.”)Z^(y,  X«)  dy. 

Jo  Jo 


If  the  approximation  method  is  convergent  the  left  member  of  this  relation  will 
vanish  as  fc  — ♦  « ,  We  therefore  assume  that  the  left  member  vanishes  at  each 
step  in  the  process  and  obtain  an  approximation  to.  Accordingly  we  set 


ot, 


(*)  _ 
m  ” 


f  g^'‘\y,  \m^)L§(y,  x*)  dy 

*5 _ 

g(y,  Xm)I^(j/,  \m)  dy 


It  is  clear  that  if  g^'‘\y,  X»  ^)  — » g(y,  X,)  that  —*  0.  The  procedure  just  out¬ 
lined  is  complete  except  for  the  determination  of  the  eigenvalue  approximations 
X5,*\  To  achieve  this  we  will  employ  a  different  method  than  the  one  used  for 
the  determination  of  Xi .  The  procedure  will  be  explained  later. 

In  order  to  illustrate  the  forgoing  we  shall  determine  Xj  and  giy,  Xj)  since  they 
are  necessary  for  our  development.  Consequently  it  will  be  necessary  to  deter¬ 
mine  §iy,  Xi)  and  Lg{y,  Xi).  This  is  accomplished  by  solving  (10.11)  for  n  =  1. 
The  actual  solution  is  found  by  iteration  in  a  similar  fashion  to  that  employed  for 
the  determination  of  g(y,  Xi).  We  find 

(10.16)  g(y,  Xi)  =  .9221y  -  3.4455y*  -|-  5.7291j/‘  -  5.9331y^  -|-  4.46491?/’ 

-  2.6252y”  -f  1.2678y"  -  .5186y‘’  +  .1841y”  -  .0577y‘’ 

+  .0162y*‘  -  .0041^**  -|-  .OOlOy” 

Lg(y,  Xi)  =  24.362y  -  176.600y*  +  478.351y’  -  763.727y^ 

-I-  770.878?/*  -  602.030y“  +  372.596y**  -  190.1 13y‘’ 

-I-  82.290y"  -  30.881y‘*  +  10.219y”  -  3.016y” 

-I-  .798y“  -  .186y”  . 

Then  in  order  to  determine  g{y,  X*)  we  assume  g^^\y,  X*®’)  =  ?/  —  2y’  -f-  ?/*  and 
write 


9'‘\y,  XS")  =  Xi)  +  »"’(».  xj”). 
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We  determine  ai®’  from  the  relation 

^i)  dy  +  ai  g(y,  Xi)Zs(y>  ^i)  dy  =  0 

where  g(y,  Xi)Ti^(y,  Xi)dy  »=  .204.  From  the  differential  equation  we  then 
obtain 

g^*^(y,  Xj”)  =  ^ai/  +  +  /// J X»‘’)}  dydydyd^ 

where  a  and  b  are  int^ration  constants  to  be  determined  from  the  boundary  con¬ 
ditions  at  y  1.  The  approximation  to  Xj  could  be  obtained  from  the  condition 
9v(0>  Xj)  »  1.  However,  from  the  magnitude  of  the  coefficients  we  note  that  the 
principal  contribution  to  gi^f,  Xt)  arises  from  terms  other  than  the  first  and  the 
aforementioned  condition  is  not  sensitive  enough  to  fix  the  value  of  Xi .  Instead 
we  use  the  following  method.  Let 

gfiiy,  xi"’)  =  aiy  —  oiy'  cay'  ••• , 

xi"-"“)  =  Xi-^‘’{6iy  -  6,j/*  -H  6a,‘ . . .  j. 

If  gn  were  the  solution  we  would  have  gn+i  *=  gn  and  hence  a\  *»  Xi"‘*'‘’6i  ;  os  = 
Xi""'’*^  ;  o»  “  Xj"‘‘’‘’6i ;  •  •  • .  It  is  therefore  natural  to  take  as  the  arith¬ 
metical  average  of  ai/&i ,  <h/bi ,  at/b% ,  ■  ■  * .  Repeating  this  process  until  two  suc¬ 
cessive  iterates  are  the  same  we  find 

(10.17)  X,  -  -86.2 

giy,  Xi)  ^y-  43j/*  +  lS6y  -  39Sy'  +  b53y*  -  546j/"  +  407y"  -  236y“ 
+  109y”  -  41j/"  +  122/”  -  32/**  +  y”. 

^  gxiy,  Xt)  ~  200  for  y  =  ±1. 
dy 

11.  Evaluation  of  (9.9).  We  are  now  in  position  to  evaluate  the  expansion 
(9.9).  In  order  to  compare  our  result  with  that  obtained  by  Blasius’  method, 
we  choose  <fii(x)  =  x.  Then  (9.3)  becomes 

(11.1)  ^(X)  =  2aUj^  e-^’xdx  =  ^ 

so  that  the  integral  in  (9.1)  has  a  double  pole  at  X  0.  The  residue  due  to  this 
pole  is 
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Differentiating  we  obtain 

(lU)  2aU  I’m**  -  «“»(!(,  X)  ,-4^.1  • 

For  X  »  0,  (d/dy)g{y,  X)  *  1  and  g(y,  X)  «  ^(y*  —  y).  Also  from  (10.6)  and 
(10.7)  we  find 

/  \\  y  11  lilt  I7 

yx(y, ' 

Collecting  our  results  we  find  that  the  expression  for  ^‘(x,  y)  becomes 


yH.x,y)  ^  auiy^^y  210*'  '*'30^  210*'} 


+  2ot/{Bi(x)flr(y,  Xi)  +  Bi(x)g(y,\t)  + 


The  explicit  expression  for  (11.5)  is  unwieldy  so  we  defer  writing  it  out  until  a 
later  stage.  We  have  written  only  the  terms  arising  from  the  poles  Xi  and  Xs . 
Actually,  the  contribution  arising  from  the  pole  X*  —  —86.2  is  of  the  order  10“‘, 
or  smaller,  so  that  we  neglect  it  this  time.  Examining  the  expression  in  (11.5) 
we  note  that  the  terms  in  the  second  brackets  approach  zero  as  x  becomes  large 
since  Xi ,  Xs ,  •  •  •  are  all  negative.  Thus,  if  x  »>  <»  the  resulting  expression  de¬ 
pends  on  y  only.  The  condition  \('‘(x,  y)  =  0  for  x  =  0  is  not  satisfied  by  (11.5) 
because  we  have  not  accounted  for  all  the  poles  X  »  X{  of  the  integral  in  (9.9). 

Since  we  have  taken  into  consideration  the  contributions  arising  from  the  first 
two  poles  (11.5)  will  not  be  satisfactory  for  values  of  x  near  the  mouth  of  the 
channel.  However,  the  terms  omitted  contribute  very  little  away  from  the  en¬ 
trance  in  comparison  to  that  arising  from  X  =  Xi ,  and  (11.5)  can  thus  be  used  in 
that  portion  of  the  channel.  When  x  is  large  the  first  expression  in  brackets  of 
(11.5)  will  yield  satisfactory  results. 

12.  Solution  of  System  m.  We  are  now  concerned  with  obtaining  a  solution 
of  System  III.  In  its  present  form  the  possibility  of  obtaining  a  solution  would 
be  quite  difficult.  However  if  we  attempt  a  less  ambitious  program,  and  ask  for 
a  solution  which  shall  be  valid  when  x  is  large,  we  can  make  use  of  the  foregoing. 
By  analogy  with  (11.5)  we  ask  for  a  solution  which  shall  depend  on  y  only  when 
X  =  00.  We  therefore  rewrite  System  III  in  the  following  form: 

Uwly  —  1/(1  —  y*)ul  —  2{7^a  =  Uxu^  -|- 
(12.1)  w*  =  ~  2axw*  —  Ac^U^y 

=  0,  “  0  for  y  “  il* 


Since  we  are  interested  in  a  solution  for  which  x  is  large,  we  do  not  try  to  satisfy 
the  conditions  for  x  =  0.  Substituting  for  ^'(x,  y)  its  asymptotic  expression, 
which  is  a  function  of  y  only,  we  obtain 
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Since  v)  is  to  be  a  function  of  y  only,  the  terms  in  the  left  member  involving 
differentiation  with  resp>ect  to  x,  may  be  neglected  and  we  get 

i'(y)  =  .01oC/{.19755378y  -  .56496943j/*  +  .60317460i/‘ 

(12.3)  -  .30839002y^  +  .07936508y*  -  .00673401y“} 

a*  .* 

VV  =  .0069484  aC/ for  y  =  +1. 

Collecting  our  results  for  <1/^  and  we  have  as  the  solution  for  the  stream  func¬ 
tion  the  following  expression: 

=  ^'‘{x^y)  +  <^‘(x,y)  -f-  eV*(a;,y) 

^  au(y  -  iy*)  +  _  ii  «»  +  J_  _  J_ 

V  ^  ^  |42  210  ^  ^  30  ^  210  / 

—  Tnu  p-*»*“»* 

(^iomo59) 

(12.4)  -  2.94517y^  -h  1.78945y*  -  .87886^*'  +  .36498j/“  -  .13081y“ 

+  .04134?/*'  -  .01166?/**  +  .00297?/**  -  .00069?/”  +  .00014?/**} 

+  ~  {.19755378y  -  .56496943?/*  +  .60317460?/* 

-  .30839002?/'  +  .07936508?/*  -  .00673401y**}. 

13.  Discussion  of  Backflow.  Before  proceeding  with  the  discussion  of  back- 
flow  we  shall  compare  our  results  with  that  obtained  by  the  Blasius  method. 
The  6rst  approximation  ^*(x,  y)  is  the  same  in  both  instances.  However,  the 
expression  for  \^'*(x,  y)  are  different.  In  the  expression  for  ^*(x,  y)  which  we  have 
found  (see  1 1 .5)  there  is  an  additional  term  Bi{x)g(y,  X)  where  g(y,  X)  is  given  by 

( 10.5) .  It  is  clear  that  as  x  increases  the  contribution  of  the  term  Bi(x)g{y,  Xi)  to 
^*(x,  y)  approaches  zero.  For  values  of  x  large  enough  Bi(x)  will  be  so  small  that 
the  result  obtained  for  ^*(x,  y)  will  reduce  to  that  obtained  by  Blasius.  Further¬ 
more,  the  term  Bi{x)g(y,  Xi)  contributes  n^atively  to  ^*(x,  y)  so  that  as  x  becomes 
smaller  the  magnitude  of  V^*(x,  y)  becomes  smaller. 

For  backflow  it  is  necessary  that  the  stream  function  ?/)  =  ^*  +  «^*  + 
cV'  shall  have  the  same  value  along  some  stream  line  in  the  interior  of  the  channel 
as  it  has  on  the  boundary  namely  ^(x,  y)  =  \('(x,  1)  =*  §aC/.  Since  Bi(x)g(y,  Xi) 
increases  (and  consequently  ^*(x,  y)  decreases)  as  x  decreases  it  is  therefore  neces¬ 
sary  that  c  shall  assume  increasingly  larger  values  to  give  ^(x,  y)  |a{7  (for  a 
hxed  y  and  decreasing  value  of  x).  Since  the  expression  (11.5)  represents  an 
approximation  to  ^*(x,  y)  which  only  accounted  for  the  first  two  poles  of  the 
integral  in  (9.1)  as  said  before,  it  will  not  satisfy  the  condition  ^('*(0,  y)  *  0  at 
X  «  0.  The  value  of  ^*(x,  y)  as  given  by  (11.5)  will  be  too  large  and  the  critical 
values  of  c  determined  for  points  of  detachment  near  the  mouth  of  the  channel 
as  determined  from  (12.4)  will  be  too  small. 
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In  view  of  the  above  reasoning  it  is  likely  that  the  point  of  detachment  never 
reaches  the  mouth  of  the  channel  as  «  increases  but  approaches  the  mouth  as 
e  -♦  00 .  This  is  indicated  by  the  fact  that  all  the  exact  functions 
approach  sero  as  x  — >  0  so  that,  as  the  point  of  detachment  moves  toward  the 
mouth,  e  increases  in  order  that  we  may  obtain  ^  =■  \aU.  For  x  «  0  no  finite 
value  of  c  gives  backflow.  This  result  cannot  be  deduced  directly  from  the  ex¬ 
pression  for  \^(x,  y)  given  in  (12.4).  However  we  shall  later  investigate  the 
behavior  of  the  flow  in  the  vicinity  of  the  mouth  of  the  channel  and  show  that 
backflow  does  not  occur  at  the  entrance. 

In  order  to  determine  the  condition  for  the  backflow,  we  substitute  the  expres¬ 
sions  for  into  (6.1).  Substituting  we  get 

e  -  .003474  e*  -  0. 

This  relation  enables  us  to  fix  both  the  ix)sition  of  the  point  of  detachment  and 
the  slope  of  the  boundary  of  the  channel  necessary  for  backflow.  Although  this 
relation  is  not  valid  for  very  small  values  of  x  it  will  be  used  to  fix  the  point  of 
detachment.  The  results  obtained  may  still  be  useful  for  experimental  purposes. 
The  following  table  shows  the  relations  mentioned. 


POUTION  OF  BACKFLOW 

*B  -  |b/bX 

(1)  * 

.  -  Rrnhm 

(1) 

.  -  Rm/^m 

(2) 

0 

0 

15 

42 

.001 

.014 

14 

21.9 

.01 

.13 

13 

17.4 

.1 

.94 

9.4 

13.7 

00 

00 

9.24 

13.1 

(1)  If  ^  ^  (2)  If  ^  ^ -h  if 


(13.1) 


\105 


.0524  e 


We  have  given  the  value  of  c  for  xb  =  0  as  determined  from  the  expression  (13.1). 
Actually,  this  is  not  the  true  value  since  (13.1)  is  not  valid  for  x  =  0  as  explained 
above.  Nevertheless,  in  the  third  column,  we  have  given  the  critical  value  of  c 
as  obtained  by  differentiating  (12.4). 

If  we  examine  the  results  in  the  table  we  are  able  to  obtain  a  comparison  with 
the  result  obtained  by  Blasius.  Since  Blasius’  result  is  independent  of  x  it  would 
appear  that  backflow  takes  place  throughout  the  channel.  We  now  see  that  in 
the  Blasius  case  backflow  takes  place  only  at  x  »  oo.  Actually  the  point  of 
detachment  may  be  situated  at  a  finite  distance  from  the  mouth  of  the  channel. 
The  exact  position  of  backflow  depends  on  the  slope  of  the  channel  and  the  Rey¬ 
nolds  number.  We  have  ^  =  a(l  -f  x)  =  o  +  so  that  if  we  write  m  = 
tR~^  we  can  conclude  the  dependence  of  the  point  of  detachment  {  =  aRxa  on  the 
Reynolds  number.  Since  c  »  mR  is  fixed,  the  larger  the  Reynolds  number  the 
smaller  is  the  slope  of  the  channel  and  the  greater  the  distance  of  the  point  of 
detachment  from  the  mouth  of  the  channel. 
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It  is  interesting  to  note  that  the  critical  values  of  c  obtained  from  ^  + 

are  not  only  larger  but  more  sensitive  to  changes  in  Xm  than  the  corresponding 
results  obtained  from  =  The  improved  values  of  c  change 

very  little  for  large  variations  in  z*  .  The  position  of  backflow  moves  away  from 
the  mouth  of  the  channel  quite  rapidly  with  varying  slope.  This  gives  some  indi¬ 
cation  of  the  difiiculty  encountered  in  obtaining  experimental  results.  In  the 
experiments  conducted  by  Patterson  [4]  no  attempt  was  made  to  locate  the  posi¬ 
tion  of  backflow.  It  is  clear  that  it  is  no  simple  matter  to  find  definite  points  of 
detachment.  Actually,  Patterson  showed  that  there  exists  a  range  of  values  of 
e  for  which  backflow  would  take  place  thereby  substantiating  the  Blasius  theory. 

14.  Behavior  near  the  Entrance  to  the  Channel.  Since  our  solution  gives  no 
insight  into  the  behavior  of  the  flow  near  the  mouth  of  the  channel,  we  shall  de¬ 
velop  two  approximations  to  ^‘(x,  y)  valid  for  small  values  of  x.  Only  the  second 
of  these  will  be  valid  when  y  =  1  and  we  shall  try  to  determine  the  possibility  of 
backflow  near  the  mouth  of  the  channel.  The  first  approximation  valid  if  y  ^  1 
cannot  be  used  for  backflow.  Our  starting  point  is  (8.2)  which  we  write  in  the 


form 

(14.1) 

y)  =  fix,  y)  -f  aUxiy  -  y 

where 

(14.2) 

“It/, 

corresponding  to  the  rectilinear  boundary.  We  shall  first  show  that  if  y  ^  1  and 
X  is  small,  that  the  contribution  from  /(x,  y)  may  be  neglected.  Previously,  we 
evaluated  this  integral  on  the  assumption  that  x  was  large  and  the  path  of  inte¬ 
gration  was  moved  to  the  left  to  —  <» .  Since  the  eigenvalues  were  all  situated 
on  the  negative  real  axis,  we  were  able  to  use  the  theorem  of  residues  in  order  to 
evaluate  the  integral  approximately.  However,  if  x  is  small,  we  must  deform  the 
path  to  -b  ® .  Any  attempt  to  solve  (9.4)  as  a  power  series  in  X  will  fail  since  the 
solutions  obtained  are  singular  for  y  «=  4-1.  This  suggests  that  we  make  the 
transformation 

(14.3)  !■  -  -(eV^d  -  i,);  h(i)  -  (6X)''*(?(») 

with  the  provision  that  we  shall  let  X  — ♦  qo  and  take  as  our  solution  the  one  ob¬ 
tained  from  the  limit  problem.  Thus  (9.4),  (9.5),  (9.6),  (9.7)  become 

(14.4)  ^  f(1296X)-''*|  +  2(1296X)-‘'*/i 

and 

(14.5)  h(0)  -  0;  h\0)  -  1;  h{ -  0,  -(6X)*'*}  -  0. 

We  now  let  X  -♦  00  and  obtain 

(14.6)  -  A(t);  {<fA/df)  -f  if  A  -  0 
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with  the  end  conditions 

(14.7)  hiO)  -  0;  h'(0)  =  1;  h(-oo)  =.  0;  h''(-oo)  -  0. 

One  solution  of  the  second  order  differential  equation  is  given  by  Airy’s  integral 

(14.8)  A(f)  -  i  £  dt 

where  the  path  of  integration  is  taken  along  the  real  axis  indented  at  the  origin 
by  a  small  circle  in  the  lower  half-plane.  Since  A(  —  <x>)  »  0  one  of  the  end  con¬ 
ditions  for  A(^)  is  satisfied  automatically  by  (14.8).  The  general  solution  of  the 
problem  is 

Hi:)  =  c,  -1-  Cjf  -h  i  c,  £  dt/e 


where  Ci ,  Ct  are  real,  Ct  is  complex  and  are  to  be  chosen  so  that  the  end  condi¬ 
tions  are  satisfied.  Since  ^(0)  =  0;  hf(0)  =  1  we  must  have 


Cl 


-  i  C,  j[  dt/f-,  Ci  -  hi  C,  £  dt/t  =  1. 


If  we  make  the  substitution  t*  =  a  m  the  second  integral,  we  obtain 
—  hi  f  e*‘*  dl/t  =  h  I  sin  s  da/s  =  t/6 

J  JL«o  o  Jo 

so  that  Ci  -f  t/6C*  =  1.  Now,  consider  the  integral 
•  2  /• 

whose  integrand  has  no  singularities  in  the  lower  half-plane.  The  original  path 

may  be  deformed  into  the  one  shown  in  fig.  1.  Along  I,  the  integral  is^^^ 

dt/C  where  t  »  —r  +  ia  and  r  is  fixed.  Since  |  I  <  l/(r*  +  «*)  the  integral 
is  smaller  than  l/2r.  Thus  as  r  — »  w  the  contribution  from  I  vanishes.  The 
contribution  from  II  and  III  can  be  shown  to  vanish  in  a  similar  manner.  There- 

for  dt/^  —  0  and  hence  Ci  «■  0.  According  to  (14.7)  we  should  have 

A(_  «)  =.  0  for  f  =»  —  00.  Thus 

Cit+  iCiJ[  dt/t"  =  0  for  f  =  -  oo. 

Consequently  we  must  determine  the  asymptotic  behavior  of  the  int^pal 
/(f)  -  ^£«*'*“‘^‘d</f*(f  <0) 
as  f  —  00.  We  put  — f  —  t  =■  and  obtain 

m  -  j 
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where  w(z)  «  t’(z'  +  Zz).  To  evaluate  the  integral  we  shall  use  the  method  of 
steepest  descents.  For  the  purposes  of  our  development,  it  will  be  sufficient  to 
determine  the  first  term  of  the  asymptotic  expansion. 

Since  w\z)  »  3  (1  +  **)  vanishes  at  the  points  z  *»  ±t  these  points  are  the  cols 
of  U7(z).  This  path  is  to  be  deformed  in  such  a  manner  that  I{w)  «  constant 
and  R{vo)  <  0  on  the  new  path.  By  Cauchy’s  theorem  we  know  that  the  value 
of  the  integral  will  remain  unchanged  if  no  singularities  are  included  during  the 
process  oi  deformation.  However  since  the  integrand  has  a  pole  at  z  »  0  and 
the  new  path  will  pass  through  z  »  t,  we  must  take  account  of  the  pole  in  chang¬ 
ing  the  path  of  integration.  Consequently  consider 

va{z)  -  u  -I-  tr  -  (y*  —  3y**  —  Zy)  -f-  *(**  —  3xy*  -{-  3a:). 


=1 

— - ^ - 

I  , 

m  t  •  t  ♦  Is 

1 

11 

Fio.  1.  Path  of  Integral  in  (-Plane 


The  path  desired  is  given  by  v{x,  y)  -  t;(0,  ±1)  —  0.  v(x,  y)  “  0  yields  the  line 
X  “  0  and  the  hyperbola  x*  —  3y*  -1-  3  «■  0  which  intersect  in  the  cols.  The  real 
part  is  u(x,  y)  “  y*  —  3yx*  —  3y  and  u(x,  y)  «  0  on  the  line  y  ■■  0  and  the  hyper¬ 
bola  y*  —  3x*  —  3  =■  0.  The  hyperbola  x*  —  3y*  -f  4  «  0,  y  >  0  is  the  path  of 
steepest  descent.  By  Cauchy’s  theorem  we  deform  the  original  path  into  this 
hyperbola.  In  so  doing  we  must  account  for  the  residue  due  to  the  pole  at  z  «  0. 
Thus  our  int^al  becomes  ' 

1(e)  _  ^  -t-  Tt  Res.,., 

The  contribution  from  the  residue  is 


2a»/*  dz  * 


-  f 
2  ^ 


In  order  to  evaluate  the  int^als  in  the  brackets  we  note  that  the  values  of  u  =* 
y*  —  3yx*  —  3y  along  the  hyperbola  x*  —  3y*  3  “  0  have  a  maximum  at  the 

col,  z  “  i.  Since  x*  —  3y*  —  3  we  have  u  —  — 8y*  -1-  6y.  When  y  »■  1,  u  ■>  —2 
so  that  ify*  l-|-a,  a>0  (i.e.  another  point  on  x*  *»  3y*  —  3)  we  have  u  — 
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—2  —  18a  —  24a*  —  8a*  which  is  smaller  than  u  =  —2.  Thus  the  maximum 
contribution  to  the  integral  occurs  in  the  neighborhood  of  the  col.  In  this  neigh¬ 
borhood  we  may  replace  the  hyperbolic  path  by  a  segment  from  —5  to  +5.  This 
segment  is  parallel  to  the  real  axis  and  therefore  has  the  same  direction  as  the 
hyperbola  at  z  *«  +t.  We  then  have  the  following  approximation  as  the  princi¬ 
pal  part  of  the  asymptotic  expansion  [5]. 

*(.)  ~ ♦(..) 

where  Zo  is  the  col  of  tr(z).  Employing  this  relation  we  ultimately  obtain 

/(r)  ~  f  f  -  i  |/|(- 1)"'*  f/sr]. 


The  condition  A(— 00 )  = 
or  f  -►  0  as  f 


0  takes  the  form  Cjf  +  C'»/(f) 
^  —  00  whence  Cj  -H  5  C*  =  0. 


— >  0  as  f  — ♦  —  00 
This  together  with 


Cj  -h  s  Cl  —  1  3rields  C»  =  3/2  and  Ct  *  */t.  We  have  thus  found  that 
0 


m  -  |f  -  ;/(f) 


and  asymptotically 


The  value  of  G(y,  X)  for  a  given  value  of  y  1  and  for  sufficiently  large  X  depend¬ 
ent  on  y  is  given  by 

,S/J 


OivA)  -  I 


so  that,  if  X  is  large,  we  have  for  y  ^  1 


-  2V6(L^») 

r 


(14.9) 

the  path  of  integration  being  a  line  parallel  to  the  imaginary  axis  in  the  right  half¬ 
plane.  To  evaluate  this  integral  we  make  use  of  the  fact  that  x  is  small.  We 
first  make  the  substitution  \/^  =“  y/Tt  where  <rx  ^  .  Thus  (14.9)  becomes 

(14.10)  /(X.  y)  =  (l)”*  /mP  (■’«’  -  01  dt/r 

where  9  is  large  when  x  is  small.  We  set  w{t)  ^  —  t  then  w'd)  =  0.  We  wish 
to  deform  the  path  in  the  t  plane  in  such  a  manner  that  I(w)  constant,  i2(u;)  < 
0.  Thus  setting  <  —  «  +  tV,  tc  *=  u  -f  tw  then  u  =*  s*  —  «  —  t*;  »  =■  2«t  —  t. 
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Since  w  <  0  between  the  two  branches  of  the  hyperbola  «*  —  »  —  t*  —  u  the  line 
«  }  in  this  r^on,  the  desired  path  is  this  line.  By  Cauchy’s  theorem  we  may 

deform  the  hyperbolic  path  into  the  rectilinear  path  s  ^  Tlius,  if  we  put  ( 

§  +  tV  in  (14.10)  we  obtain 

(14.11)  /(X. »)  -  J  (l)"’  (1  + 

If  a  is  large  enough  the  bulk  of  the  integral  is  contributed  when  |  2r  |  <  1.  Thus 
we  may  expand  the  factor  (1  +  2it)“*^‘  and  integrate  termwise  to  obtain  an 
a83rmptotic  expansion  in  r.  Keeping  the  first  two  terms  of  this  expansion  we 
obtain 


(14.12)  f(x,y) 


243 

4096ir 


aU 


(1 


-y)*\ 


SOlx 

32(1  -  y)* 


+  • 
•  exp 


'  -2(1  -  y? 
9x 


} 


We  thus  have  from  (14.1)  and  (14.12)  as  our  approximation  to  \l^^(x,  y)  when  x  is 
small  and  y  7^  \  the  expression 


(14.13) 


^'(x,  y)  =  aUx{y  -  y*)  + 


243V3  aUx*  T  -  2(1  -  y)* 
4096t  (1  -  y)»**^L  9® 


It  is  clear  that  if  y  ^  1  is  given  the  second  term  is  small  as  compared  with  the 
first.  In  the  region  near  y  =  1  this  term  has  no  meaning  so  that  we  may  take 
as  our  approximation  the  expression 

(14.14)  ^‘(x,  y)  »  aUx{y  -  y*) 

with  the  proviso  that  it  shall  not  be  used  in  the  neighborhood  of  y  ==  1.  The 
relation  (14.14)  may  be  used  in  conjunction  with  to  account  for  the  region  near 
the  mouth  of  the  channel  but  not  near  y  »  1.  We  have  stated  previously  that 
(12.5)  is  not  valid  when  x  is  small.  By  joining  the  two  solutions  in  a  continuous 
fashion  from  the  tabular  values  obtained  by  computation  we  can  draw  the  stream 
lines  ^(x,  y)  which  describe  the  flow. 


16.  Behavior  near  the  Boundary  at  the  Entrance.  Since  the  expression  in 
(14.14)  is  not  to  be  used  wh^  y  =  1  it  cannot  be  used  to  find  a  point  of  detach¬ 
ment  of  the  flow.  Actually  no  backflow  condition  (i.e.  a  value  of  (e  >  0)  can  be 
found.  It  is  thus  natural  to  ask  for  another  expression  which  shall  approximate 
^‘(x,  y)  in  the  neighborhood  of  y  i.  This  is  equivalent  to  finding  a  solution 
of  (14.6)  and  (14.7)  when  f  is  small.  The  general  solution  of  A"  +  ifA  *■  0  is 

(15.1)  Ait)  -  .4.{l  -  ^3  +  ..  j  +  .4.f{l  -  3^3  +  •.•} 

Thus  when  f  is  small  we  have 

(15.2)  h(f)  -  a  +  6r  +  0(f*) 

and  since  A(0)  =«  0,  A'(0)  =  1  we  find  o  —  0,  6  —  1.  Neglecting  powers  of  f 
higher  than  the  first,  our  approximation  is 
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(15.3)  A(r)  -  r 

From  (14.3)  we  then  find 

(15.4)  G(y,\)  =  -(1  -y) 

Therefore  (14.2)  becomes 

(15^)  fix,  K)  -  *“''**’  " 

Thus  when  x  is  small  and  p  is  near  ^  1  we  have  as  the  approximation  to  y), 

(15.6)  \^*(x,  y)  =»  Uax[iy  —  y*)  —  2(1  -  y)]  -  —Uax(l  —  y)'(y  +  2) 

This  solution  and  (14.14)  describe  the  flow  in  the  entrant  portion  of  the  channel. 
However  when  (15.6)  is  used  to  determine  backflow  no  such  criterion  can  be  fixed. 
Yet  we  are  able  to  draw  the  following  important  conclusion.  We  have 

or 

(15.7)  Ua(y-  \y^)  -  taUx(l  -  y)'(y  +  2) 

Since  the  Poiseille  distribution  describes  the  flow  at  the  entrance,  we  have  u  = 
d^lz/dy  <*  0  for  X  =  0  when  y  =  1.  Furthermore  from  (15.7)  we  see  that  u  = 
d4>/dy  —  0  for  y  “  1  when  x  is  small.  This  result  has  been  found  to  determine 
the  behavior  at  the  boundary  near  the  mouth  of  the  channel.  From  our  earlier 
results  no  conclusion  could  be  drawn  about  the  flow  in  this  portion  of  the  channel. 
Where  x  was  not  too  small,  a  value  of  c  was  found  for  which  a  point  of  detach¬ 
ment  was  obtained.  However,  once  c  exceeded  a  certain  critical  value,  the  point 
of  detachment  Xb  was  so  near  the  entrance  to  the  channel  that  the  expression 

(12.5)  for  ^(x,  y)  was  no  longer  valid.  However,  by  essentially  qualitative  state¬ 
ments  it  was  possible  to  conclude  that  backflow  could  not  occur  at  the  mouth. 
The  expression  given  in  (15.7)  tends  to  verify  that  result.  The  second  part  of 

(15.7)  is  essentially  positive  since  x  >  0  and  0  <  y  <  1.  Since  it  contributed 
negatively  to  =  aU(y  —  \y*)  it  is  impossible  to  obtain  a  streamline  ^  =  §oi/ 
in  this  portion  of  the  channel  and  consequently  backflow  cannot  occur  at  the 
entrance. 
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Introduction.  For  various  practical  reasons  one  is  sometimes  confronted  with 
the  problem  of  meeting  arbitrarily  specified  transfer  characteristics  in  a  network 
which  contains  no  inductive  elements.  It  has  for  some  time  been  known  that  a 
solution  to  this  problem  is  possible  through  the  use  of  vacuum  tubes  in  conjunc¬ 
tion  with  the  passive  RC-elements  in  a  circuit  employing  the  principles  of  feed¬ 
back.  While  the  absence  of  inductive  elements  may  in  this  way  be  completely 
compensated  for,  one  achieves  this  result  at  the  expense  of  having  a  network 
whose  frequency  characteristic  is  dependent  upon  the  constancy  and  life  of  the 
vacuum  tubes  and  their  power  supplies.  Where  ruggedness  and  permanence  are 
desirable,  one  prefers  a  network  whose  frequency  response  characteristic  is  de¬ 
pendent  upon  passive  elements  only.  The  question  thus  arises  as  to  what,  if  any, 
are  the  limitations  of  passive  networks  containing  only  R’s  and  C's. 

The  following  discussion  shows  that,  except  for  a  constant  loss,  any  transfer 
characteristic  may  be  approximated  arbitrarily  closely  by  means  of  a  linear  pas¬ 
sive  network  containing  only  R’s  and  C’s,  and  its  physical  realization  is  always 
possible  in  an  unbalanced  form  suitable  for  operation  between  conventional 
vacuum  tubes.*  Since  resistances  may  be  regarded  as  coils  whose  “Q”  ’s  are 
zero,  one  is  able  to  infer  that  any  desired  response  characteristics  may  be  obtained 
from  a  network  with  arbitrarily  i>oor  quality  coils,  or  that  a  high  quality  of  per¬ 
formance  on  the  part  of  a  network  does  not  necessarily  require  high  quality  coils, 
provided  only  that  one  can  compensate  for  constant  loss. 

The  discussion  logically  divides  into  several  parts:  First,  a  consideration  of  the 
form  of  the  transfer  function,  pointing  out  its  limitations  as  contrasted  to  one 
representing  a  pa.ssive  RLC-network;  second,  a  discussion  showing  how  a  fimction 
having  such  limitations  may  be  found  to  approximate  arbitrarily  closely  to  a 
specified  characteristic;  third,  a  discussion  of  how  a  transfer  function  thus  found 
may  be  realized  by  a  network  (that  is,  the  synthesis  procedure);  and  lastly  a 
presentation  of  some  illustrative  examples. 

'  This  study  was  begun  in  t^e  Spring  of  1944,  being  suggested  by  certain  phases  of  the 
M.  I.  T.  Radiation  Laboratory  program.  Although  the  theoretical  synthesis  procedure 
was  completed  before  the  close  of  the  war,  numerous  detailed  questions  essential  to  the 
determination  of  practical  networks  were  left  unanswered.  These  were  later  supplied 
through  the  ingenuity  of  Commanders  K.  W.  Patrick  and  N.  £.  Thomas  who  carried  the 
work  to  a  successful  and  satisfying  conclusion,  presenting  these  contributions  in  their  joint 
Master’s  Thesis  entitled:  “A  Design  Procedure  for  Linear  Passive  RC-Filter  Networks,” 
May  1946. 

*  It  should  be  pointed  out  here  that  there  are  some  limitations  on  the  generality  of  phase 
characteristics  obtainable  with  RC-networks.  The  minimum  phase  associated  with  any 
amplitude  characteristic  is,  of  course,  always  obtainable  and  some  additional  phase  shift 
may  also  be  had,  but  just  what  the  limitations  on  the  phase  characteristic  are  can  at  present 
not  be  expressed  in  simple  terms. 
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The  transfer  function  of  an  RC-network.  Consider  first  a  two  terminal-pair 
network  (Fig.  1)  by  itself;  that  is,  apart  from  any  terminal  impedances.  The 
terminal  voltages  and  currents  may  be  related  through  the  equations 

I\  =  yixEi  4-  yiiEi ,  1%  =  ytiEi  -f  ynEi ,  (1) 

in  which  yn  ,  ytt ,  and  ya  =  yn  are  the  familiar  short-circuit  driving-point  and 
transfer  admittances.  If  the  network  N  contains  only  R’s  and  C’s  then  yn  and 
1/a  are  rational  functions  of  the  complex  frequency  variable  X  =  a  -|-  having 
only  simple  zeros  and  [K>les  alternating  on  the  negative  real  axis  of  the  X-pIane. 
Moreover,  the  lowest  (or  smallest)  critical  frequency  of  yn  or  of  yn  must  be  a 
zero.  These  conditions  completely  fix  the  character  of  either  yn  or  i/a  . 

In  order  to  investigate  the  character  of  the  short-circuit  transfer  function  yu 


Fio.  1 


one  observes  (according  to  the  work  of  Brune  and  Gewertz)  that  the  function 
(quadratic  form) 

y  -  ynx\  +  2y»XiXt  -f  yttx\  (2) 

must  have  the  same  properties  as  either  or  yn  for  all  real  values  of  Xi  and  Xt . 
It  follows,  therefore,  that  yn  can  have  only  simple  poles  restricted  to  the  negative 
real  axis  (as  have  the  functions  yu  and  yn),  but  the  zeros  of  yu  are  left  arbitrary. 

From  the  stated  properties  of  yu  or  yn  one  may  observe  that  these  functions 
are  quotients  of  polynomials  in  which  the  degree  of  the  numerator  is  either  equal 
to  or  greater  by  one  than  the  degree  of  the  denominator.  In  the  function  yu  , 
on  the  other  hand,  the  degree  of  the  numerator  has  the  same  upper  limit  but  is 
otherwise  arbitrary. 

If,  in  any  of  the  y’s,  the  degree  of  the  numerator  exceeds  that  of  the  denomina¬ 
tor,  then  that  function  has  a  pole  at  X  =  <» .  In  the  functions  yu  ,  y»  >  and  y  the 
residue  in  this  pole  must  be  real  and  positive;  in  yu  this  residue  must  be  real  but 
need  not  be  positive.  At  all  other  poles  the  residues  of  yu  ,  yn  ,  and  y  must  be 
real  and  negative  while  again  that  of  yu  may  have  either  sign.  Denoting  such 
residues  by  the  letter  k  with  subscripts  identical  to  those  on  the  corresponding 
y’s,  Eq.  2  yields  the  relation 

k  =  knx\  -H  2knXiXt  +  knx\  . 


(3) 
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If  as  well  as  kn  and  is  to  remain  positive  (resp.  negative)  for  all  possible  real 
values  of  xi  and  xt ,  it  is  necessary  and  sufficient  that 

kiikn  ~  Ajij  ^  0,  (4) 

whence  it  is  clear  that  if  ku  is  nonzero  then  both  ku  and  fca  must  likewise  be  non¬ 
zero.  Therefore,  if  at  some  value  of  X  either  yu  or  yn  or  both  have  a  pole,  then 
the  function  yu  may  or  may  not  also  contain  this  pole,  but  if  yu  has  a  pole  at 
some  point  then  both  yu  and  yu  must  have  poles  there. 

The  relation  4  is  referred  to  as  the  residue  condition.  It  applies  also  to  the 
residues  of  impedances,  and  holds  for  any  network  involving  two  kinds  of  ele¬ 
ments  {RL,  RC,  and  LC  cases).  It  has  many  uses.  At  the  moment  it  yields  the 
conclusion  that  if  the  degree  of  the  numerator  in  yu  exceeds  that  of  the  denomina¬ 
tor  (by  not  more  than  one,  of  course)  then  the  same  must  be  true  of  the  functions 
yu  and  yn  . 

Consider  now  the  network  terminated  in  a  one-ohm  load  resistance  (Fig.  2). 
Since  numerically  /*  =  —  Ft ,  it  follows  from  the  second  of  the  Eqs.  (1),  that 

Yu  =  It/Ri  =  —EilEi  =  yu/(l  4*  J/m).  (5) 

h 
1^2 


Fio.  2 

The  function  Fu  may  be  regarded  as  the  desired  transfer  function  under  load. 
The  quantity  1  -f  ya  in  the  denominator  of  Fu  is  the  driving-point  admittance 
of  an  FC-network  (namely,  that  for  the  admittance  ya  shunted  by  a  conductance 
of  one  mho.).  Hence  the  zeros  of  1  +  ya  (and,  therefore,  the  poles  of  Fu)  must 
be  simple  and  are  restricted  to  the  negative  real  axis  of  the  X-plane.  The  zeros 
of  Fu  are  either  zeros  of  yu  or  poles  of  ya  not  also  contained  in  yu  .  As  is  shown 
later  on,  the  synthesis  procedure  is  so  carried  out  that  yu  and  ya  have  identical 
simple  poles.  Thus  Fu  has  zeros  only  where  yu  has  them,  and  these  may  have 
any  multiplicity  and  may  lie  anywhere  in  the  complex  X-plane. 

Thus  the  transfer  function  Fu  of  an  ftC-network  terminated  in  a  resistive  load 
is  discovered  to  be  a  quotient  of  polynomials  with  real  coefficients  such  that  the 
degree  of  the  numerator  does  not  exceed  that  of  the  denominator,  and  the  de¬ 
nominator  has  simple  zeros  restricted  to  the  negative  real  axis  while  the  numera¬ 
tor  may  have  zeros  anywhere. 

If  the  network  N  is  permitted  to  contain  inductive  elements  as  well  as  resistive 
and  capacitive  ones,  it  is  found  that  the  transfer  function  Fu  is  more  general  only 
in  that  the  zeros  of  the  denominator  are  restricted  to  the  left  half  of  the  X-plane 
(instead  of  to  the  negative  real  axis)  and  they  need  not  be  simple.  Nevertheless, 
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this  added  generality  gives  the  RLC -network  considerable  practical  advantages, 
although  as  the  following  discussion  shows,  one  may  approximate  equally  well  to 
any  desired  transfer  characteristic  with  an  /?C-network,  except  for  an  additional 
constant  loss. 


The  approximation  problem  and  its  solution.  According  to  the  preceding  dis¬ 
cussion  the  transfer  function  Ya  may  be  written  in  the  form 


Y  /\\  _  pOO  _  Oo  +  fliX  +  a*X*  +  ■  •  •  +  cuX" 
“  “  9(X)  “  6o  +  6iX  -f  6,X»  -h  •  • .  4-  &-X-  • 


(6) 


The  desired  transfer  characteristic  is  usually  specified  by  prescribing  graphically 
the  absolute  value  of  Fu  as  a  function  of  real  frequencies  (X  =  ju).  Since  for 
X  =  ju,  p  (—X)  is  the  conjugate  of  p(X),  it  is  clear  that 


1  Y^U<^)  1* 


/p(X)-p(-X)\ 

\9(X)  •  ?( “•  X)  /x-j« 

A(w*)  _  Ao  +  Aioj*  -f-  +  •  •  •  4 

5(w*)  Bo  4  Biu)^  4  BiU)*  4  ’  ■  *  4  Bnoi^" 


(7) 


The  approximation  problem  is  concerned  with  the  determination  of  the  poly¬ 
nomials  A  (w*)  and  B{u)  from  the  desired  behavior  of  |  Yn(ju)  |,  as  is  discussed  in 
detail  presently.  Once  the  coefficients  Ao  •  •  •  A»  and  Bo  •••  Bn  are  known,  one 
may  obtain  the  entire  transfer  admittance,  as  given  in  Eq.  (6),  by  the  method  of 
Gewertz.  Beginning  with  the  denominator  in  Eq.  (7)  it  is  observed  that  ^(X)  • 
q{—\)  =  B(— X*)  since  X  =  ju  implies  w*  =  —X*.  Now  the  zeros  of  g(— X)  are 
those  of  q{\)  with  reversed  sign.  The  zeros  of  ^(X)  being  all  negative  real,  it  is 
clear  that  those  of  q(—\)  are  all  positive  real,  and  that  the  polynomial  B(—\*) 
has  both  sets  of  zeros. 

The  procedure  for  finding  q(\)  from  B(u)  is  perfectly  clear.  Through  setting 
w*  =  —X*  one  obtains  B(— X*),  and  having  this  polynomial  one  may  find  all  of  its 
zeros  which  must,  of  course,  occur  in  pairs  of  real  values  with  opposite  signs. 
The  polynomial  ^(X)  is  then  formed  from  the  negative  set  of  zeros,  being  uniquely 
determined  by  these  except  for  a  multiplying  constant  which  is  of  no  importance. 

It  should  be  observed  at  this  point  that  the  w^-roots  of  the  equation  B(u)  —  0 
should  be  negative  real  and  simple  since  the  X*-roots  must  be  positive  real  and 
simple  in  order  that  the  X-roots  may  be  real  and  distinct  and  occur  in  pairs  with 
opposite  signs.  This  restriction  on  the  denominator  polynomial  in  Eq.  (7)  is 
important,  for  it  is  the  consequence  of  specifying  that  the  resultant  network  shall 
involve  only  R’a  and  C’s. 

The  determination  of  p(X)  from  A(w*)  follows  a  similar  pattern,  differing  only 
in  that  the  zeros  of  p(X)  are  completely  unrestricted  so  that,  from  the  zeros  of 
A(— X*)  which  collectively  form  a  pattern  having  complete  symmetry  about  the 
real  and  imaginary  axes  of  the  X-plane,  it  is  not  possible  to  assign  a  specific  group 
as  imiquely  characterizing  p(X)  unless  one  invokes  the  stipulation  that  the  net¬ 
work  be  of  the  minimum  phase-shift  variety  or  makes  some  other  specification 
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fixing  the  allocation  of  zeros  between  the  polynomials  p(X)  and  p(— X).  The 
minimum  phase-shift  requirement  is  here  accepted  as  the  determining  factor 
since  p(X)  then  l)ecomes  a  Hurwitz  polynomial  with  coefficients  Oo  •  •  •  o»  which 
are  surely  positive,  a  circumstance  that  is  essential  to  the  successful  accomplish¬ 
ment  of  the  synthesis  procedure  to  be  described  later  on.  Thus  the  polynomial 
p(X)  is  determined  except  for  a  constant  multiplier  by  assigning  to  it  those  zeros 
of  ^(— X*)  lying  in  the  left  half  of  the  X-plane. 

Attention  is  now  turned  to  the  problem  of  determining  the  coefficients  in 
A(w*)  and  B{c/)  so  that  the  expression  given  by  Eq.  7  approximates  a  specified 
characteristic  with  stipulated  tolerances.  The  solution  to  this  problem  may  be 
carried  out  in  a  variety  of  ways. 

Consider  the  function 

V,(a:)  =  cos(n  cos“‘a:),  (8) 

which,  except  for  the  factor  l/2"~‘  is  identical  with  the  Tschebyscheff  polynomial 
of  the  first  kind  T^ix).  Its  detailed  properties  need,  therefore,  not  be  discussed 
here,  except  to  recall  that  it  is  a  polynomial  in  x  of  the  degree  n.  If  one  lets 


X  =  cos^,  (9) 

then 

F,(x)  =  cos?j^,  (10) 

and  it  becomes  clear  that  the  trigonometric  polynomial  in 

/(0)  =  oo  -|-  ai  cos  if>  +  at  cos  2^-1-  •  •  •  -|-  an  cos  ru^,  (11) 

is  equivalent  to  the  ordinary  polynomial  in  x 

g(x)  =  /So  +  Pix  -j-  /3jx*  -!-•••+  jSnx".  (12) 

It  remains  to  relate  x  to  u  in  such  a  way  that  the  interv’al  —  1  <  x  <  1  corre¬ 
sponds  to  the  interval  —  «>  <  w  <  « .  This  step  may  be  accomplished  through 
several  functions,  a  particularly  effective  one  being 

X  =  (1  -  o,*)/(l  4-  «*),  (13) 

since  with  Eq.  9  it  yields 

w  tan  0/2  (14) 

as  the  relation  between  0  and  &>.  Thus  the  range  —  t  <0  <  x  corre^mnds  to 
—  «  <  to  <  00  with  0  =  0  equivalent  to  to  =  0  and  0  =  dbT/2  to  to  =  ±1. 


A  graphically  or  analytically  specified  function  of  to  may  thus  readily  be  trans¬ 
ferred  to  the  0-domain  where,  through  established  methods,  the  coefficients 
oo  •  •  •  o,  of  a  trigonometric  pol5rnomial  (Eq.  11)  affording  the  desired  approxi¬ 
mation  may  be  found.  Using  Eq.  10,  this  result  is  converted  into  an  ordinary 
polynomial  in  x  (Eq.  12),  and  finally  through  the  transformation  13  one  obtains 
a  function  of  the  form 


F(«*)  - 


Ao  +  Aiw*  -j-  -f-  •  •  •  +  An«*" 

(1  +  «*)- 


(15) 


SYNTHESIS  OP  RC-NETWORKS 


27 


which  approximates  the  originally  specified  function  of  u  with  the  same  toler¬ 
ances  as  does  the  trigonometric  polynomial  1 1  in  the  ^domain. 

Reference  to  Ek^.  (7)  and  the  preceding  discussion  shows  that  this  result  is  not 
acceptable,  for  the  denominator  has  an  nth  order,  zero  at  to*  =  —  1.  A  cure  for 
this  difficulty  is  easily  found.  One  begins  by  choosing  the  polynomial  B((o*)  in 
the  enominator  of  Eq.  (7)  according  to  w-hat  appears  best  to  suit  the  subsequent 
synthesis  procedure  (as  will  be  mentioned  again  later  on).  Thus  B(to*)  may  be 
formed  through  choosing  a  set  of  negative  real  <o*-roots  of  the  equation  R(to*)  = 
0.  If  these  are  chosen  in  pairs  having  the  geometric  mean  value  —1,  then  the 
corresponding  trigonometric  polynomial  is  symmetrical  about  ^  =  r/2  a  useful 
condition  in  the  design  of  low-  or  high-pass  filters  with  cutoff  at  the  nominal  value 
«=  1.  According  to  the  preceding  discussion,  one  may  then  associate  a  trigono¬ 
metric  polynomial  /j(0)  with  the  function 


F,(co*) 


B(to*)  ^  Bo  Biu*  -i-  Biu*  •  •  •  -b  J5n«*" 

(1  +  «*)"  (1  + 


(16) 


The  specified  function  of  u,  transferred  to  the  0-domain,  is  /(0)  and  may  be 
represented  as 


f(4>)  =  /i(0)//j(0),  (17) 

so  that 


/i(^)  = 


(18) 


Since /(0)  and/i(0)  are  known,  a  graph  of  their  product  is  readily  obtained  in  the 
0-domain  and  approximated  by  a  trigonometric  polynomial  /i(0)  so  as  to  control 
the  tolerance  with  which  the  quotient  fi/ft  approximates  /(0).  From  /i(0)  there 
is  found  a  function  Fiiu)  having  the  form  given  in  Eq.  15,  whence  through  divi¬ 
sion  by  Fj(cij*)  one  obtains  the  function 


2\  _  Fi(w*)  _  Ao  +  Aiw*  -f-  •  •  •  -b  A«ci»*" 
^  ”  F,(«*)  ~  Bo  +  Bioi*  +  •  •  •  + 


(19) 


approximating  the  desired  characteristic  in  the  w-domain  with  the  same  tolerances 
that  /]//>  approximates  /(0)  in  the  0-domain. 

Since  the  functions  Fi  and  Ft  have  the  same  degree,  /i(0)  and  /i(0)  are  trigono¬ 
metric  polynomials  having  the  same  number  of  terms.  Therefore,  a  choice  for 
the  number  of  terms  in  /t(0)  having  been  decided  upon  at  the  outset,  one  is  no 
longer  free  to  choose  the  number  of  terms  in/i(0)  needed  to  satisfactorily  approxi¬ 
mate  /(0)  ■/i(0)  in  Eq.  18.  This  circumstance  is  a  disadvantage  in  dealing  with 
the  approximation  problem  since  the  number  of  terms  needed  for  a  desired  quality 
of  approximation  does  not  become  evident  until  after  this  choice  has  been  decided 
upon.  Some  experience  with  the  method  is,  therefore,  essential  to  its  successful 
use. 

The  approximation  problem  is  thus  solved  formally,  and  the  method  of  its 
solution  shows  that  any  characteristic  that  may  arise  in  connection  with  practical 
problems  can  be  approximated  with  any  needed  tolerances. 
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Network  realization  of  the  transfer  function.  In  the  expression  for  Yu(X)  as 
given  by  Ekj.  (6),  let  the  denominator  polynomial  ^(X)  be  separated  into  two  addi¬ 
tive  parts 


<l(X)  =  ?i(^)  +  9j(X), 

whereupon  one  may  manipulate  this  expression  as  follows 
V  _  P  _  P/9i 

r  ntx;  “  — j -  »»  ; — j - j—  . 

?i  +  9j  1  +  Qt/Qi 

Comparison  with  Eq.  5  then  suggests  the  identifications 


(20) 

(21) 


yii  =  p(X)/9i(X);  yti  -  g*(X)/g,(X).  (22) 


The  separation  of  ^(X)  into  parts  must,  of  course,  be  done  in  such  a  way  that  the 
ratio  qt/qi  is  the  physically  realizable  driving-point  admittance  of  an  i2C-network. 
This  point  is  further  elaborated  upon  below. 

If  the  polynomial  p(X)  in  yu  is  now  thought  of  as  completely  WTitten  out  as  in 
Eq.  f),  it  is  seen  that  yn  may  be  expressed  in  the  form 


yn 


??  _l_  OiX  0|X*  ^  ^ ^  fli»X" 
9i  9i  9i  9i 


(23) 


It  is  well  known  that  ytt  may  be  realized  in  the  form  of  a  large  variety  of  ladder 
networks  with  series  and  shunt  branches  that  are  either  resistance  or  capacitance 
elements,  and  a  little  thought  reveals  that  such  ladder  networks  can  be  made  to 
have  short-circuit  transfer  admittances  yu  given  by  any  one  of  the  separate  terms 
in  the  expression  (23).  This  fact  suggests  that  the  desired  synthesis  may  be 
achieved  through  a  parallel  connection  of  a  set  of  such  ladder  networks,  indi¬ 
vidually  multiplied  by  appropriate  scale  factors  so  as  to  obtain  a  resultant  struc¬ 
ture  still  having  the  admittance  yti . 

The  obvious  requirement  that  for  any  component  network  the  functions  yn  and 
yii  should  have  identical  poles  may  be  seen  to  be  essentially  fulfilled  in  all  cases. 
Visualize  a  network  with  two  terminal-pairs  and  give  to  the  poles  of  yn  and  j/u 
the  following  physical  interpretation:  Suppose  that  an  energy  source  of  some  sort 
is  momentarily  inserted  at  the  terminal-pair  2-2'  (Fig.  1),  and  that  upon  its  re¬ 
moval  this  terminal-pair  is  left  short-circuited  (the  terminal-pair  1-1  is  shorted 
also).  Suppose  first  that  the  transient  current  at  the  shorted  end  2-2'  is  of 
interest.  This  transient  current  is  given  by  a  sum  of  exponential  terms  (in  gen¬ 
eral  (M'curring  in  pairs  of  conjugate  complex  values)  in  which  each  pair  represents 
a  complex  natural  frequency  (or  frequency  and  damping  factor)  of  the  network 
with  its  applied  short-circuit  constraints.  These  frequencies  are  the  poles  of 
yn  ,  and  the  .so-called  characteristic  equation  yielding  them  is  51  (X)  “  0.  Now 
if,  under  the  same  identical  conditions,  one  asks  for  the  transient  current  at  the 
short-circuited  terminal-pair  1-1'  it  is  clear  that  the  same  natural  frequencies  are 
involved  and  are  given  by  the  same  characteristic  equation  because  the  physical 
system  is  the  same.  Therefore  the  poles  of  yu  are  the  same  as  those  of  yn  (and 
of  yii  too  for  that  matter),  except  for  the  following  consideration.  If  the  ter- 
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minal-pair  2-2'  is  bridged  (that  is,  shunted)  by  any  two-terminal  network,  then, 
since  a  short-circuit  constraint  is  applied  at  that  terminal-pair,  the  poles  of  the 
admittance  of  this  two-terminal  netwoik,  while  contained  in  yn  ,  clearly  cannot 
be  poles  of  yn  also  because  the  transient  current  at  the  shorted  end  1-1'  is  un¬ 
affected  by  the  presence  or  absence  of  the  two-terminal  network. 

In  order  to  secure  identical  poles  for  yn  and  yu  ,  therefore,  it  is  sufficient  to 
require  that  the  network  begin  with  a  series  branch  at  the  end  2-2'  unless  that 
branch  is  a  pure  resistance.  This  condition  is  observed  in  the  detailed  formula¬ 
tion  of  the  synthesis  procedure  to  be  described  presently. 

A  few  remarks  are  in  order  regarding  the  separation  of  the  polynomial  ^(X),  as 
indicated  in  Eq.  20,  so  that  yn  in  Eq.  (22)  becomes  the  realisable  admittance  of 
an  /JC-network.  Since  the  immediately  preceding  discussion  shows  that  the  net¬ 


work  realizing  yn  should  not  begin  with  a  shunt  capacitance  branch,  it  is,  more¬ 
over,  necessary  that  yn  should  have  no  pole  at  X  =  oo .  The  latter  condition  is 
met  by  separating  q{\)  in  such  a  way  that  91  (X)  and  93(X)  have  the  same  degree. 

The  proper  method  of  separation  is  indicated  in  Fig.  3  where  ^(X),  9i(X),  and 
9j(X)  are  shown  plotted  versus  real  values  of  X.  It  is  clear  that  if  qi(\)  and  9j(X) 
are  any  two  polynomials  whose  simple  zeros  alternate,  then  their  sum  ^(X)  has 
zeros  that  lie  between  pairs  of  zeros  belonging  respectively  to  9i(X)  and  9j(X). 
The  method  of  separating  ^(X)  so  as  to  achieve  the  desired  result  is  thus  made 
evident.  The  synthesis  procedure  may  now  be  described  as  follows. 

Starting  from  the  expression  for  Fij(X)  as  given  by  Eq.  (0),  let  the  denominator 
polynomial  l)e  written  in  factored  form 


Y  (\\  =  ^  ^  ' ' '  4*  Q»  X" 

**  hii(X  -|-  i)(X  -b  <ri)  •  •  •  (X  -b  <rjn_i)  ’ 

in  which 


(24) 


0  <  ffi  <  a»  <  •  •  •  <  <  00 . 


(25) 
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Now  form  the  pol3aiomial 

9i(X)  =  i4(X  +  aj)(X  +  ffi)  •  •  •  (X  +  a*,) 
with  <r-values  chosen  so  that 

0  <  ffl  <  ffj  <  ffs  <  0’4  <  ’  •  •  <  ffjn-l  <  ffjn  <  «> , 

and  a  value  of  A  such  that  gi(0)  <  g(0),  or 

Aa'ta4  •  •  •  ajn  <60  =  hnViai  •  •  •  <Ttn-l  • 


(26) 


(27) 


Next  form  the  polynomial  qt{\) 
indicated  in  Eq.  (22). 


(28) 

qOO  ~  QiO^)  and  then  make  the  identifications 


Now  consider 


yn  = 


g»(X)  _  hit  A-  hi\  ht\*  -{•  •  •  ’  +  hn X" 
9i(X)  do  +  di  X  +  d*  X*  d"  •  •  •  +  d«  X" 


Write: 


1  _  d,X" +d,-iX"-*  + 

y2i  hn\*  +  /U-lX*"*  + 


+  diX  +  do 


?i 

9* 


=  ri  + 


hi\  ho 

d«-iX*  ^  +  dl-«X"  *  4~  •  ‘  •  +  diX  +  do 
^  X"  +  hn-i  X"~*  +  •  •  •  4*  X  +  Ao 


9* 


(29) 


(30) 


(31) 


The  last  result  is  obtained  through  dividing  qt  into  qi  by  the  process  of  long  divi¬ 
sion,  which  yields  the  quotient  ri  =  d»/A,  and  the  remainder  q[/q2 .  Next  form: 

l/ytt  =  n  +  l/(q%/q'i),  (32) 

and  divide  q[  into  qz ,  obtaining  a  quotient  CiX  =  hnh/dn-i  and  a  remainder 


^  ^  A1-iX*  *  +  hn-i\’*  *  +  •  •  •  +  AiX  4-  Aq 
q[  dJ,_iX"“‘  4*  dl_*X"“*  4"  •  •  •  4”  diX  4-  do 

The  result  so  far  may  be  written  in  the  form 


1 

~  =  ri  4- 
yti 


1 


(33) 


(34) 


+  («:/«.') 

The  quotient  of  polynomials  q^/qi  is  now  treated  in  the  same  manner  as  qi/qz , 
giving, 


-L  =  4-  1 

y«  *  ciX  4"  1 


r,  4-  1 


c*X  4" _ 1 


(35) 


firrm 

(9i/9*), 


whereupon  qi/q"  is  again  dealt  with  in  the  same  manner.  After  n  cycles  the 
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remainder  is  a  constant.  One  thus  obtains  the  following  continued  fraction 
expansion 

—  =  +  ^ 
yn  Cl  X  +  1 

r*  +  1 

CjX  + 


(36) 


+ 


+  1 


Ci,X  +  1 

Tn+l' 


To  this  form  for  yn  there  corresponds  the  ladder  network  shown  in  Fig,  4.  This 
network  has  the  short-circuit  driving-point  admittance  yn  and  the  short  circuit 


transfer  admittance  yii  =  Ao/qi  in  which  Ao  is  a  positive  real  constant.  The 
function  yu  should  be  calculated  from  the  network  just  obtained  so  as  to  form 
a  check  on  the  work  so  far  and  also  to  determine  the  value  of  the  constant  Ao . 
Now  consider  again  the  function  yn  in  the  form: 


_  _  fh  +  hi  \  + 

9i(X)  do  +  diX  + 


(37) 


(38) 


+  d»  X»  * 

Divide  qi  into  91  so  as  to  obtain  the  quotient  gi  »  ho/do  and  the  remainder 

^  X  +  X*  -t-  •  ’  •  -1-  X* 
qi  do  +  di  X  -j-  •  •  •  +  d,  X* 

Write  the  result  so  far 

yn  =  gi+  1/iqi/qi).  (39) 

Next  divide  qi  into  91  so  as  to  obtain  the  quotient  8iX~*  and  the  remainder 

^  _  diX  -f  djX*  -f-  •  •  •  +  dlx" 

/ 

Qi 

Thus 


X  -|-  /ij  X*  +  •  •  •  +  X" 


(40) 


“  9i  + 


«iX  *  -f  (qi/qt) 


(41) 


The  same  process  is  not  repeated.  Instead  the  function  q'l/q'i  is  written 

^1  ^  dlx*"*  -b  dl-iX*"*  -h  •  •  •  diX  -}-  d( 

9j  Ai  X"  ^  -f-  hn-i  X"  *  -f-  •  •  •  +  X  -b 

and  is  manipulated  in  the  same  manner  as  the  function  l/yn  =  91/92  in  the  previ¬ 
ous  procedure.  One  thus  finally  obtains  the  representation 


(42) 
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Vn  =  g\ 


«iX-»  +  r,  +  1 


CjX  + 


(43) 


+ 


rn+  1 


c«X  +  1 

to  which  there  corresponds  the  network  of  Fig.  5.  The  values  of  the  r’s  and  c’s 
are,  of  course,  different  from  those  obtained  for  the  previous  network.  The 
present  network  has  the  short-circuit  driving-point  admittance  yn  and  the  short- 
circuit  transfer  admittance  j/i”  =  A^/qi  in  which  i4i  is  a  positive  real  constant. 
The  function  yit  should  be  calculated  for  the  network  just  obtained  so  as  to  check 
the  preceding  work  and  to  determine  the  value  of  the  constant  Ai. 

Now  again  consider  yn  as  for  the  process  just  completed  and  carry  through  the 
same  two  initial  steps,  leaving  the  result  in  the  form 

1 

yn  =  gi  + 


*iX  '  (31/91) 

This  time  the  same  cycle  is  repeated  a  second  time  so  as  to  yield 

1 

«iX-i  +  1 

g*  + 


yn  =>  gi  + 


»*x  ‘  +  (siV?*)’ 


The  remainder  at  this  stage  is  written 

gr  _  d':x“-*  +  d':_ix-*  + . . .  -h  di'x  -b  d'; 


•7/ 

9i 


(44) 


(45) 


(46) 


h;x"-*  +  +  •  •  •  -b  h,  X  -f  A, 

and  is  manipulated  in  the  same  manner  as  the  function  31/31  in  the  immediately 
preceding  expansion  of  yn  •  Thus  one  obtains  the  representation 

,  1 
yn  ^  gt  + 

«1A  -  T 

_ 

«iX“^  +  Ti  4-  1 

C|X  -f 


«,X-‘  -{-  1 

+ 


1 


r. -b  1 

c,X4-  1 


(47) 
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Continuing  in  this  way,  one  finally  obtains  a  network  having  the  functions  yn 
and  yii’  «  .  This  network  has  the  form  shown  in  Fig.  8.  The  function 

yit  ^  should  be  checked  and  An  determined. 

^n+i  *n  *3  *2  *1 

— HI  t  II  t  tl  t  ° 

>fln  Sfl2  >fll 

r  ohms,  g  mhos,  s  doroft 


0.383  1.95  4/3  1/3 

o— W\/  j  WV"  I"  W\/  I  VW— o 

"|0.89l  ”|o.375  ”j"  3/4 

ohms  and  farads 
Fio.  9 

0.00616  0.0835  0.3636  0.771 

O— I  W\'  ii  ^  ° 

“Rl.O  T3.47  > 


ohms  and  farads 
Fio.  10 

3.22  2.20  0.55 


0.541  ^.228  ^.455 


0.0157  0.212  0.925  0.303 


ohms  and  farads 


E2  ^  3.64(X40.5) 

E|  *  (X+l)(X+3)(X+5) 


Now  it  should  be  recalled  that  the  yu-f unction  of  the  desired  networic  is 
P(M  Oo  +  OiX  +  a»X*  +  •  •  •  +  o,X" 
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or 

_  ,,(0)  ^  ^  .,(«) 

(49) 

•^0  A.I  An 

If  the  admittance  levels  of  the  networks  found  for  etc.,  are  multiplied 

respectively  by  the  factors  Oo/Ao ,  a\/Ai ,  etc.,  then  it  is  clear  that  the  subsequent 
parallel  connection  of  these  networks  yields  a  resultant  one  having  the  desired 
I/u-function.  However,  the  yn-function  of  this  resulting  network  will  evidently 
be  the  desired  yn  multiplied  by  the  constant. 


G 


Ao^  At 


(50) 


To  avoid  this  result  one  should  multiply  the  admittance  levels  of  the  networks 
found  for  yit,  yi\\  •  •  •  etc.,  by  the  factors  Oo/AtG,  ai/AiG,  •  •  •  etc.  respectively. 
The  parallel  connection  of  the  resultant  component  networks  then  yields  a  net¬ 
work  having  the  short-circuit  driving-point  admittance  yn  and  the  short-circuit 
transfer  admittance  yu/ G.  The  transfer  admittance  for  a  one-ohm  load  becomes 
Yu/G,  which  is  the  desired  function  except  for  a  constant  multiplier. 

A  numerical  example  at  this  point  may  be  helpful  in  clarifying  the  various 
steps  in  the  procedure  just  described. 

Given: 

Y  -  p0<)  _  X  -1-  0.5  _  X  -f  0.5 

“  "  9(X)  "  (X  -h  1)(X  -4-  3)(X  -f  5)  "  X*  +  9X*  +  23X  -H  15’ 

choose 

ft(X)  -  J(X  +  2)(X  +  4)(X  +  6)  =  +  3X*  +  IIX  +  12. 

4 


Then 

?*(X)  -  9(X)  -  qti\)  -  }X*  +  6X*  +  12X  -|-  3. 

Using  yn  ^  qi/qi  and  following  the  first  procedure  described  above  one  obtains 
the  continued  fraction  expansion 


_  j-  ±  j - 1— 

yn  3  |X  -|-  1 

Ff  1 

0.375X  -1-  1 

1.95  +  1 

0.891X-1-  1 

0.383 

and  the  network  shown  in  Fig.  9.  One  calculates 


Vii 


3 

iX*  +  3X»  -I-  IIX  -1-  12' 


I 
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Using  the  second  procedure  described  above,  one  obtains  the  expansion 


Vm  =  7  + 


4  '  1.296X-‘  +  A  +  1 


3.47X  +  1 


0.0835  +  1 


41. 6X  +  1 


0.00616  ’ 


and  the  network  shown  in  Fig.  10.  One  calculates 


Vu  - 


9.25X 


iX»  +  3X*  +  IIX  +  12 


Here 


The  admittance  levels  of  the  preceding  networks  should  be  multiplied  by  the 
factors 


0.5 

3  X  0.275 


0.607,  and 


1 


9.25  X  0.275 


=  3.93 


respectively  (divide  the  resistance  values  by  these  factors  and  multiply  the  capac¬ 
itance  values  by  them).  Their  parallel  connection  terminated  in  a  1-ohm  load, 
then  has  the  transfer  admittance  1/0.275  =  3.64  times  the  Fu-function  assumed. 
The  resultant  network  is  shown  in  Fig.  11. 

It  may  be  thought  in  cases  in  which  n  is  large,  that  the  computation  of  the 
numerical  constants  A,  in  the  expressions  for  y[i  becomes  tedious.  So  it  would 
if  this  entire  transfer  function  had  to  be  determined  for  each  corresponding  ladder 
network;  but  this  is  not  the  case  as  the  following  discussion  shows. 

For  small  values  of  X,  a  typical  transfer  function  assumes  the  form 

yi^^AXMO),  (51) 

in  which  9i(0)  is  simply  the  constant  term  in  the  polynomial  9i(X).  To  evaluate 
A,  it  is,  therefore,  only  necessary  to  determine  this  limiting  form  of  the  transfer 
function  for  the  appropriate  ladder  network  whose  elements  at  this  stage  of  the 
procedure  are  known. 

Consider  the  network  of  Fig.  7  as  a  typical  one,  for  which  the  constant  vis  is  to 
be  found.  Since  for  X  — » 0  the  impedances  of  the  shunt  capacitances  c,  •  •  •  C4  are 
very  large  compared  to  the  resistances  r^+i ,  r,  ,  •  •  •  rs ,  and  the  currents  through 
these  resistances  are  negligible  because  of  the  series  elastance  Si ,  it  becomes  clear 
that  the  voltage  at  the  input  of  the  ladder  network  is  equal  to  that  just  to  the  left 
of  the  elastance  sx .  Therefore,  only  the  network  to  the  right  of  this  point  influ¬ 
ences  the  value  of  Ax . 

]jet  the  input  voltage  be  denoted  by  Ei ,  and  those  voltages  across  the  conduc¬ 
tances  gx  and  gx  by  Ex  and  Ex  respectively.  Since  Ei  is  the  voltage  just  to  the 
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left  of  Si ,  and  the  impedance  looking  to  the  right  of  gt  is  very  large  compared  to 
1/fft ,  one  has 


Similarly 


^  2si  _ ^  X 

(«iA)  +  (l/ffa)  ff$^3 


(52) 


Ei _ ^  X 

Et  QiSt 

The  current  through  the  short-circuited  output  terminals  being 

7j  =  Ei\/ 8i , 

Eqs.  52  and  53  yield 

It  X*  f  \  n 

^  -♦ -  for  X  -» 0, 

El  gtgtSiSiSt 

so  that,  using  Eq.  51,  the  desired  constant  becomes 

A.^ 

gt  gt  *1  ^3  St 


(53) 

(54) 

(55) 

(56) 


A  modified  procedure  jdelding  a  network  with  fewer  elements.  Consider  any 
of  the  ladder  networks  having  the  transfer  admittance 

=  AX/qi(\)  (57) 

to  be  represented  as  shown  in  Fig.  12  in  which  only  the  first  two  ladder  elements 
are  shown  explicitly,  while  the  balance  of  the  network  is  abbreviated  by  the  box 
B.  Since  yu  =  yn  ,  one  may  alternately  interpret  the  transfer  admittance  as 
the  ratio  h/Et  for  the  network  in  reversed  orientation  as  illustrated  in  Fig.  13. 
Here  E  denotes  whatever  voltage  rise  appears  across  the  capacitance  c,  in  the 
arrow  direction  indicated. 

If  one  recognizes  that  this  voltage  is  that  appearing  across  the  parallel  combi¬ 
nation  of  Cn  and  r„.|.i ,  it  is  clear  that  an  interchange  of  these  two  circuit  elements 
has  no  effect  upon  E,  and  that  one  may  redraw  the  right-hand  end  of  the  network 
as  shown  in  Fig.  14.  The  short-circuit  current  at  the  terminals  1-1'  is,  of  course, 
changed  to  a  new  value  /( .  By  inspection  of  Figs.  13  and  14  one  sees  that  /i  » 
Ejrn+i  while  /(  *  Ec,X,  whence 

Ii/h  =  r,nC,X.  (58) 

Since  yit  =  h/Et ,  one  has 

I'l/Et  =  yi^  X  u+iCn\  (59) 

which,  apart  from  a  constant  multiplier,  is  i/ij'*’”. 

This  result  leads  one  to  recognize  that  a  single  ladder  network  is  capable  of 
yielding  a  transfer  admittance  of  the  form 

Vu  X  »  (60) 
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to  unity  if  a/b  <  1.  Thus  only  two  c’s  and  one  r,  or  two  r’s  and  one  c  are  needed 
in  the  terminating  branches.  One  may  say  that  through  the  use  of  one  addi¬ 
tional  r  or  one  additional  e,  any  one  of  the  component  ladder  networks  may  be 
modified  at  its  input  end  so  as  to  serv'e  the  purpose  of  two  ladder  networks  in  the 
resultant  configuration. 

As  an  illustration  of  this  modified  procedure,  consider  the  numerical  example 
given  above.  Since  only  two  ladders  are  involved,  it  should  be  possible  to  obtain 
the  desired  result  through  a  modification  of  the  component  ladder  of  Fig.  9  (hav¬ 
ing  the  transfer  admittance  yiV)  alone.  Here 

r,+ic,  =  0.383  X  0.891  =  0.341, 
and  since  in  this  problem  Oi/oo  ~  2,  Eq.  62  yields 

^  §  X  0.341  =  0.1705. 

Since  this  niunber  is  less  than  unity,  one  may  choose  5*1,  whence  a  »  0.1705. 
The  shunt  capacitance  (1  —  b)c»  in  Fig.  15  drops  out;  the  shunt  resistance 

2.245 
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r,+i/(l  —  a)  has  the  value  0.383/0.8295  =  0.462;  the  capacitance  and  resistance 
in  the  parallel  combination  appearing  in  the  final  series  branch  are  be.  =  c»  » 
0.891,  and  r.+,/a  =  0.383/0.1705  -  2.245. 

Noting  that  in  Fig.  15  the  network  is  turned  end-for-end,  one  thus  recognises 
that  the  desired  solution  is  given  by  the  network  shown  in  Fig.  16.  One  readily 
hnds  that  here  Et/Et  »  1.02  times  the  stated  Fu-function,  yielding  a  somewhat 
smaller  gain  than  the  solution  given  in  Fig.  11.  It  is  not  appropriate  at  this 
stage,  however,  to  jump  at  the  conclusion  that  the  alternate  procedure  which 
reaKses  the  desired  result  with  fewer  elements  is  necessarily  always  inferior  from 
a  gain  standpoint. 

With  regard  to  the  question  of  gain  it  should  be  pointed  out  that  in  the  design 
of  Alter  networks  required  to  have  significant  rates  of  discrimination  in  the 
vicinity  of  cutoff,  one  finds  rather  high  values  of  constant  loss,  a  circumstance 
suggesting  that  it  is  more  appropriate  to  realize  such  a  design  through  several 
stages  with  intervening  vacuum  tubes  providing  gain.  Decomposition  into 
stages,  while  in  some  cases  absolutely  necessary  to  prevent  the  signal  from  being 
attentuated  below  the  noise  level,  turns  out  to  be  effective  in  reducing  computa¬ 
tional  work  and  also  the  over-all  loss,  which  is  usually  smaller  than  it  would  be 
if  the  entire  characteristic  were  obtained  with  a  single  complex  network. 
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Fio.  18.  Normalised  Six  Pole,  Low  Pass  RC-Filter  Values  in  Ohms  and  Farads 


nates  with  cos  the  preceding  discussion  shows  that  a  total  of  n  +  1  ladder 
networks  are  needed,  of  which  each  requires  n  +  1  resistances  and  n  capacitances. 
One  thus  obtains  a  total  of  (n  +  1)*  resistances  and  n(n  +  1)  capacitances,  or 
altogether  (n  -f  l)(2n  +  1)  elements. 

If  the  procedure  which  combines  pairs  of  ladder  networks  into  one  is  followed, 
best  economy  is  achieved  when  the  total  number  of  ladders  according  to  the  first 
procedure  is  even — hence  for  n  odd.  Each  modified  ladder  then  has  eilher  (n  ■+■ 
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1)  r’s  and  (n  +  1)  c’s,  or  (n  +  2)  r’s  and  n  c’s.  Since  there  are  (n  +  l)/2  such 
modified  ladders  in  parallel,  one  has  a  total  of  r’s  between  (n  +  1)V2  and  (n  +  1) 


A,  B,  C — Amplifier,  cathode-follower 
Normalised  14  pole  filter 


(n  -H  2)/2,  and  a  total  of  c’s  between  (n  +  l)*/2  and  n(n  +  l)/2,  yielding  alto¬ 
gether  a  grand  total  of  (n  -H  1)*  elements  of  which  half  or  less  are  capacitances. 
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When  n  is  large,  the  first  procedure  yields  approximately  2n*  elements  and  the 
modified  one  n*  elements,  of  which  roughly  half  are  capacitances  and  half  are 
resistances. 

Illustrative  filter  designs.  In  order  to  illustrate  what  may  be  achieved  with 
this  design  method  in  the  case  of  filter  networks,  two  specific  examples  are  taken 
from  the  thesis  of  Commanders  Patrick  and  Thomas  referred  to  earlier.  A  design 
starting  with  a  polynomial  j(X)  having  6  poles  yields  the  response  function  shown 
in  Fig.  17  and  the  network  of  Fig.  18.  In  Fig.  17  the  points  marked  with  crosses 
indicate  measured  values  obtained  from  a  “breadboard”  laboratory  setup.  Fig¬ 
ures  19  and  20  respectively  show  the  response  characteristic  and  the  network 
realization  for  a  more  elaborate  design  involving  14  poles  in  the  polynomial  q(\). 

Concluding  remarks.  The  chief  difficulties  encountered  in  carrying  out  a  de¬ 
sign  according  to  the  method  described  in  this  paper  are  found  to  lie  in  the  choices 
which  must  be  made  for  various  quantities  whose  values  are  defined  by  upper  and 
lower  bounds  only.  Thus  one  must  choose  a  distribution  of  zeros  for  ^(X)  that 
will  be  most  effective  for  the  solution  of  the  approximation  problem,  and  in 
splitting  q(\)  into  the  additive  parts  qi(k)  and  qt(\)  one  must  again  choose  loca¬ 
tions  of  zeros  within  given  limits.  The  choices  made,  affect  the  spread  of  element 
values  and  the  gain  factor  associated  with  the  resultant  network.  Unless  one 
has  gained  some  experience  in  this  matter,  the  result  is  apt  to  be  wholly  unreason¬ 
able  from  a  practical  standpoint.  Although  the  work  of  Patrick  and  Thomas  (as 
recorded  in  their  thesis)  makes  significant  progress  toward  indicating  what  it  is 
helpful  to  do  in  filter  design  problems,  further  investigations  of  a  similar  sort  are 
needed. 

A  final  significant  conclusion  that  the  discussion  in  this  paper  permits  may  be 
stated  as  follows:  The  attainment  of  unusually  exacting  requirements  in  the  de¬ 
sign  of  filters  or  other  linear  passive  networks  does  not  necessarily  require  induc¬ 
tive  elements  having  unusually  low  parasitic  losses  (or  unusually  high  Q’s).  Since 
a  resistan(‘e  may  be  regarded  as  the  limiting  form  of  an  inductive  element  having 
zero  Q,  and  since  one  can  even  in  this  worst  case  still  approximate  arbitrarily 
closely  to  any  desired  characteristic,  it  should  certainly  be  possible  to  do  so  with 
inductive  elements  having  nbnzero  Q’s,  however  small.  It  is,  of  course,  necessary 
to  supply  gain  by  means  of  amplifying  tubes  in  order  to  overcome  the  loss  due  to 
excessive  parasitic  losses;  but  theoretically,  at  least,  it  is  shown  that  in  any  net¬ 
work  design  it  is  always  possible  to  compensate  for  the  effects  of  low-quality  coils 
through  providing  only  a  sufficient  amount  of  constant  gain. 
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NOTE  ON  THE  EXPANSION  OF  CONFLUENT  HYPERGEOMETRIC 
FUNCTIONS  IN  TERMS  OF  BESSEL  FUNCTIONS 
OF  INTEGRAL  ORDER 


Bt  Metbb  Kabuh 


The  Computation  Laboratory  of  the  National  Bureau  of  Standards  has  re¬ 
cently  published  Tables  of  the  Confluent  Hypergeometric  Function  F  (i'f-) 
and  Related  Functions/  Mr.  William  Horenstein  developed  various  methods  of 


evaluating  the  function  F 


(14-)- 


depending  on  the  relative  values  of  n  and  x. 


The  object  of  this  note  is  to  develop  an  expansion  of  the  function  F(a,  7;  x)  in 
terms  of  Bessel  Functions  of  integral  order. 

It  is  a  well  known  fact*  that  any  absolutely  convergent  power  series  can  be 
expressed  as  a  series  of  Bessel  Functions  of  integral  order.  We  can  therefore 
assume’ 


(1) 


Ha,  71  x) 


^  r(7)r(«  +  k)  x^ 
r(a)r(7  +  A:)  ’ 


X)  Ckikix) 

i-0 


The  boundary  conditions  F(a,  7;  0)  —  1  and  {(d/dx)F(a,  7;  x)}a-o  *■  a/7  yield 
the  first  two  coefficients  >■  1,  ci  »  2a/y.  We  can  thus  write 

(2)  F(a,  7;x)  —  /o(x)  -t*  2alyliix)  + 


The  coefficients  c*  can  be  calculated  from  (1)  by  the  formula,  relating  the  coef¬ 
ficients  in  the  expansion  in  terms  of  Bessel  Functions  with  the  coefficients  in  the 
power  series.  A  simpler  method  is  to  make  use  of  the  recurrence  relation 

(3)  (d/dx)F(a,  7;  X)  -  (a/7)F(«  -f  1,  7  +  1;  x) 


satisfied  by  the  confluent  hjrpergeometric  fimction.  Substituting  in  formula  (2), 
a  +  1  and  7  -f  1  for  o  and  7' respectively,  we  obtain 

(4)  F(a  +  1,7  +  I;*)  -  loix)  4-  /i(x)  +  Zdkhix) 

7+1  *-» 

where  d*  is  obtained  from  c*  by  replacing  a  and  7  by  a  +  1  and  7  +  1  respectively. 
In  view  of  the  recurrence  relations 


(5)  27i(x)  -  +  /*+i(x),  Io(x)  =  Iiix) 

>  Department  of  Commerce,  National  Bureau  of  Standards.  Applied  Mathematics 
Series  No.  3,  (1949). 

*  See  for  instance  Gray,  Mathews  &  MacRobert’s  "Treatise  on  Bessel  Functions  and  their 
application  to  Physics,”  London,  1931,  p.  34. 

*  We  chose  the  functions  /t(z)  rather  than  Jh(x),  because  the  functions  /ft(z)  and 
F(a,  y;  x)  increase  without  limit  as  z  «  while  the  functions  Jtix)  oscillate  between  —1 
and  -f-1. 
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satisfied  by  the  Bessel  Functions  /*(x),  equation  (3)  becomes 

?  /,(x)  +  Ii(x)  +  -  I,{x)  +  5  Z  c*[/*_,(x)  +  /*+,(x)] 
y  7  2  *-j 


(6) 


Equating  coefficients  of  Ik(x)  (k  »  1,  2, 
get  the  following  recurrence  relations 


)  on  both  sides  of  the  equation  we 


(7) 


f  1  -  1  1  _  o  «(«  +  1)  . 
+  *  ^^CTFT)- 


-  +  ic»  «»  -  dj ;  where  dt 
y  y 


^  (a  +  l)(a  -h  g  g 


(y  +  1)(7  +  2) 


|(c*+i  +  c*-i)  ™  -dh 
7 


A;  ^  3 


As  an  illustration  of  the  above,  let  a  «>  41/2, 7  ~  }  then  we  obtain 

11734570 


1,  c.  -  82, 


70^ 

3 


17927414 


Cl  -  42066, 

4156610842 

77 


C4 


Or  - 


21  ’ 
66784838795 
143 


etc., 


and  therefore 
F 


(8) 


/,(x)  +  82/, (x)  +  ^  /,(x)  +  42066/, (x) 

.  11734570  j,  .  ,  17927414  , ,  ,  .  4156610842  . ,  , 
H - - 74(x)  + 5 /,(x)  + ^ - /,(x) 


+ 


21 

66784838795 

143 


77 


h{x)  +  ••- 


Eig^t  terms  in  this  expansion  yield  F{20.5,  .2)  >  30.97745  as  compared  with 

30.97819  obtained  from  the  tables  mentioned  above  and  computed  by  a  method 
different  than  that  here  desiiribed.  To  obtain  a  comparable  accuracy  from  the 
power  series,  hundreds  of  terms  would  be  needed. 

Tbb  Computation  Labobatobt 
National  Bubxau  or  Standards 


(Received  June  20,  1948) 


ON  THE  LONG-RUN  ERROR  IN  THE  NUMERICAL  SOLUTION 
OF  CERTAIN  DIFFERENTIAL  EQUATIONS 

Bt  Wabhen  S.  Loud 

1.  Introduction.  The  purpose  of  this  paper  is  to  examine  numerical  solutions 
of  differential  equations  from  the  point  of  view  of  their  long-rim  accuracy.  The 
main  result  is  an  estimate  for  the  long-run  relative  error  due  to  truncation  in  the 
case  of  linear  differential  equations  with  constant  coefficients.  There  is  defined 
an  index  which  can  be  used  to  measure  long-run  accuracy  of  a  numerical  process. 
Finally  a  construction  of  a  class  of  numerical  methods  suited  to  long-run  solutions 
is  given. 

There  are  three  reasons  for  the  restriction  to  linear  equations  with  constant 
coefficients.  First  there  are  no  difficulties  with  long-run  existence  of  solutions. 
Second,  linear  equations  with  constant  coefficients  can  be  solved  explicitly,  and 
the  numerical  solution  can  also  be  found  explicitly.  This  furnishes  a  firm  basis 
for  comparison  of  the  numerical  solution  with  the  true  solution.  Third,  if  a 
numerical  method  is  to  be  of  value  in  solving  general  differential  equations,  it 
should  be  extremely  reliable  with  the  simplest  types,  and  should  be  easily  con¬ 
trolled  for  them. 

2.  Methods  Considered.  A  numerical  solution  of  a  differential  equation  - 

(2.1)  iyidx  -  f(x,y)  •  •  .  i .. 

will  produce  a  sequence  of  values  of  y  corresponding  to  a  given  sequence  of  values 
of  X.  For  our  purposes  we  assume  that  the  values  of  x  are  equally  spaced,  with 
separation  h,  and  that  the  initial  value  of  x  is  sero.  We  shall  use  the  notation 

(2.2)  Xn  -  nh  y,  -  y(x,)  -  yinh)  y'n  »  y'{nh). 

The  numerical  methods  studied  are  all  formulae  for  approximations  to  ^.4.1  in 
terms  of  the  coordinates  of  a  finite  number  of  the  points  (x»  ,  y,,),  (x^-^i ,  yit-i), 
’ '  •  .  The  formulae  used  can  all  be  derived  from  polynomial  approximations  of 
the  fimctions  y(x)  and  y'(x),  or  equivalently  by  using  a  portion  of  the  Taylor 
series  for  y(x)  and  y'(x)  in  which  the  derivatives  are  replaced  by  their  finite- 
difference  approximations,  correct  to  the  order  of  magnitude  of  the  first  neglected 
term. 

Typical  of  such  methods  found  in  the  literature  are  the  Runge-Kutta  method, 
Milne’s  method,  and  a  class  of  methods  described  on  pages  225  ff  of  Scarborough'. 
In  a  later  section  of  this  paper  an  additional  class  of  methods  of  this  same  type  is 
described. 

3.  Numerical  Solution  of  Linear  Differential  Equations  with  Constant  Coef¬ 
ficients.  In  the  case  of  linear  differential  equations  with  constant  coefficients 

*  See  the  bibliography  at  the  end. 
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the  formulae  associated  with  numerical  methods  of  the  type  described  in  the  pre¬ 
ceding  section  become  linear  difference  equations  with  constant  coefficients,  which 
can  be  solved  explicitly. 

We  restrict  ourselves  to  equations  in  which  the  independent  variable  does  not 
appear  explicitly.  Any  such  equation,  or  system  of  such  equations  can  be  re¬ 
duced  to  a  system  of  simultaneous  first-order  equations  of  the  same  t3q)e.  By 
use  of  matrices  the  system  can  be  written 

(3.1)  r(x)  =  A  Yix) 

where  F  is  a  column  matrix  and  A  is  a  constant  square  matrix.  The  solution  of 

(3.1)  is 

(3.2)  Yix)  =  Fo 

where  Fo  is  the  column  matrix  of  initial  values,  and  is  the  conventional  ex¬ 
ponential  function  of  the  matrix  Ax.  Thus  the  true  value  of  F (nk)  =  F,  is  given 

by 

(3.3)  F,  =  Fo. 

When  (3.1)  is  solved  by  a  numerical  process  of  the  type  under  consideration, 
the  solutions  of  the  difference  equations  have  the  form 

(3.4)  F,  ■=  Cl  4*  •  •  •  +  C* 

where  the  ip’s  are  matrix  functions  of  the  matrix  Ah,  the  C’s  are  constant  column 
matrices,  and  k  is  equal  to  the  number  of  previous  values  of  y  used  in  the  formula 
for  yn4i .  One  of  the  ^’s  is  an  approximation  to  while  the  others  all  tend  to 
sero  as  h  tends  to  zero. 

The  matrix  solutions  can  be  interpreted  as  systems  of  solutions.  If  there  are 
m  equations  in  the  system  (3.1),  (3.3)  can  be  interpreted  as  the  system 

(3.5)  yiinh)  =  £  j  -  1,  2,  •  •  •  ,  m. 

t-i 

The  X’s  are  the  characteristic  values  of  the  matrix  A.  The  form  of  (3.5)  is  modi- 
field  in  the  usual  way  if  the  X’s  are  not  all  distinct. 

In  a  similar  way  (3.4)  can  be  interpreted  as  a  system  of  solutions.  It  is  found 
that  each  term  of  (3.5)  of  the  form  ce^"*  is  replaced  by  k  terms 

(3.6)  bimi  -|-  •  •  •  -H  btwi*. 

The  6*8  are  constant,  and  the  m’s  are  functions  of  the  quantity  Xh.  Moreover 
they  are  precisely  the  same  fimctions  of  \h  that  the  ^’s  of  (3.4)  are  of  the  matrix 
A  h.  This  is  a  consequence  of  the  fact  that  the  characteristic  values  of  an  analytic 
function  of  a  matrix  A  are  related  to  the  characteristic  values  of  A  by  the  same 
functional  relationship. 

From  the  preceding  discussion  we  see  that  the  numerical  method  will  approxi¬ 
mate  each  term  of  the  true  solution  in  the  same  manner.  Therefore  it  will  be 
sufficient  to  study  the  single  equation 

(3.7)  dy/dx  =  ay 
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where  a  is  a  constant  and  y  is  a  single  variable.  The  results  can  then  be  applied 
to  the  system  (3.1). 

4.  The  Long-Run  Error.  The  approximate  solution  of  (3.7)  will  have  the  form 
(4.1)  y,  =  himi  +  •  •  •  + 

where  the  b’s  are  constants,  and  the  m’s  are  functions  of  the  quantity  ah.  One 
of  them,  mi  say,  will  be  an  approximation  to  e**,  while  the  others  will  tend  to  zero 
with  h.  In  the  case  of  Milne’s  method  there  is  an  exception  to  the  above  in  that 
there  is  a  second  term  which  does  not  tend  to  zero,  and  high  powers  of  it  may  well 
become  lai^.  For  this  reason  this  method  is  not  suitable  for  long-run  automatic 
computation. 

The  numerical  solution  of  (3.7)  will  be  assumed  then  to  have  the  form  of  (3.6) 
where  for  large  values  of  n  only  one  term  is  not  n^ligible.  In  this  term,  the 
quantity  e”**  will  be  approximated  by  the  nth  power  of  an  expression  of  the  form 

/,  -  1  -f-  oA  -b  (<iA)V21  4-  •••  +  (ohY/rl 

(4-2) 

■f  [l/(r-fl)! -/C,]  (<!*)'+*+.. . 

where  Kr  is  different  from  zero,  and  the  terms  omitted  are  all  of  degree  (r  -b  2) 
or  higher. 

We  can  now  state  that  if  E  is  the  relative  error  due  to  replacing  e”*  by/, ,  then 
for  all  practical  cases 

(4.3)  \E\<\  4nKriah)^'  | 

where  r  and  Kr  are  defined  by  (4.2)  and  n  is  the  number  of  steps  taken. 

To  show  this,  we  note  that  the  relative  error  E  after  n  steps  is  given  by 

(4.4)  E  ^  -  e-^)/c’-*  -  (fre-^r  -  1. 

Since  £  is  a  relative  error,  it  must  be  less  than  one  in  magnitude  for  practical 
purposes.  If  this  is  so, 

(4.5)  1£|  <  2n  1  log  (/,e-*)  |. 

If  the  logarithm  is  expanded  into  a  series  we  find  that 

(4.6)  log  (/,«-•*)  -  Kriah)^^  +  0  (ah)^') 

so  that  if  (ah)  is  suflBciently  small,  as  it  will  be  for  practical  cases, 

(4.7)  I  log  (/,.-•*)  I  <  I  \. 

Combining  (4.5)  with  (4.7),  the  result  (4.3)  follows. 

Using  (4.3)  we  can  give  a  partial  answer  to  the  question  as  to  the  size  of  A  if 
the  relative  error  is  to  remain  less  than  a  preassigned  quantity  over  a  preassigned 
range  of  x.  If  the  maximum  of  £  is  to  be  c  over  the  range  0  <  x  <  X,  by  using 
(4.3)  with  n  -  X/h,  we  find 
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From  the  form  of  the  expression  (4.8)  it  is  evident  that  of  the  two  quantities 
which  arise  from  the  choice  of  numerical  method,  r  is  of  much  more  significance 
than  Kt.  So  far  as  long-run  truncation  error  is  concerned,  a  method  with  a  high 
value  of  r  is  to  be  preferred. 

6.  Other  Errors.  It  was  stated  earlier  that  (4.8)  gives  a  partial  answer  to  the 
question  of  the  size  of  h.  The  errors  discussed  in  the  foregoing  have  been  so-called 
tnmcation  errors,  and  are  due  to  the  repeated  truncation  of  the  Taylor  series  for 
the  unknown  function.  It  might  appear  from  what  has  been  said  that  arbitrarily 
high  accuracy  could  be  obtained  by  merely  making  the  interval  h  small  enough. 
This  is  not  the  case  because  of  another  important  source  of  error  called  round-off 
error.  At  each  stage  of  a  numerical  computation  the  numbers  used  must  be 
rounded  ofif  to  a  finite  decimal  expansion.  The  errors  so  introduced  will  increase 
as  the  number  of  steps  taken  increases.  This  will  bring  about  an  effective  mini¬ 
mum  value  of  h  for  a  given  accuracy.  No  attempt  has  been  made  in  this  paper 
to  analyze  round-off  error. 

For  automatic  computation,  where  large  numbers  of  steps  are  taken  without 
inspection  of  intermediate  results,  it  appears  that  much  is  to  be  gained  by  the  use 
of  methods  with  higher  values  of  r.  If  JV  represents  the  number  of  steps  taken 
for  solution  over  a  fixed  range  of  x,  it  follows  from  (4.3)  that  truncation  error  is 
proportional  to  N~'',  so  that  for  a  given  truncation  error  maximum  a  smaller 
number  of  steps  will  be  required  with  the  larger  value  of  r,  which  will  reduce  the 
round-off  error,  which  is  known  to  vary  approximately  as  N*'*. 

For  the  sake  of  completeness  another  source  of  error  should  be  mentioned.  An 
error  will  arise  from  the  fact  that  &i ,  the  coefficient  of  mi  in  (4.1)  will  not  be  equal 
to  yo  in  general.  This  error  is  constant,  and  if  the  first  few  values  of  y  are  accu¬ 
rate,  will  be  small. 

6.  Construction  of  a  Class  of  Numerical  Methods.  For  each  of  the  methods 
mentioned  earlier  the  index  r  can  be  computed  directly.  The  Runge-Kutta 
method  and  Milne’s  method  each  have  r  «  4.  The  methods  in  Scarborough, 
which  involve  polynomial  extrapolation  of  the  derivative  have  r  =>  2,  3,  and  4 
respectively  for  polynomials  of  degrees  1,  2,  and  3.  The  class  of  methods  to  be 
constructed  is  not  essentially  different  from  the  above  methods.  Its  principal 
feature  is  that  it  utilizes  tke  values  of  both  y  and  y’  in  forming  the  polynomial 
approximations.  As  a  result,  for  a  given  value  of  r,  fewer  previous  values  of  the 
solution  are  needed. 

The  construction  is  as  follows.  A  polynomial  of  degree  2A;  or  2A;  -f  1  is  passed 
through  the  k  +  I  points  (x,  ,  y,),  •  •  •  (x,_*  ,  yn-k)  having  the  slope  y/  at  the 
point  (xy ,  yy)  for  all  A;  -1-  1  points  if  the  d^ee  is  odd,  and  for  all  but  (x.-^  ,  yn-k) 
if  the  d^ee  is  even.  The  value  of  this  polynomial  for  x.+i  is  called  y»^.t  Next 
the  function  y'(x)  is  approximated  by  a  polynomial  of  degree  A;  +  1  passing 
through  the  A:  -I-  2  points  (x,_*  ,  y»_k),  •  •  •,  (x, ,  yl),  (x,+i,  yl+i)  where  yUi  “ 
fixn+i ,  yit+i).  This  last  polynomial  is  then  int^ated  from  x.  to  Xn+i,  and  the 
result  is  used  as  the  approximation  to  the  increment  in  y  from  y«  to  y.^i . 
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The  value  of  the  index  r  depends  on  the  degrees  of  the  polynomials  used  in  the 
above  construction.  The  values  of  r  found  when  the  d^ee  of  the  first  poly¬ 
nomial  is  one,  two,  three,  four,  and  five  are  two,  three,  three,  four,  and  four  re¬ 
spectively. 

7.  Example.  To  illustrate  the  procedures  described  in  the  foregoing  we  give 
the  explicit  formula  corresponding  to  a  numerical  metiiod,  and  determine  the 
quantities  r  and  Kr .  We  derive 'the  formula  by  the  method  described  in  the 
preceding  section,  using  initially  a  polynomial  of  d^ee  four.  With  the  notation 
we  have  been  using,  .the  polynomial  of  degree  four  passing  through  the  three 
points  (x,  ,  yn)t  (xn-i ,  Vn-i),  and  (xn-a ,  y»-t)  having  at  the  first  two  of  these  the 
slopes  and  y^-i  respectively,  will  assume  for  x  »  Xn+i ,  the  value 

(7.1)  yl+x  yn-t  +  9y»_i  —  9y,  -|-  6%»-i  -h 

We  next  int^ate  the  pol3momial  of  degree  three  passing  through  Uie  four  points 
(xn-t,  y*-*),  (x,^i,  y,-i),  (xn,  y'n),  and  (x,+i,  y'*+i)  between  x,  and  x,+i  to  give 
a  formula  for  y^^i 

(7.2)  '  y,+i  -  y,  +  A(yl-*  -  5yi_i  +  19yl  9y  1+0/24. 

When  the  formula  (7.2)  is  applied  to  the  equation  (3.7)  we  obtain 

y„+i  -  (12  -  3lah  +  27oV)y,/12  4-  (38aA  4-  27oV)y_,/12 

4-  i5ah)y^,/12. 


(7.3) 


If  the  values  of  y.  ,  y,.-! ,  and  y»-t  are  assumed  correct,  by  direct  substitution  it 
is  found  that  y«+i  has  an  error' of  the  order  of  (o^)*,  and  that  this  is  still  the  order 
of  error  if  y.  ,  y.-i  and  y«-s  are  correct  only  to  that  order. 

If  we  now  solve  the  difference  equation  (7.3)  we  find 

y,  -  c,[l  4-  o^  4-  hiah)'  4-  Hah)*  +  ^(ah)*  4-  rhiah)*  +•••]’ 

4-  c[(5oA/12)*  4-  •  •  •]"  +  c,[-(5oA/12)*  +•••]". 


(7.4) 


If  the  first  few  values  of  y  are  nearly  correct,  the  constants  Ct  and  Ct  will  be  nearly 
sero,  while  Ci  will  be  close  to  yo .  It  is  evident  from  (7.4)  that  the  second  and 
third  terms  will  become  negligible  as  n  increases  if  (ah)  is  of  practical  size.  Also 
comparing  with  (4.2)  it  is  clear  that  for  this  numerical  process  the  index  r  »  4, 
with  Kr  — 19/720,  so  that  using  (4.3)  we  have 

(7.5)  I  ®  I  <  19n  (oA)Vl80. 
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ON  THE  UNIQUENESS  OF  FLOWS  WITH  GIVEN  STREAMLINES 

Bt  R.  C.  Pbim 

1.  Introduction.  In  a  recent  paper*,  D.  Gilbarg  has  posed  and  partially  an¬ 
swered  the  following  question: 

Given  a  steady  flow  of  an  ideal  fluid  {inviscid  and  with  uniformly  constant  density) 
tn  the  absence  of  external  force  fields,  what  flaws  of  the  same  kind  exist  with  the  same 
streamline  pattern  as  the  given  flow? 

Gilbarg’s  investigation  of  this  question  dealt  with  the  case  of  plane  flow  pat¬ 
terns  and  yielded  the  following  results: 

(1)  If  the  given  flow  does  not  have  a  constant  velocity  magnitude  along  each 
individual  streamline,  the  only  flows  with  the  same  streamline  pattern  are  those 
having  velocity  fields  that  are  simply  proportional  to  that  of  the  given  field. 

(2)  If  the  given  flow  has  a  constant  velocity  magnitude  along  each  individual 
streamline,  all  other  flows  having  this  property  are  possible  flows  for  the  same 
streamline  pattern. 

(3)  The  only  irrotational  flows  having  a  constant  velocity  magnitude  along  each 
streamline  have  a  streamline  pattern  consisting  of  concentric  circles  or  (as  a 
limiting  case)  of  parallel  straight  lines. 

In  the  present  paper,  the  above  question  is  answered  for  the  case  of  three- 
dimensional  flow  patterns,  and  the  geometric  implications  of  the  results  in  the 
case  of  general  irrotational  flows  and  of  rotational  plane  and  axially-symmetric 
flows  are  clarified. 

2.  Analysis  of  the  Basic  Question.  The  principles  of  conservation  of  mass  and 
conservation  of  momentum  lead  to  the  following  equations  governing  steady  flow 
of  ideal  fluids  in  the  absence  of  body  forces: 

div  pv  —  0  (1) 

and 

vgrad  V  -H  (1/p)  grad  p  -  0  (2) 

where  ▼  denotes  the  velocity  vector,  p  the  pressure,  and  p  the  density.  These 
equations  yield  for  the  case  where  p  is  a  constant  throughout  the  following  neces¬ 
sary  and  sufficient  conditions  on  v  alone: 

div  v  *=  0,  (3)  curl  (v*grad  v)  =  0  (4) 

We  now  formulate  our  problem  as  follows:  Given  a  velocity  field  v  satisfying 
(3)  and  (4),  under  what  conditions  will  the  velocity  field 

V*  -  fix,  y,  «)▼ 

satisfy  the  same  equations? 

‘  D.  Gilbarg,  On  the  Flow  Patterna  Common  to  Certain  Claeaea  of  Plane  Fluid  Motiona, 
Jour,  of  Math,  and  Phys.,  86.  pp.  137-142  (1947). 
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Equation  (3)  requires  that 


div  /v  =  /  div  V  +  v*grad  /  =  0 


or,  using  (3),  that 

v-grad  /  =  0 


(5) 


The  condition  (4)  leads  to 

curl  (/V'grad /v)  =  f  curl  (v-grad  v) 

+  grad/*  X  (v-grad  v)  -f  curl  l/v(v-grad/)]  =  0 

whence,  using  (5)  and  (4) 

grad  /  X  (V‘grad  v)  =  0  (6) 

From  (2)  it  is  seen  that  (6)  implies 


grad  /  X  grad  p  =  0 


(7) 


The  condition  (7)  permits  three  possible  cases: 

(a)  grad  /  =  0.  For  this  relatively  trivial  case  (v*  simply  proportional  to  v), 
no  restriction  of  the  given  flow  is  required  by  (5)  and  /  may  be  assigned  any  con¬ 
stant  value. 

(b)  grad/  ^  0,  grad  p  »  0.  If  the  given  flow  is  a  flow  of  uniform  pressure — 
and  hence  necessarily  a  flow  with  straight  streamlines  and  with  constant  velocity 
magnitude  along  each  individual  streamline — (5)  only  requires  that  /  be  constant 
along  each  particular  streamline. 

(c)  grad  /  ^  0,  grad  p  ^  0,/  =>  /(p).  For  this  case,  (5)  can  be  satisfied  if  and 
only  if  the  given  flow  has  a  constant  pressure — and  hence  a  constant  velocity 
magnitude — along  each  individual  streamline.  If  the  given  flow  does  have  this 
property,  the  function /(p)  is  substantially  arbitrary  (subject,  of  course,  to  appro¬ 
priate  differentiability  restrictions). 


3.  Geometric  Implications  of  the  Results.  In  the  following  we  shall  call  a 
given  flow  unique  when  the  only  flows  with  the  same  streamline  pattern  as  that 
flow  are  flows  having  velocity  fields  that  are  simply  proportional  to  that  of  the 
given  flow.  The  theorems  stated  are  valid  for  steady  flows  of  an  ideal  incom¬ 
pressible  fluid  in  the  absence  of  external  force  fields. 

The  analysis  of  Section  2  establishes  the  following  general  theorem: 

Theorem  1 :  Any  flow  is  unique  unless  it  has  a  constant  velocity  magnitude  along 
each  individual  streamline. 

For  general  spatial  flows,  the  geometric  implications  of  Theorem  1  are  unknown. 
That  is,  no  exhaustive  study  has  been  made  of  general  spatial  flow  fields  with 
constant  velocity  magnitude  along  each  individual  streamline. 

However,  for  the  case  of  irrotcUional  flow  fields  Hamel*  has  proved  that  the  only 

>  G.  Hamel,  Potentialslroemungen  mil  konatarUer  Oeachwindigkeit,  Sitzungsberichte  der 
PreuBsischen  Akademie  der  Wiasenachaft,  5-20  (Berlin  1037). 
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flows  with  this  property  are  those  helicoidal  flows  obtainable  by  normal  super¬ 
position  of  a  uniform  parallel  flow  and  a  potential  vortex.  Hence  we  have  the 
following  corollai^': 

Corollary  1A:  All  irrotational  flows  are  unique  except  those  irrotational  heli¬ 
coidal  flows  obtained  by  normal  superposition  of  a  uniform  parallel  flow  and  a  poten¬ 
tial  vortex. 

(It  will  be  noted  that  this  reduces  to  Gilbarg’s  result  for  the  case  of  plane  irrota¬ 
tional  flow.) 

Again  for  the  special  case  of  phme  flow  fields  the  geometric  implications  of 
Theorem  1  are  kno>vn.  Nemenyi  and  Prim*  have  shown  that  the  only  steady 
plane  flows  of  an  ideal  gas  (rotational  or  nut)  in  the  absence  of  body  forces  for 
which  the  velocity  magnitude  remains  constant  along  each  individual  streamline 
are  those  flows  having  streamline  patterns  consisting  of  concentric  circles  or  (as 
a  limiting  case)  of  parallel  straight  lines.  The  proof  used  is  valid  a  fortiori  for  an 
ideal  liquid.  Therefore  we  have: 

Corollary  IB:  AU  plane  flows  are  unique  except  those  having  concentric  circles 
{or  parallel  straight  lines)  as  streamlines. 

Finally,  for  the  case  of  axially-symmetric  flow  fields  it  will  be  proved  in  Section 
4  that  the  only  flows  with  constant  velocity  magnitude  along  each  streamline  are 
those  trivial  flows  having  all  streamlines  parallel  to  the  axis.  This  establishes: 

Corollary  1C:  All  axially-symmetric  flows  are  unique  except  purely  axial  flows. 

4.  Appendix:  Axially -Symmetric  Fluid  Flow  with  Constant  Vdocity  Magni- 
■  tilde  A  long  Individual  Streamlines.  In  order  to  establish  Corollary  1C  we  investi¬ 
gate  the  possibility  of  steady  axially-symmetric  fluid  flows  (in  the  absence  of  vis¬ 
cosity  and  external  force  fields)  for  which  the  velocity  magnitude  is  constant  along 
each  individual  streamline.  Although  our  immediate  interest  is  in  flows  of  ideal 
incompressible  fluids  our  proof  will  be  valid  also  for  any  fluid  for  which  constancy 
of  velocity  along  a  streamline  implies  constancy  of  pressure  and  density  along 
the  streamline  (e.g.,  thermally  non-conducting  compressible  fluids). 

lietting  r  and  x  denote  respectively  the  radial  and  axial  coordinate  distance,  we 
introduce  the  stream  function  ^  through  the  definition 

d^/dn  *  2Trpi;  (8) 

where  dn  denotes  the  difleVential  outward  normal  to  the  streamlines.  We  now 
consider  flows  for  which  v  =  v{4>),  p  “  pi'f),  and  p  =  p(^).  For  these  flows  the 
significant  part  of  the  dynamic  equation  (2)  can  be  written 

dp/dn  *  Kpv'  (9) 

where  «  =  ic(x,  ^)  denotes  the  curvature  of  the  streamlines  (taken  as  positive  when 
the  streamlines  are  concave  with  respect  to  the  axis).  Equations  (8)  and  (9) 
then  imply 

'  P.  Nemenyi  and  R.  Prim,  Some  Propertiee  of  Plane  Rotational  Qae  Flows,  Jour,  of  Math, 
and  Phys.,  87,  pp.  130-135  (1948). 
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wherein  A  (\^)  is  defined.  We  now  introduce  the  familiar  expression  for  k 

where  q  is  defined  by 

q(x,  (dr/dx)^  (12) 

and  obtain  the  equation 

qidq/dr)^  +  +  g*)*'*r  =  0  (13) 

which  yields  upon  integration 

vTTi  °  2/[A(^y  +  Bm\  (14) 

Returning  to  the  streamf unction  equation  (8),  we  observe  that  it  may  be  re¬ 
written  in  the  form 

d4>  -  2tpw[(9*  -H  l)-‘'*dr  -  g(g*  +  l)~‘'*dx] 
or 

dr(x,  \^)  »  g  dx  +  [(?*  l)*^V2vpwl  (15) 

The  condition  of  int^rability  for  the  function  r(x,  ^)  now  leads  to  the  equation 

-  /  (^)  +?V^1,0 

\^/*  rV?*  +  1  ^ 

which  by  virtue  of  the  relation 

^  /^\  ^  /^\  y/^~r~  (^\ 

\^/»  \^/r  V^/»  \^/*  \9^/r  2wpivr  \dr)f 

can  be  written 

(^),  +  (i),  + 

To  find  the  conditions  for  consistency  of  (14)  and  (16)  we  substitute  the  former 
into  the  latter  and  obtain 

I4irp(i^)v(^)  d.4  (^;')/d^  -I-  3A'(il/)]r*  +  4(irp(^)t>(l^)  dB(^)/d^ 

-f  .l(^)B(^)Jr*  -I-  IB*(^)  -  4]  -  0 

Two  cases  arise:  (a)  B*  »  4  and  i4  «  0.  In  this  case  (16)  is  satisfied  identically. 
Equation  (14)  then  requires  that  9  “  0;  i.e.,  that  r  «»  r(i^).  (b)  B*  ^  4  or 
yl  0.  In  this  case  (16)  can  be  solved  for  r  in  terms  of  the  coefficients.  How¬ 
ever  all  coefficients  are  functions  of  'p  alone,  hence  again  r  —  r(^).  This  esta¬ 
blishes 

Theorem  2:  The  only  steady  axially-symmetric  flows  of  an  inviscid  fluid  (in  the 
absence  of  external  force  fields)  in  which  the  velocity  magnitude,  pressure,  and  density 
are  constant  along  each  individual  streamline  are  purely  axial  flows. 


Naval  Ohdnancb  Labobatobt 
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COEFFICIENTS  FOR  REPEATED  INTEGRATION  WITH  CENTRAL 

DIFFERENCES 


Bt  Hebbert  E.  Salzeb 


The  purpose  of  the  present  article  is  to'  facilitate  the  performance  of  a  double 
or  multiply  repeated  quadrature,  with  high  accuracy,  upon  a  function  which  is 
tabulated  with  its  central  differences  of  even  order.  A  previous  paper*  furnished 
coefficients  for  the  more  universally  applicable  case  of  advancing  and  backward 
differences;  but  since  central  difference  interpolation  formulas  converge  more 
rapidly,  integration  formulas  which  are  based  upon  them  require  no  justification. 
The  coefficients  in  the  table  below  were  obtained  by  repeated  integration  of  the 
well-known  Everett  interpolation  formula  employing  even  central  differences, 
namely, 

fixo  -f-  ph)  ~  qfo  +  p/i  +  IZT-i  - -  *** 


+ 


p(p*-l*)  .-.jp'  -s') 
(2s  +  1)1 


«:•], 


where  h  is  the  tabular  interval  and  q  ^  1  —  p.  The  advantage  in  the  present 
table  is  that  it  enables  one  to  perform  a  fc-fold  repeated  quadrature  on  f(x)  di¬ 
rectly,  whereas  the  alternative  method  is  to  obtain  l/(k  —  1)!  times  a  single 
primitive  of  {x  —  <)*~V(0»  the  latter  process  necessitating  a  series  oi  multiplica¬ 
tions  and  tabulation  of  a  new  set  of  differences  for  (x  —  The  advantage 

is  increased  if  several  different  order  primitives  are  required  of  the  same  fimction. 

The  coefficients  given  below  are  to  be  employed  in  stepwise  fc-fold  quadrature 
of  tabulated  functions.  They  may  also  be  used  in  the  stepwise  integration  of 
higher  order  differential  equations.  A  /c-fold  quadrature  always  introduces  an 
arbitrary  polynomial  of  the  (k  —  l)th  degree,  which  is  determined  by  the  value 
of  the  A;-fold  primitive  at  k  nearby  points,  or  the  A^-fold  primitive  and  its  first 
(k  —  1)  derivatives  at  a  point.  In  stepwise  integration,  a  particular  A:-fold  primi¬ 
tive  is  obtained  by  making  xo  the  lower  limit  of  the  repeated  integral  and  Xi  the 
last  upper  limit,  where  Xi  —  Xo  =  h.  Now  suppose  that  in  a  fc-fold  quadrature 
problem  one  knows  the  desired  fc-fold  primitive  (denoted  by  and  its  derivatives 
at  the  point  Xo .  Then  the  X:-fold  particular  integral  up  to  Xi ,  obtained  by 
formula  (1)  below  plus  a  polynomial  in  (xi  —  Xo)  of  the  (k  —  l)th  degree  where  the 
coefficient  of  (xi  —  Xo)*  for  s  =  0,  1,  •  •  •  ,k  —  1  is  l/«!  times  the  «th  derivative 
at  Xo ,  is  equal  to  the  value  of  ^  at  xi .  Then  one  can  find  each  derivative  at  xi , 
the  rth  say,  by  using  (1)  with  (A:  —  r)  in  place  of  k  plus  an  obvious  polynomial 
in  (xi  —  Xo),  because  the  sth  derivative  of  at  Xo  is  the  (s  —  r)th  derivative  of 
Thus,  having  found  the  values  of  the  desired  Mold  primitive  ^  and  its 
derivatives  at  Xi ,  we  proceed  to  Xo  in  exactly  the  same  manner,  with  Xi  as  the 


*  H.  E.  Salzer,  “Table  of  Coefficients  for  Repeated  Integration  with  Differences,”  Phil. 
Mag.,  Ser.  7,  vol.  xxxviii,  pp.  331-338,  1947. 
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lower  limit  corresponding  to  the  previous  and  Xt  corresponding  to  the  previous 
Xi .  Hence,  a  single-step  formula  is  adequate  for  solving  a  variety  of  problems 
where  a  certain  order  derivative  is  tabulated  and  the  fimction  itself  is  required. 
Furthermore,  the  reason  that  only  a  single-step  repeated  integration  formula  is 

given  here,  is  that  the  need  for  finding  /  ’  ‘  *  /  /  fix)(,dx)^  directly,  is 

J»q 

k-fM 

not  comparable  to  that  for  the  area  under  a  curve  in  the  case  of  a  single 
quadrature. 

The  central-difference  formula  for  repeated  integration  which  is  employed  here 
is 

(1)  /’*•••/*/*  = 

k4M  Jfc-fold 

=  h*  /o  -1-  +  g  5*1*)]  +  Ru., 

where  the  coefficients  ilit’  and  are  defined  for  s  >  1  by 

®  “  (OT:  I'  -  I’ I’  -*’)•••  tf  -  .’)(#)* , 

t-fold 

where  q  =  1  —  p,  and 

= S7T171  r  •  •  ■  r  r  ■ 

*-fold 

with  =  1/A:!  -  1/(A:  -|-  1)1  and  =  1/(A:  +  1)1. 

In  the  most  important  case,  that  of  a  single  quadrature  (and  only  then),  il  = 
and  the  quantities  Mu  ^  2Au  (or  2Bu),  occurring  when  (1)  is  written  in 
the  form  of  the  Gauss-EIncke  integration  formula,  have  been  previously  tabu¬ 
lated.*  The  tables  in  the  present  article  give:  (a)  and  BiV,  exact  values  for 
2«  »  0,  2,  4,  * '  ■  ,  20  and  sixteen  decimal  places  for  2s  »  22,  24,  •  •  •  ,  48,  the 
decimal  values  being  guaranteed  to  well  within  a  imit  in  the  last  place,  (b) 
and  BiV,  for  A;  —  3,  4,  5  and  6,  and  2s  »  0,  2,  4,  •  •  •  ,  20,  to  eight  significant  fig¬ 
ures,  accurate  to  well  within  a  unit  in  the  last  place.  The  greater  extent  of  tabu¬ 
lation  for  A;  2  is  due  to  the  fact  that  problems  involving  double  quadratures  and 

second  order  differential  equations  are  much  more  important  by  comparison  with 
higher  order  problems. 

The  quantities  and  B^V  are  related  to 

Mu  ^  f  i(i*  —  !*)•••  (<*  —  s*)d<  as  follows: 

(2s  -h  1)1 

*  H.  E.  Salzer,  “Coefficients  for  Numerical  Integration  with  Central  Differences,”  Phil. 
Mag.,  Ser.  7,  vol.  xxxv,  pp.  262-264,  1944.  This  paper  contains  exact  values  through  Mu 
and  eighteen  decimals  through  A/m. 
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(4) 

-  I(«  +  l)/2lAfu  +  (2«  +  2)  Mu+» 

(5) 

BiV  -  -  (»/2)Mu  -  (2s  +  2)  Mu+i . 

CoeffieienU  of  and  double  quadrature  formula 


[  ‘  f’fizHdx)*  -  h*  rAi*>/,  +  B<«/i  +  z  «*•)]  +  ft, 

•'»«  •'■O  L  •“! 

2s 

Bsl 

1 

1 

0 

3 

6 

1 

7 

2 

46 

360 

1 

37 

4 

262 

10080 

6 

23 

190 

28360 

2  69200 

8 

263 

40321 

14  96880 

10 

1  33787 

66  12813 

34064  02000 

14  52971  52000 

12 

1  67009 

1366  01407 

1  76134  96000 

1660  20924  16000 

14 

162  16071 

3  23736  36037 

781  63976  90000 

16 

26894  63969 

403  93141  45093 

6  64372  20238  40000 

8616  16702  86182  40000 

18 

2  68931  18631 

37788  04671  86683 

235  21220  68686  40000 

~33  72002  18333  28230  40000 

20 

560  07519  28169 

123  90611  32666  94071 

2  06669  08260  82784  00000 

46633  63012  99929  67952  00000 

22 

-.00000  00064  62633  7 

-.00000  00063  66609  8 

24 

.00000  00016  46760  4 

.00000  00015  23387  3 

26 

-.00000  00003  71495  2 

-.00000  00003  66296  3 

28 

.00000  00000  89490  1 

.00000  00000  88323  9 

30 

-.00000  00000  21612  8 

-.00000  00000  21349  2 

32 

.00000  00000  66231  4 

.00000  00000  05171  4 

34 

-.00000  00000  01268  7 

-.00000  00000  01266  0 

36 

.00000  00000  00308  2 

.00000  00000  00306  1 

38 

-.00000  00000  00076  0 

-.00000  00000  00074  3 

40 

.00000  00000  00018  3 

.00000  00000  00018  1 

42 

-.00000  00000  00004  6 

-.00000  00000  00004  4 

44 

.00000  00000  00001  1 

.00000  00000  00001  1 

46 

-.00000  00000  00000  3 

-.00000  00000  00000  3 

48 

.00000  00000  000001 

.00000  00000  00000  1 

(2«+  1)1 


To  establish  (4),  consider 
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(2,  ^  1)1  j[  ~  1  -  P  =  9. 

1 

AjV  =  (28  4-  1)!  —  !*)•••  (g*  —  s*)dq,  which  is  rewritten  as 


(2s'+  lYl  jf  (9  -  1  +  «  +  1)  9  (9*  -  1*)  •  •  •  (9*  -  8*)<k,  or 

28+2  f* 

-4!’.’  -  1(.  +  l)/2\Mu  +  ,  J  ?(?’  -  1’)  •  •  •  (5*  -  .*)(«  -  [.  +  l|)<ij. 


(2»  +  2)IA 


But  it  is  also  true  that 


■*.  =  T^j  jf  (9  +  «  ~  +  «  -  2)  •  •  •  (g  -  a)  dq  (M.*  p.  184-185), 


(A)  M, 


so  that  the  second  term  of  the  last  expression  for  is  seen  to  be  (2s  +  2)Mu+i , 
which  proves  (4).  In  similar  fashion,  (5)  follows  from  B,*,  =  f28~+  1)1 

jf  I’  ?(!>■  -  1’)  (p’  -  >')(dp)'  -  1(1-  p)p(p’  - 

(j>*  —  a*)dp,  which  is  rewritten  Bu  “  (28  -|-  1)1  (P  “  *  ~  1  +  «)p(p*  ~  1*)  •  •  • 

(p*  —  8*)dp,  and  using  (A)  again,  this  last  expression  is  seen  to  be  —(a/2)Mu  — 
(28  +  2)Afi,+j.  From  (4)  and  (5)  one  has  the  convenient  checking  formula 

(6)  »  mu  = 

which  is  a  special  case  of  a  more  general  recursion  formula  connecting  B^  and 
All’  for  t  —  1,  •  •  •  ,  k.  (See  (10)  below.) 

Using  (6),  one  may  express  the  general  term  in  (1)  for  the  case  A;  a-  2,  in  an 
equivalent  alternative  form,  namely, 

(B) 

which  is  analogous  to  the  forward  version  of  the  Newton-Gauss  formula  for 
interpolation. 

The  quantities  Au  and  B^  have  rather  simple  expressions  in  terms  of  Bi"\z), 
Bernoulli  pol}rnomials  of  degree  v  and  order  n,  defined  by  the  relation 

tV7(c‘  -  1)*  -  Zr-ot'Bi"'(x)/pl  (M.p.  127(2)  upper). 

(Bu  in  this  notation  is  not  to  be  confused  with  Milne-Thomson’s  for 
B‘">(0).)  Thus  for 

Ai”  -  ^  j[  9(9*  -  !*)•  •  -  (9*  -  «*)(dp)*»  where  g  -  I  -  p, 

*  M.  here  denotes  L.  M.  Milne-Thomson,  "Calculus  of  Finite  Differences,"  Macmillan 
1933. 
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in  the  inner  quadrature  change  the  variable  to  9  to  get 


Ji-p 


But  since 


9(9*  -!*)•••  (9*  -  «*)  =  +  »  +  1)  (M.p.  130(1);, 

by  letting  g  +  «  +  1  =  r,  the  inner  integral  is  now  /  which  is 

also  equal  to  +  2)  -  +  2  -  p)]  (M.  p.  127(3) 

lower).  Now  the  integration  between  0  and  1,  after  changing  the  variable  from 
p  to  s  +  2  —  p  and  making  use  of 

l-m+l 

(C)  J  dt  -  Bi""”(x)  (M.  p.  128(9)),  yields 


(2«  +  2) 


+  2)  -  +  1)]. 


In  similar  fashion,  from  Bu  =*  (2s  +  1)~!  jf  j[  ""  ‘  (P*  ~  «*)(dp)*i 

one  obtains  ^  j['  j[’’  ^^^’(p  +  «  +  l)(dp)*  (M.  p.  130(1)). 

“  (2s  4-  1)!  L  /+i  “  (2s  +  1)! 


fiJm'(r)  dr  dp 


"*•  (2s  4-  1)!  Jo  Jh-1  ^  ^  (2a  +  1)! 

I  (2s  +  2)  '(P  +  a  +  1)  -  Bj*,;r\a  +  l)ldp  (M.  p.  127(3)  lower), 

or,  by  letting  p  +  s  +  1  be  the  new  variable  of  integration  and  using  (C), 

“  (2s  ^  2)~1 

For  any  value  of  A;  >  1,  the  following  cumulative  recursion  formulas  hold: 


1  d(1)  _  f  dW  _i_ 

(it-l)I«*  (A  -  2)!^** 


B(*— 1)  _i_  (  f)  ij(*) 

*i  T - QJ -  Oit  , 


(*  -  1)! 


{k  -  2)1 


AiV  + 


(-l)‘-‘  <*_„  (-1)‘-^ 

II  01 


To  prove  (9),  consider 

jf  -  i'i'*(«)wp)*  - 

k-fold 
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-§g^,c  70 

-  2:ac  7  0(T^.'-‘>‘r--rr 

(<+l)-fold 

(k  —  l\  t!  1 

t  )  (k  -  1)!  *  (jfc-t-  1)!»  setting  «(?)  =  q(q'  -  1*)  ••• 

(g*  —  «*),  multiplying  through  by  l/(2«  +  1)! ,  and  from  the  definitions  of  Ajt’ 
and  Bu  in  (2)  and  (3),  equation  (9)  is  obtained.  Equation  (10)  can  be  estab¬ 
lished  in  almost  exactly  the  same  manner. 

The  coeflScients  AjV  and  BiV  were  calculated  by  the  recursion  formulas 
(4)  and  (5),  and  checked  by  (6).  The  coefficients  AjJ*  and  Bil\  k  =  3(1)6, 
were  calculated  directly  by  repeated  integration  of  the  central  factorial 
polynomials  g(g*  —  1*)  •  •  •  (g*  —  «*)  expressed  as  polynomials  in  p,  and 
p(p*  —  !*)•••  (p*  —  «*)»  according  to  (2)  and  (3),  and  they  were  checked  by 
both  (9)  and  (10),  with  an  agreement  to  within  a  half -unit  in  the  eighth  signifi¬ 
cant  figure. 
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THE  CONSISTENCY  RELATIONS  FOR  SHOCK  WAVES* 

Bt  T.  Y.  Thomas 


1.  Introduction.  We  deal  with  the  plane  steady  flow  of  a  gas  in  which  a  shock 
wave  or  shade  line  exists,  e.g.  a  shock  line  originating  at  the  vertex  F  of  a  pointed 
obstacle  in  the  field  of  the  flow.  The  usual  assumptions  that  the  flow  is  irrota- 
tional  and  adiabatic  behind  the  shock  line  will  not  be  made,  but  viscosity  and 
thermal  conductivity  will  be  neglected.  Continuity  and  differentiability  re¬ 
quirements  on  the  functions  involved  in  the  discussion  will  be  obvious  from  the 
demands  of  the  analysis  and  will  not  be  stated  explicitly. 

This  paper  is  a  continuation  of  two  previous  ones:  the  article  On  Curved  Shock 
Waves  [1]  and  the  article  entitled  Caladation  of  the  Curvatures  of  Attached  Shock 
Waves  [2].  The  notation  will  be  consistent  mth  that  previously  employed.  In 
the  first  of  these  papers  we  showed  that  the  conditions  of  shock  which  can  be 
written  in  the  form 


(1) 

lu.] 

(2) 

[p] 

(3) 

[p] 

2(/nuU  — 

— (7  +  l)piuu  ’ 

2(piu\n  —  ypi) 

7  +  1 

2pi(piUiit  ~  ypi) 
2ypi  +  (7  —  l)piuf,  ’ 


and  the  differential  equations  governing  the  flow  on  both  sides  of  the  shock  line, 
namely 


(4) 

Pt«  +  pw#u«.#  0, 

(5) 

PtmUa  +  pU»,a  “  0, 

(6) 

pUafiUaUp  —  ypU,,,  -  0, 

lead  to  the  determination  of  the  derivatives  ,  p,.  and  p,.  at  any  point  immedi¬ 
ately  behind  the  shock  line  when  the  values  of  the  quantities  u«  ,  p  and  p  and  their 
first  derivatives  are  kno+n  at  the  corresponding  point  in  front  of  the  shock  line 
together  with  the  direction  X  and  the  curvature  k  of  the  shock  line  at  this  point. 
Quantities  with  subscript  1  in  the  above  relations  (and  following  relations)  refer 
to  values  before  the  shock  line  and  quantities  without  this  subscript  to  quantities 
behind  the  shock  line.  The  determination  of  the  derivatives  was  given  in  the 
form 

(7)  i  P,a  “  P'^liti’a  j  P,a  “  Otf« 

where  the  An  and  at  are  invariants  of  the  flow  with  values  along  the  shock  line. 
If  we  put  ~  X*  and  ~  u"  where  X  is  the  unit  tangent  vector  to  the  shock  line 

*  Prepared  under  Navy  Contract  N6onr-180,  Task  Order  No.  V  with  Indiana  University. 
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and  the  u“  are  the  velocity  components  immediately  behind  the  shock,  the  quan¬ 
tities  are  defined  by  the  equations  fU;*  *  .  The  explicit  evaluation  of  the 

in  matrix  notation  is  given  by 

U*/Un  —  XVw» 

—  U^/Un  XV«» 


rJ 


where  u,  is  the  normal  component  of  velocity  immediately  behind  the  shock  line. 

For  uniform  incident  flow  the  .4,,  and  Oi  were  calculated  in  explicit  form  and 
found  to  be  given  by  the  equations 


(8)  .4ii  "  w,[p](c/pi , 

(9)  An  -  4unUtK/iy  +  1), 


(10) 

(11) 


An 

An 


K, 


8 

7+1 


where  v  is  the  magnitude  of  the  velocity  and  Ut  its  tangential  component  immedi¬ 
ately  behind  the  shock  line;  also 


(12) 

'  "  (7  +  !)«« 

{(7- 

l)p  —  (7 

(13) 

—  p^K 

Oj  ™  1 

pUn  -  yp 

ITT 

-  ( —  + 
\PIP 

+  l)pi}<i 


8 

7  +  1 


Denoting  the  arc  length  along  the  shock  line  by  s  it  was  also  found,  for  uniform 
incident  flow,  that 


(14) 

chia/di  “  A  iif  •  , 

(15) 

dp/ds  »»  Oi , 

(16) 

dp/ds  »  -4piUinUtK/iy  +  1), 

(17) 

vdv/ds  =“  An  . 

On  the  basis  of  these  results  it  was  shown  that  when  the  flow  before  the  shock 
line  was  imiform  the  relation  between  the  curvature  «  at  any  point  of  the  shock 
line  and  the  curvature  K  of  the  stream  line  at  this  point  behind  the  shock  line  is 
given  by 


(18)  K~  -  { 


where  c,  defined  by  c*  —  yp/p,  is  the  velocity  of  sound  in  the  gas. 
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2.  Consistency  relations.  Denote  by  rj  the  arc  length  measured  in  the  direc¬ 
tion  of  flow  along  any  stream  line  behind  the  shock  line.  I*ut 

d^K  „  (Tk  .  n  1  o  ^ 

^  (n  =  0,  1,  2,  •••), 

so  that  K(o)  =  K  and  <C(o)  =  «.  It  is  then  clear  from  equation  (18)  and  the  dis¬ 
cussion  of  §7  of  the  present  paper  that  for  uniform  incident  flow,  and  for  the 
above  values  of  n,  there  exist  relations  of  the  form 

(19)  Kj,)  =  G.iM,  «)«(„  4-  Hn  , 

where  G»  depends  on  the  naach  number  M  of  the  incident  flow  and  the  inclination 
a  of  the  shock  line;  the  quantity  Hn  is  a  polynomial  in  k  and  its  derivatives  with 
respect  to  s  of  order  less  than  n  and  the  coefficients  of  this  polynomial  are 
functions  of  a  and  M.  For  n  =  0  the  relation  (19)  is  identical  with  (18)  so  that 
Ho  =  0  and  Go  is  the  negative  of  the  bracket  expression  in  (18).  In  §6  we  have 
calculated  the  expression  for  G\ ;  from  the  discussion  of  this  paragraph  and  of 
§7,  it  is  seen  that  H\  is  of  the  form  h{M,  a)K. 


The  relations  (19)  forn  =  0, 1, 2,  •  •  •  will  be  called  the  consistency  relations  for 
plane  shock  waves.  These  relations  are  of  particular  interest  when  considered  at 
the  vertex  F  of  a  pointed  obstacle  in  the  field  of  flow;  we  have  illustrated  this 
situation  in  the  following  figure  for  an  incident  flow  of  magnitude  w  having  a 
direction  parallel  to  the  positive  direction  of  the  x'  axis.  At  V  the  values  of  the 
quantities  K^n)  are  imposed  by  the  boundary  conditions  so  that  there  is  the  possi¬ 
bility  that  any  one  of  the  relations  (19)  cannot  be  satisfied  when  the  quantities 
Kin)  and  *(,)  are  continuous  functions  of  the  arc  lengths  tf  and  s  respectively.  In 
such  a  case  the  shock  line  solution  of  the  problem  will  fail  to  exist  under  the 
conditions  of  differentiability  involved  in  the  derivation  of  the  inconsistent  rela¬ 
tion  (19). 

3.  Singular  shock  directions.  The  values  of  a  at  F  which  are  initially  allow¬ 
able  satisfy  a  condition  of  the  form  ooiM)  <  a  ^  90°  [2].  For  a  given  value  of 
M  >  1,  a  value  of  a  in  the  above  range  for  which  any  one  of  the  G,(M,  a)  =  0 
will  be  called  singular  relative  to  M.  It  is  evident  that  these  singular  values  of 
a  have  an  exceptional  role  in  the  general  shock  line  solution  of  the  hydrodynami- 
cal  problem. 
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4.  Calculation  of  second  derivatives  behind  the  shock  line.  The  discussion 
in  this  section  is  general  and  independent  of  the  condition  of  uniform  flow  before 
the  shock  line.  The  procedure  is  analogous  to  that  used  in  the  calculation  of 
first  derivatives  behind  the  shock  lines  [1].  We  seek  expressions  for  the  second 
derivatives  of  the  form 

(20)  , 

(21)  P,0y  =  J t 

(22)  P,l>y  = 

where  the  I,  J  and  K  are  (scalar)  invariants  of  the  flow  with  values  along  the 
shock  line.  These  invariants  can  be  thought  of  as  defined  by  the  following  equa¬ 
tions,  equivalent  to  (20),  (21)  and  (22),  namely 


(23) 

liik  =  Uajy(i^(t  t 

(symmetric  in  j,  k). 

(24) 

Jii  =  , 

(symmetric  in  i,  j), 

(25) 

Kii  =  P,afi^ifi  , 

(symmetric  in  t,  j). 

Differentiation  of  Ua,fi  ,  p,p  and  with  respect  to  «,  gives 

(26) 

'^afiy  ^  P afi  t 

(27) 

Pyfiy^l  =  Qfi, 

(28) 

Ptfiy  ^  Rfi. 

Here  P,  Q  and  R  are  tensors  whose  components  are  found  along  the  shock  line  by 
differentiating  the  right  members  of  equations  (7)  with  respect  to  s.  The  deter¬ 
mination  of  these  tensors  is  allowitble  in  the  sense  that  their  components  can  be 
calculated  at  any  point  of  the  shock  line  in  terms  of  the  quantities  u.  ,  p  and  p 
and  their  first  and  second  derivatives  immediately  before  the  shock  line,  its  curva¬ 
ture  K  and  the  derivative  dx/ds  at  the  point.  From  equations  (23),  (24),  (25) 
and  (26),  (27),  (28)  we  can  write 


(29) 

liii  =  =  Pa0^:fi, 

(30) 

J  a  ^  p^y  =  Q$fi  , 

(31) 

Kii  =  P^ytiil  =  R$fi  . 

Hence  the  invariants  /„i ,  Ja  and  Kn  have  an  allowable  determination.  It  re¬ 
mains  to  find  allowable  determinations  for  the  other  invariants  I,  J  and  K] 
explicitly  these  are  /,«  ,  Jn  and  A'm  in  view  of  the  symmetry  conditions  satisfied 
by  these  invariants. 

To  obtain  the  allowable  determinations  of  Jtt  and  Kn  we  must  have  re¬ 
course  to  the  system  of  equations  which  results  by  differentiation  of  (4),  (5)  and 
(6).  These  equations  are 

p,afi  +  =■ 


(32) 


0, 
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(33)  PtafiUa  +  P,aUafi  +  +  pM,.^  =  0, 

(34)  P^a.fiy'^a'^  “f"  PfyUa^Ua"^  ”t” 

+  pUa,0  Ua  lifi.y  —  yp,yU,,,  —  ypU,,,y  =»  0. 

Now  multiply  (32)  by  and  make  use  of  (23)  and  (24)  to  obtain 
plifl  +  «/<,■+  (pUt),0Ua,,^ifi  =  0, 
or,  when  written  in  full,  we  have 

(35)  pim  +  «/ii  +  (pu,),flM<,,,X“X^  =  0, 

(36)  pIm  +  «/u  +  ipu,),fiUa,t\“u^  =  0, 

(37)  pim  +  </21  +  (pU,),ftUa,rU"‘\^  =  0, 

(38)  pim  Jt2  ipU0)ffiUa,tU“l^  =  0. 

The  first  and  third  of  these  equations  give  relations  between  invariants  I  and  J 
for  which  allowable  determinations  are  known  while  (36)  gives  the  allowable 
determination  of  Im  ;  equation  (38)  relates  the  invariants  Im  and  Jn  for  which 
allowable  determinations  must  be  found.  Again  multiplying  (34)  by  Uy  we  have 

(39)  plzm  *4“  P,T  Uc,  "f“  PUa.fl  Ua,7 

+  pUa,fU0.yUaUy  —  yP,yU,,,Uy  —  ypU,,,yUy  =  0. 

Subtracting  corresponding  members  of  (38)  and  (39)  the  resulting  equation  can  * 
be  written  in  the  form 

(40)  Jn  =  PtyUa.fUaltfiUy  +  pUa.fiU„,y  UfiUy  +  P,aP,fiU„Ufi  —  ypU,,,yUy  . 

P 

But  from  (20)  we  have 

U,,,yUy  =  liiktlii^yki  *=  . 

When  we  expand  the  right  member  of  this  equation,  eliminate  the  invariants 
Im  ,  Im  and  Im  by  means  of  (35),  (36)  and  (37)  and  then  substitute  for  Ju  and 
Ja  =  Jn  from  (30)  and  for  Jn  from  (40)  we  can  show  that  the  resulting  equation 
can  be  written 

(C*  -  u\)u,,r,Uy  =  -  Q^X**  —  —  +  -  p,y  Ua.fi  U“U^U' 

p  P  P 

I  T  I  (T  4*  1)  a  fi 

+  Ua,fiUa.yU  U^  4 - z -  P,aP,fiU  U 

P 

4 - (t>*X"X^  —  U»(X*tt^  4"  ^"X^)  4"  u“u^(pUr\fi  Um,<f> 

P 


(41) 
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Finally  substituting  the  expression  for  u,,^yUy  given  by  (41)  into  equation  (40) 
we  find  after  some  reduction  that 


(42) 


■* - 7*  —  2u,QfiU^  + 

Un  —  c 


+ 


P>«pam 


p  J 


This  furnishes  the  allowable  determination  for  Ju  .  Using  this  determination  of 
Jn  the  allowable  determination  of  Im  is  given  by  (38). 

To  find  the  allowable  determination  of  the  remaining  invariant  Kn  we  multiply 
(33)  by  Ufi  and  then  apply  (20)  and  (25)  to  obtain 

(43)  Ktx  “  ~ PtaUa,fi‘Ufi  ~~  pl juirir  • 


When  we  substitute  into  (43)  the  allowable  determinations  of  the  //u  this  equa¬ 
tion  gives  us  the  allowable  determination  of  Kb  .  This  completes  the  allowable 
determinations  of  all  invariants  /,  J  and  K.  When  these  determinations  are 
used  in  the  equations  (20),  (21)  and  (22)  we  obtain  the  allowable  determinations 
of  the  second  derivatives  of  the  quantities  u.  ,  p  and  p  behind  the  shock  line. 


6.  Uniform  incident  flow.  In  §1  we  have  listed  the  formulas  (8),  •  •  •  ,  (13) 
for  the  invariants  and  at  when  the  velocity,  pressure  and  density  are  constant 
before  the  shock  (uniform  incident  flow).  When  taken  in  conjunction  with  the 
shock  conditions  (1),  (2)  and  (3)  these  formulas  give  the  explicit  expressions  for 
the  allowable  determinations  of  the  and  Oi .  We  now  seek  corresponding 
expressions  for  the  invariants  7,  J  and  K  under  the  assumption  of  uniform  inci¬ 
dent  flow. 

The  following  list  of  formulas  will  be  found  to  be  useful  in  our  calculations; 
they  can  easily  be  derived  on  the  basis  of  the  considerations  in  §1.  These  for¬ 
mulas  are 


X,|  , 


dXm 

d» 


*F-I 


dVm  . 

di~-^ 


ifi  “ - >  or  i$  ^  - 1  U  - 

Un  '  W,  Un 


yl  m 


wS  « 


a  $ 

e^su  u 


(UiVt  —  Ull^) 


K  Urn 

Xil^  —  X*Ki  1 


Urn 

d|r  (DC' 

da  d» 


Un  Un 

_dvC  ^ 
da  da 
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Now  differentiate  the  relation  «  u.i'"  with  respect  to  s,  obtaining 


(44) 


dUn  dUa  a  •  dv  a  (J  o 

-j—  “  -T-  V  "T  Ua  -r-  “  A  —  KUaX 

da  ds  da 

=*  -KUt  «  —  KUi 

Ati  —  Ai\Ut 


tin 


—  KUt  , 


In  a  similar  manner  by  differentiation  of  the  relation  um  umi'",  where  um  and 
Ui«  are  the  normal  velocity  and  the  velocity  components  respectively  before  the 
shock  line,  we  find 


(45) 


d«|n  dv“ 

~da  ~  da 


til«»tX“  a=  —  *li|. 


Also  from  Ut  =  we  have 


(46) 


dUt  a 

^  =  UlaKy  “  Ktiu. 


Again, 

(47) 

(48) 


^  ^  ^  _  _  Cgg  Aafi  eggu"  du« 

d«  *  d«  \  tin  /  tin  u\  d»’ 

da“da\tin/  Un  ti*d«’ 


where  the  expression  for  dujda  in  (47)  and  (48)  is  given  by  (44). 

Equations  (15),  (16),  (17)  together  with  the  above  equations  (44)  and  (46)  pro¬ 
vide  us  with  the  formulas  needed  in  connection  with  the  differentiation,  with 
respect  to  «,  of  the  right  members  of  (8),  •  •  •  ,  (13).  However,  it  will  be  useful 
to  have  the  derivatives  of  several  of  the  quantities  occurring,  after  differentiation, 
in  the  right  members  of  these  equations  in  the  form  which  we  shall  now  give. 
We  have 


(49) 

(50) 

(51) 


Ip]  2(uL  -  c\) 
t  Pi  2c\  (y  —  l)ujn* 

£  an  (y  4-  l)U|n 

Pi  2c\  +  iy  —  l)ujn’ 

[p]  ^  2(ui,,  —  C|) 

P  (y  -I-  l)Mjn  ’ 


where  ci ,  defined  by  c*  “  YPi/pi  i  >8  the  velocity  of  sound  in  the  incident  flow. 
These  relations  follow  immediately  from  the  shock  conditions  in  §1.  Differenti¬ 
ating  with  respect  to  a  and  performing  certain  reductions,  we  find 


—  iM  ^(e.\  l)cim«u<* 

da\pij  da\pi/  [2cJ  -f  (y  -  DuM*’ 


r 
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(53) 

Also  differentiation  of  c* 

(M) 


ds\p 

yp/p  gives 

** 
dt 


(y  + 


*  /l  ^  _  1 
\p  ds  p  dsj 

where  dp/ds  is  given  by  (16)  and  dp/ds  by  (52). 
Differentiating  equations  (8),  •  •  •  ,  (10)  w’e  have 


(55) 


(56) 


dAii 

ds 


Pi  ds  pi  ds 


4(7  + 

[2cJ  +  (7  -  DuU*  ’ 


dA\i 

ds 


^UnUt  ^  , 

7  +  1  d« 


4Ui  K  ^  ,  4wi,  Un  K 

» 


7  +  1  da 

dUn 
ds 


dA,i  / 

'W*  + 

4  > 

da  V 
(57) 

.plp 

7  +  1> 

+ 

dA22 

v^[p]  1 

M,  8  \ 

da  u\ 

-c’l 

TT-* 

Up  7+1/ 

7  +  1 

+  “UinUnK 


■] 


rtoM^ipn  ,  wd/wM.,  „ 
L7*W  +  7rS'A7jJ“-“'‘’ 

daj 


I  3  I  dc 

+'*  * +“•* 


(58) 


C^UnK 


-  (kl’  +  «  )  A  r2u.^“-  - 

Pi  \PiP  7  +  1/  J  L  da  da J 


{u\  -  c*)* 

C'UnK  (  .  d  /[p]\  [p]  2  d  /[p]\  [p]  2  d  /[p]\ 

+  n'.-c’t‘'aiUj“;;“'*W"  7“‘sw 

.  2A,M  .  8  \ 

+ -  ~  2  I - h  — —  I 

Pi  \PiP  7+1/  J 

where  we  have  used  the  substitution  dv^/ds  =  2A21  which  follows  from  (17)  in  the 
derivation  of  (58).  Substitution  from  equations  (44),  (52),  (53)  and  (54)  for 
derivatives  occurring  in  the  right  members  of  (55),  **  ■ ,  (58)  and  substitution 
from  the  shock  conditions  (1),  (2)  and  (3)  lead  to  the  explicit  formulation  of  the 
allowable  determinations  of  the  above  derivatives  of  the  invariants  An  under  the 
hypothesis  of  uniform  incident  flow*.  In  a  similar  manner  w’e  find  the  allowable 
determinations  of  the  derivatives  of  the  a,  from  the  relations 


doi 

ds 


2ut 


(7  +  1)m» 


{(7  —  l)p  —  (7  +  l)pi} 


dx 

ds 


(59) 


(y  +“i)u*, 


_L  2(7  —  1)m«  k  dp  l 

<  'TZ  i  W  I 


2uu  * 


(7  +  l)um  da  (7  +  l)ti. 


{(7  —  l)p  -  (7  +  l)pi}» 


do2  _  P  dAn  _  ^  ,  PA22 

ds  ds  c'  ds^  (A  ds' 


(60) 
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obtained  by  differentiation  of  (12)  and  the  relation  at  =  —pAn/c*  which  follows 
from  (11)  and  (13).  Finally  allowable  determinations  of  the  tensors  P,  Q  and  R 
for  uniform  incident  flow  are  given  as  the  result  of  the  above  substitutions  (52), 
(55),  •  •  •  ,  (60)  together  with  (47)  and  (48)  in  the  right  members  of  the  following 
equations 


p«i  =  {Ui  +  n  + 


“  “[s  +  l>^ri  +  l>Aa 


P  —  4-  /I 


6.  Calctilation  of  the  coeflicient  Gi.  Consider  the  equation 


A  B 

Um,fiW  U 


giving  the  curvature  K  of  the  stream  lines  where  w“  are  the  components  of  a 
vector  perpendicular  to  the  stream  lines  such  that  io‘  =*  —  u*,  tc*  -»  m*.  Denoting 
by  fi  the  arc  length  of  any  stream  line  measured  in  the  direction  of  the  flow,  let  us 
differentiate  (64)  with  respect  to  i;  and  then  evaluate  the  resulting  expression  at 
a  point  immediately  behind  the  shock  line.  In  this  expression  and  also  in  all 
following  expressions  in  this  section  we  shall  neglect  all  terms  not  involving  the 
derivatives  dK/dri  and  dK/ds  where  k  is  the  curvature  of  the  shock  line  and  s  its 
arc  length;  our  equations  will  therefore  be  valid  only  in  so  far  as  terms  involving 
these  derivatives  are  concerned.  We  thus  obtain 

dK  Ua,fiyw“  u* 


V*  pv*  * 

where  the  substitutions  (36)  and  (38)  have  been  made. 

-(miipj  —  tijici) 

f,tr  =  —  — 


Xitfl*  —  X|U>i 
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Making  these  substitutions  in  the  right  member  of  (65)  and  also  substituting  for 
Ju  and  Jtx  from  (30)  and  (42)  we  find 

f  - 

But  from  (62)  we  have  Qf  *  — prf  dAa/ds.  Hence 


Q,^  - 

0.x'  -  -  -P^. 


Also  from  (56)  and  (58)  we  have 


dAa  _  4w,  Ui  ds 

ds  7  +  1 

dAtt 

c'un  ft 

w. 

8  ' 

dx 

ds 

u\  - 

Pi  ' 

{plp 

T  +  l, 

)'“l 

ds' 

Hence, 

(67) 

^  a  PittuC*  f 

(WV 

8  > 

(«!- 

■ApH 

i 

>- 
’  J  1 

«»  —  c 

\pip 

7  +  1> 

Pi  J 

ds 

(68) 

_ 4pitiutt,  dx 

y  A-  1  ds' 

When  we  substitute  (67)  and  (68)  into  the  right  member  of  (66)  we  find  that  the 
resulting  equation  can  be  given  the  form 


(69) 

where, 

Go(M,  a)  -  - 

(-+- 
\Pi  P 

(5) 

^7  +  l\p/ 

- 

- 

and, 

OxiM,a)  - 

r  2(u,/i;)»  1  4 

[- 

(Wp)*  I 

ith/v) 

L  ^  iujc)'  -  ij  7  +  1 

(tt«/c)*  —  1 J  ■ 

The  fact  that  Go  depends  on  M  and  a  alone  follows  from  the  results  of  the  paper 
Calculatum  of  the  Curvatures  of  Attached  Shock  Waves  (loc.  cit.)  in  which  each  of 
the  ratios  occurring  in  the  above  expression  for  Go  has  been  calculated  explicitly 
and  found  to  be  a  function  of  these  variables.  It  follows  from  these  results  and 
the  expression  for  Gi  that  this  coefficient  likewise  depends  on  M  and  a  alone. 
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7.  Form  of  the  consistency  relations.  The  nature  of  the  coefficients  Go  and 
Gi  as  stated  in  §2  has  now  been  verified  by  direct  calculation  and  one  can  easily 
establish  the  form  h{M,  a)K  of  the  polynomial  Hi  in  equations  (19)  on  the  basis 
of  the  derivations  of  §5.  In  general  the  remarks  of  §2  concerning  the  coefficients 
Gn  and  the  coefficients  of  the  polynomials  Hn  in  equations  (19)  can  be  justified 
by  a  simple  application  of  dimensional  analysis. 

To  the  above  end  let  us  observe  that  the  second  derivatives  of  the  quantities 
Ua  ,  p  and  p  were  determined  essentially  as  solutions  of  the  linear  equations  (26), 
(27),  (28)  and  (32),  (33),  (34)  although  the  invariants  I,  J  and  K  were  introduced 
in  the  course  of  finding  these  solutions.  Since  the  components  Pa$ ,  Qfi  and  Rf 
were  determined  by  direct  differentiation  of  the  right  members  of  (7)  along  the 
shock  line  it  is  seen  that  these  components  are  homogeneous  and  linear  in  dx/ds 
and  ic*.  Hence  the  second  derivatives  of  ,  p  and  p  will  be  homogeneous  and 
linear  in  dic/ds  and  k  in  view  of  their  determination  as  solutions  of  the  above 
linear  system  and  the  fact  that  the  first  derivatives  oi  Ua  ,  p  and  p  are  propor¬ 
tional  to  K.  Differentiation  of  (64)  with  respect  to  17  and  substitution  of  the  above 
expressions  for  the  second  derivatives  of  the  Ua  as  well  as  corresponding  expres¬ 
sions  for  first  derivatives  of  Ua  leads  to  an  expression  for  dKIdi)  which  is  homo¬ 
geneous  and  linear  in  d/t/ds  and  k.  Now  each  of  the  quantities  dA'/dij,  dx/ds  and 
K  has  dimension  L”*.  Since  each  of  the  terms  in  the  equation  for  dK/dy\  must 
have  the  same  dimension  it  follows  that  the  coefficients  of  the  terms  in  d»c/ds  and 
K*  in  this  equation  are  dimensionless  quantities. 

The  above  procedures  and  remarks,  applicable  to  equation  (19)  for  n  =  1, 
extend  to  the  general  case.  Thus  there  exist  relations  of  the  form  (19)  with  n  = 
0, 1, 2  •  •  •  such  that  each  term  in  the  general  equation  (19)  has  dimension  1/L"'*'' 
which  is  the  dimension  of  the  left  member  /i(«) .  Since  «(,)  has  dimension  l/L""*"* 
it  follows  that  its  coefficient  G^  is  dimensionless.  Moreover  it  is  easily  seen  from 
the  derivation  that  each  term  in  the  polynomial  is  of  dimension  l/L"'*’’  in  the 
product  of  K  and  its  derivatives  with  respect  to  «  (these  derivatives  of  k  being  of 
order  less  than  n).  Hence  the  coefficients  in  the  polynomial  have  zero 
dimension. 

Now  it  is  easily  seen  that  the  coefficient  Gn  and  the  above  coefficients  of  the 
polynomial  //,  are  expressible,  on  account  of  the  conditions  (1),  (2)  and  (3),  as 
functions  of  w,p\ ,  pi  and«a  where  w  is  the  magnitude  of  the  velocity  before  the 
shock  line,  pi  and  pi  the  pressure  and  density  before  the  shock,  and  a  is  the  in¬ 
clination  of  the  shock  line.  In  fact,  it  is  clear  that  each  such  quantity  is  a  rational 
function  R{w,  pi  ,  pi ,  a)  of  w,  pi  and  pi  with  coefficients  depending  on  the  inclina¬ 
tion  angle  a.'  Now  Af*  =  ip*/cJ  or  ilf*  =  w'pi/ypi .  Hence  pi  ■*  yM'pi/w'  and 
making  this  substitution  the  above  function  R  becomes  r(w,  pi ,  Af*,  a).  But  w 
has  dimension  L/T  and  pi  has  dimension  m/LT*  where  we  have  used  m  to  repre¬ 
sent  mass  rather  than  M  (mach  number  of  uniform  incident  flow).  Now-  M  and 
a  are  dimensionless  quantities.  Hence  if  r(t(;,  pi ,  Af*,  a)  actually  depended  on 
the  pressure  pi  it  could  not  be  of  zero  dimension.  Removing  pi  as  one  of  the 
possible  variables  on  which  r  depends  we  see  that  r  must  similarly  be  independent 
of  w. 
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The  above  result  can  now  be  stated  as  follows.  For  uniform  flow  before  the 
shock  line  there  exist  relations  of  the  form  (19)  with  n  =  0,  1,  2,  •  •  •  in  which  the 
coeflicients  G,  and  the  coefficients  of  the  polynomials  Hn  are  rational  functions  of  ilf  * 
with  coeflicients  depending  on  the  inclination  a  of  the  shock  line. 


8.  Tables  and  graphs.  In  the  paper  Calculation  of  the  Curvatures  of  Attached 
Shock  Waves  we  constructed  the  graphs  of  the  function  —Go{M,  a)  for  selected 
values  of  M ;  the  discussion  of  the  tables  used  in  the  construction  of  these  graphs 
likewise  applies  here  and  will  not  be  repeated.  The  following  Tables  I  to  XIII 
are  based  on  the  value  y  —  1.405  and  involve  the  values  of  M  previously  used  in 
constructing  the  graphs  of  the  function  —GoiM,  a).  Graphs  of  the  function 
Gi{M,  a)  are  constructed  from  the  data  of  these  tables.  It  is  seen  that  each  of 
these  graphs  crosses  the  a-axis  two  times;  we  denote,  corresponding  to  any  value 
of  M,  the  singular  values  of  a,  i.e.  those  values  of  a  for  which  GiiM,  a)  =  0,  by 
at(M)  and  aj(M)  in  increasing  order  of  magnitude  (see  §3).  The  values  of  ai(M) 
and  at(Af)  have  been  read  from  the  above  graphs  of  the  function  Gi(M,  a)  and 
entered  in  Table  XIV.  Finally  the  graphs  of  the  functions  a(Af)  have  been 
constructed. 


TABLE  I 

M  -  1.05  a«(M)  -  72.250” 


64 


90 


1.0347 
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TABLE  IV 

M  -  1.18  a,(M)  -  67.944” 


Gi 

<>(deg.) 

Gi 

a(<l«C.) 

Gi 

a(deg.) 

Gi 

60 

218.7093 

70 

-.0678 

72 

-.7067 

84 

+  .6602 

61.6 

62.7066 

70.1 

-.1018 

72.653 

-.7889 

87 

+1.0033 

63 

25.4481 

70.2 

-.1625 

74 

-.8369 

89.4 

+1.1616 

'  '  64 

16.1079 

70.3 

-.2060 

76 

-.7892 

89.7 

+1.0899 

"  66 

6.3883 

70.4 

-.2471 

78 

-.4022 

00 

1.1376 

69 

+.6082 

70.5 

-.2909 

80.2 

-.0081 

1  69.6 

+  .2180 

71 

-.4667 

81 

+  .1405 

TABLE  V 

M  -  1.25  a.(M)  -  63.170” 


oCdeg.) 

Gi 

Gi 

a(dcc.) 

Gi 

a(deg.) 

Gi 

f 

•  54 

1571.23 

60 

16.0284 

70.534 

-.7606 

80 

+  .1037 

.  t 

56 

131.8270 

62 

7.1397 

72 

-.8414 

82 

.4603 

67 

67.4703 

66 

+  .9988 

74 

-.7737 

86 

1.0409 

68 

39.4192 

68 

-.1725 

76 

-.6673 

90 

1.2600 

69 

24.6109 

70 

-.6806 

78 

-.2495 

f 

TABLE  VI 

M  -  1.36 

a.(M)  - 

47.8” 

a(deg.) 

Gi 

a(de(.) 

Gi 

a(<lcf.) 

Gi 

•(dcf.) 

Gt 

48 

+31487.0000 

64 

.6153 

72 

-.8407 

88 

1.3841 

52 

69.4621 

66 

-.1776 

74 

-.7088 

90 

1.4324 

64 

28.7633 

68 

-.6238 

76 

-.4674 

56 

14.4170 

68.663 

-.7024 

80 

+  .2160 

.  -  ^  ■  % 

_ 

4.0413^ 

71 

-.8540 

84 

+  .0233 

,  TABLE  VII 

M  -  1.47  a.(M)  -  42.800” 


Gi 

«(de«.) 

Gi 

Gi 

«(dtc.) 

Gi 

46 

299.0665 

67 

4.0892 

66.870 

-.6082 

86 

1.2283 

46 

130.8144 

60 

1.6882 

70 

-.8633 

90 

1.6389 

60 

25.1208 

62 

+  .6940 

72.6 

-.8170 

63 

11.0666 

64 

-.0020 

76 

-.6831 

55 

6.7188 

65 

-.2620 

80 

+  .2768 

76 
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TABLE  XII 
3.24  c(*(M)  -  17.150° 


a(4eg.) 

Gi 

a(dec.) 

Gi 

a((leg.) 

Gi 

a(deg.) 

G> 

20 

138.2446 

55 

1.3235 

72.5 

-1.0039 

85 

1.9736 

25 

16.6743 

60 

+  .6756 

75 

-1.1400 

87.5 

3.3077 

30 

7.6440 

65 

-.02653 

77.5 

-1.0133 

90 

3.8669 

40 

3.4963 

65.399 

-.08338 

80 

-.4824 

50 

1.9476 

70 

-.7268 

82.5 

+  .5496 

TABLE  XIII 

M  -  4.45  a«(M)  -  12.982° 


«t(def.) 

G> 

a(def.) 

Gi 

Gi 

«(<leg.) 

Gi 

15 

83.060. 

S  50 

1.6516 

70 

-.5715 

82 

-  .0732 

20 

11.3827  55 

1.2283 

72.5 

-.9111 

85 

+1.9096 

25 

5.6481  60 

.7341 

75 

-1.1721 

87.5 

3.7511 

35 

2.92S 

i  65 

+  .1308 

77.5 

-1.2139 

89 

4.4479 

45 

1.994 

5j  66.246 

-  .03721 

80 

-.8359 

90 

4.5847 

TABLE  XIV 


M 

ai(deg.) 

ai(de|.) 

M 

ai(dc(.) 

1.05 

78.23 

83.95 

1.63 

62.95 

78.90 

1.08 

75.50 

82.65 

1.83 

62.70 

79.10 

1.12 

72.78 

81.52 

2.12 

62.90 

79.50 

1.18 

69.90 

80.25 

2.56 

63.70 

80.55 

1.25 

67.60 

79.50 

3.24 

64.70 

81.50 

1.35 

65.23 

78.79 

4.45 

65.90 

82.0 

1.47 

64.00 

'  78.65 
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ON  CONDITIONS  FOR  STEADY  PLANE  FLOW  WITH  SHOCK  WAVES* 

Bt  T.  Y.  Thomas 

1.  Introduction.  Consider  the  plane  flow  of  a  gas  in  which  there  is  present  a 
shock  wave  or  shock  line  2(0*  We  refer  the  motion  to  rectangular  coordinates 
x“  (a  —  1,  2)  and  assume  that  the  curve  2(0  is  represented  by  an  equation 
Fix,  t)  ^  0  where  t  is  the  time  and  the  function  Fix,  t)  is  analytic  in  the  variables 
j“  and  t  and  such  that  F„  F„  >  0  (condition  of  regularity).  Denote  by  r«  the 
components  of  the  unit  normal  vector  to  2(0  at  any  time  t,  this  vector  v  being 
directed  into  the  region  of  flow  behind  the  shock  line;  also  let  0  denote  the  veloc¬ 
ity  of  the  wave  in  the  direction  of  the  normal  r.  Then  if  we  choose  the  algebraic 
sign  of  the  function  Fix,  t)  so  that  Fix,  0  <  0  in  the  region  of  flow  before  the  shock 
line  at  any  time  t,  and  Fix,  0  >  0  in  the  region  behind  the  shock  line,  we  shall 
have 

Fh,  dF/dt 

(1)  y,ix,  0  =  y/F^p^ »  <)  =  -  y/F„F„  * 

We  assume  in  the  following  discussion  that  the  flow  before  the  shock  line  (inci¬ 
dent  flow)  is  uniform,  i.e.  the  velocity,  pressure  and  density  are  constant.  The 
flow  behind  the  shock  line  may  be  variable,  non-adiabatic  and  rotational  but  the 
viscosity  and  thermal  conductivity  will  be  assumed  to  be  zero.  Hence  the  differ¬ 
ential  equations  governing  the  flow  behind  the  shock  line  will  be  given  by 

(2)  p,m  +  pidUa/dt)  -f  pU,Ua.,  -  0, 

(3)  idp/dtj  +  P,aUm  4-  pnim.m  “  0, 

(4)  (3p/d0  —  p/UtidU^/di)  —  p/UmfiUmUp  Ypu,.,  -  0, 

where  u«  denotes  the  velocity  components,  p  the  pressure  and  p  the  density;  the 
quantity  y  is  the  thermodynamic  constant  Cp/c,  where  Cp  and  c«  are  the  specific 
heats  at  constant  pressure  and  density  respectively.  Equation  (4)  expresses  the 
condition  that  entropy  is  constant  following  the  motion  of  the  individual  gas 
particles.  The  functions  u«  ,  p  and  p  are  assumed  to  be  analytic  functions  of  the 
variables  x*,  t  in  the  region  behind  the  shock  line  2(t)  and  also  along  this  line  at 
any  time  t. 

It  will  be  supposed  specifically  that  the  shock  wave  2(0  originates  at  the  vertex 
F  of  a  pointed  obstacle  in  the  uniform  flow  and  that  the  wave  passes  through  V 
at  all  times  t.  This  requirement  has  its  expression  in  the  condition  F(0,  0  0 

independently  of  t.  In  $3  we  have  stated  conditions  under  which  the  shock  line 
2(0  will  be  fixed  in  the  plane  of  the  flow  and  the  flow  behind  the  shock  line  will 
be  steady  in  character.  The  proof  of  this  theorem  is  contained  in  the  subsequent 
paragraphs. 

*  Prepared  under  Navy  Contract  N6onr-180,  Task  Order  V,  with  Indiana  University. 
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2.  Initial  direction  of  shock  line.  The  shock  conditions  for  the  type  of  flow 
described  in  §1  can  be  represented  by  equations  of  the  form  [1] 

fe\  r  1  yPl\ 


V-/  ./'I 

/’T\  f-i  _  2pi{pi((?  ui*)  ypi] 

27Px  +  (7-1)pi(G>-UiO*’ 

where  the  bracket  denotes,  as  usual,  the  difference  in  the  values  of  the  quantity 
enclosed  on  the  two  sides  of  the  shock  line;  also  the  subscript  is  used  on  quantities 
when  considered  in  the  region  before  the  shock  line.  The  quantity  ui»  in  the 
above  equations  denotes  the  component  of  the  incident  velocity  along  the  normal 
V  to  the  shock  line. 


Shock  Line 


Obstacle 


We  suppose  that  the  vertex  V  of  the  obstacle  is  located  at  the  origin  of  coordi¬ 
nates  and  that  the  direction  of  the  incident  flow  is  that  of  the  positive  direction 
of  the  axis.  Denote  by  a  the  inclination  of  the  shock  line  and  by  u  the  inclina¬ 
tion  of  the  obstacle  at  V.  Then  it  follows  readily  from  the  two  equations  (5) 
that 

.pv  _  —2  \{0/ci  —  ilf  sin  a)*  —  1)  cos  a 

tan  «  -  2(0/c,  -  M  sin  a)*  sin  a  -|-  (7  -f-  l)M(0/c,  -  Af  sin  a)  -  2  sin  a  ’ 

where  c*  =  ypi/pi  is  the  square  of  the  velocity  of  sound  in  the  uniform  incident 
flow  and  M  its  mach  number.  But  from  F(0,  0*0  and  the  second  equation  (1) 
we  have  0(0,  0  =  0  for  all  t.  Hence  at  the  point  V  equation  (8)  reduces  to  the 
relation  between  the  angles  a  and  u  which  holds  under  the  hypothesis  of  steady 
flow.  It  follows  thcU  the  angle  a  will  have  a  fixed  value  independent  of  the  time  t  and 
that  its  determination  will  be  the  same  as  for  the  case  of  steady  flow.  The  require¬ 
ment  [p]  >  0  (condition  for  compression  shock)  combined  with  the  condition  (8) 
leads  to  the  inequality  ota(M)  <  a  ^  90°  where  ao(M)  is  the  value  of  the  angle 
arc  sin  M  in  the  first  quadrant  [2]. 


3.  Singular  shock  directions  and  theorem.  Suppose  for  the  moment  that  the 
flow  is  steady  with  shock  line  2  issuing  from  the  vertex  V  of  the  obstacle  (as 
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shown  in  the  figure).  Let  k  denote  the  curvature  of  the  shock  line  and  K  the 
curvature  along  any  stream  line  in  the  region  behind  the  shock  line.  Let  <  be  the 
arc  length  along  the  shock  line  so  that  dx'/ds  X"  where  X  is  the  unit  tangent 
vector  to  the  shock  line  (see  figure)  and  r/  the  arc  length  along  one  of  the  above 
stream  lines  measured  in  the  direction  of  the  flow.  Put  K(n)  »  d*K/dti*  and 
«(«)  *  d\/d«"  forn  =  0,  1,  2,  •  •  •  so  that  K^o)  =  K  and  X(o)  =■  «.  It  has  then 
been  shown  for  the  case  now  under  consideration  (steady  flow  behind  the  shock 
line)  that  there  exist  relations  of  the  form  [3] 

(9)  Kin)  =  Gn{M,  a)K(n)  +  Hn  ,  n  =  0,  1,  2,  •  •  '  , 

at  point  V,  where  the  Hn  are  polynomials  in  k  and  its  derivatives  with  respect  to 
8  of  order  less  than  n;  moreover,  the  quantities  Gn{M,  a)  and  the  coefficients 
of  the  polynomials  Hn  are  rational  functions  of  M*  with  coefficients  depending  on 
the  inclination  a  of  the  shock  line.  For  a  given  value  of  Af  >  1,  a  value  of  a  for 
which  any  one  of  the  functions  Gn{M,  a)  =«  0  is  called  singular  relative  to  M. 

In  the  case  of  variable  flow  behind  the  shock  line  any  value  of  a  satisfying  an 
equation  GniM,  o)  =  0  will  likewise  be  called  singular  relative  to  M.  This  is 
permissible  since  we  have  shown  that  the  determination  of  a  is  the  same  as  for 
steady  flow  and  that  its  value  is  independent  of  the  time  t.  There  will  be  at  most 
a  countable  infinity  of  singular  values  of  a  relative  to  a  given  value  of  M.  It  is 
the  object  of  this  paper  to  prove  the  following  main  result.  The  shock  line  2(0 
will  be  fixed  in  the  plane  of  the  flow  and  the  flow  behind  the  shock  line  will  be  steady 
provided  that  the  inclination  a  of  the  shock  line  is  rum-singular  relative  to  the  mach 
number  M  of  the  uniform  incident  flew. 

4.  Higher  derivatives  behind  the  shock  line.  Put  t  =  x*  so  that  in  addition 
to  the  two  space  coordinates  x‘,  x*  we  now  have  the  time  variable  x*.  We  denote 
the  set  of  these  three  variables  by  x’  (t  =  1,  2,  3) ;  in  this  connection  we  shall  use 
Greek  indices  when  the  range  1,  2  is  intended  and  Latin  indices  for  the  range 
1,  2,  3.  Now  consider  a  point  with  coordinates  x*  on  the  shock  line  at  time  t 
which  can  be  denoted  merely  by  the  letter  x*.  Then  the  displacement  dx‘  pro¬ 
duces  changes  in  the  velocity  components  Ua  on  the  two  sides  of  the  shock  line 
given  in  general  by 

wi«  +  uia.xdx*  -f  {\/2\)uia.iidx*dx^  +  •  •  •  , 
and,  Us.  -h  utn.idx*  -H  (l/2!)us..</dx*dx» 

where  the  subscript  1  refers  to  quantities  before  the  shock  line  (region  1)  and  the 
subscript  2  to  quantities  behind  this  line  (region  2).  For  the  case  of  uniform 
flow  in  region  1,  with  which  we  deal,  the  coefficients  of  dx*  and  higher  powers  of 
dx*  vanish  in  the  first  of  the  above  series.  When  we  impose  the  condition  that 
x“  +  dx“  represents  a  point  on  the  shock  line  (at  time  t  -|-  dt)  we  can  write 

(10)  [u«  -f-  u,,<  dx*  -|-  (l/2!)u«,<y  dx'dxf  -h  •  *  •  1  “  (u.)  at  x*  +  dx\ 
i.e.  these  relations  hold  under  the  condition 

(11)  dx*  -H  (l/2!)F,,y  dx'dx^  -!-•••  -  0. 
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Now  uu  ~  uim  ~  tor*  in  equations  (5),  (6)  and  (7)  where  to  is  the  magni¬ 
tude  of  the  velocity  of  the  incident  flow.  Substituting  for  r*  from  (1)  the  quan¬ 
tity  Uu  becomes  an  expression  in  the  spatial  derivatives  of  the  function  F.  When 
we  substitute  this  expression  for  uu  into  the  right  members  of  (5),  (6)  and  (7), 
and  also  the  corresponding  expressions  for  r«  and  0  given  by  (1),  these  conditions 
become 

(12)  [u,]~A,,  [p]-B,  [pl-C 

where  Am  ,  B  and  C  depend  on  derivatives  of  F  and  hence  can  be  thought  of  as 
functions  of  the  variables  x*.  Using  the  first  equation  (12)  the  right  member  of 
(10)  becomes 

Am  -f  Am.i  dx*  +  (l/2l)Am.ii  dx*da^  +  •  •  •  , 

where  the  coefficients  Am,  Am.i,  *  *  *  in  this  series  are  evaluated  at  When 
this  substitution  is  made  in  (10)  and  all  terms  moved  to  the  left  member  we  have 

(13)  (Um.i  -  Am.i)dx*  +  (1/21K«..</  -  Am.ii)dx*dx^  +  •  •  • 

+  (l/m!)(u,.iy...*  —  Am,ii...i^dx*dx^  •••  di*  +  •••  *  0, 

where  the  derivatives  of  the  u«  which  appear  in  this  equation  are  evaluated  on 
the  side  of  the  shock  line  facing  the  region  2;  derivatives  of  the  uu  ,  Pi  and  pi  do 
not  appear  since  these  quantities  are  assumed  to  be  constant  in  the  region  1. 
The  equation  (13)  is  satisfied  whenever  (11)  is  satisfied.  Similarly  we  see  that 
whenever  (11)  holds  we  have 

(14)  (j>,i  -  B,i)dx*  +  (l/2!)(p,<y  -  B,u)dx*dx^  +  •  •  •  -  0, 

(15)  (p,.  -  C,i)dx*  +  (l/2!)(p,<y  -  C,u)dx*dx^  +  •  •  •  -  0. 


6.  A  lemma.  Consider  the  following  two  equaticms 

(16)  •  •  •  x^  gm...fijX*  •  •  •  x^x”’’  +  •  •  •  “0, 

(17)  hmx"  -f-  h,^x“x^  h^yX^x^x'  +  •  •  •  “0, 

in  which  the  left  members  are  convergent  series  in  the  neighborhood  of  x*  »  0 
and  hm  hm  >  0,  i.e.  not  all  the  coefficients  A.  vanish.  We  suppose  in  this  section 
that  indices  may  have  the  values  1,  ■  *  ■  ,n  and  that  repeated  indices  are  summed  over 
this  range.  Ekiuation  (17)  defines  a  surface  jS»-i  passing  through  x*  »  0  and 
regular  in  the  neighborhood  of  the  origin.  We  prove  the  following 
Lemma.  If  (17)  implies  (16)  then  gm-  sx*  •  •  •  x^  «■  0  is  satisfied  whenever 
hmX*  »  0  is  satisfied. 

Now  the  hm  are  the  components  of  a  normal  vector  to  the  surface  (17)  at  x*  — 
0.  Let  X*  define  a  tangent  vector  to  Sm-\  at  x“  —  0.  We  may  take  X  to  be  a  imit 
vector  without  loss  of  generality  (euclidean  definition  of  distance).  Then  A«  X*  » 
0;  conversely  it  follows  from  this  equation  that  the  X”  are  the  components  of  a 
tangent  vector  to  the  surface  Sn-i  at  the  origin.  The  plane  determined  by  X  and 
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the  normal  vector  at  x"  ■■  0  will  intersect  the  surface  Sn-i  in  an  analytic  curve 
through  the  origin.  Let  z*(<),  with  s  the  arc  length  measured  from  the  origin, 
denote  this  curve.  Then  z*(«)/«  — » X*  as  «  — » 0.  Now  (16)  and  (17)  are  satisfied 
by  x*  >  x*'(«).  Making  this  substitution  and  dividing  by  s  we  have 


*•  (t)  **'  (tV  (t)***’  + 


Then  allowing  « to  approach  zero  these  equations  become  {/.  ..jX*  •  •  •  «  0  and 

X.X*  —  0.  Hence  fli«...flX*  •  •  •  X^  »  0  whenever  X,X“  —  0  and  the  lemma  is 
proved. 


6.  Determination  of  higher  derivatives.  The  above  lemma  has  direct  appli¬ 
cation  in  the  determination  of  the  first  and  higher  derivatives  of  the  quantities 
u«  ,  p  and  p  immediately  behind  the  shock  line.*  From  (11)  and  (13)  we  have 
(ua.i  —  At,.i)dx*  —  0  whenever  F,idx*  —  0.  It  follows  that  the  quantities 
Um.i  —  At,,i  are  proportional,  for  a  fixed,  to  the  F,i.  Hence  u,,<  —  «  o«F,< 

where  the  a.  are  the  components  of  a  vector  defined  along  the  shock  line.  Or 


(18)  ■“  Aa^  *  0«  F,P  “  , 

(19)  (du^/dt)  -  (dA^/dt)  -  a,idF/dt)  -  -a,G, 
when  use  is  made  of  (1).  Similarly  from  (14)  and  (15)  we  have 

(20)  P,m  —  B,m  —  bF,m  —  Sy,  , 

(21)  (dp/dt)  -  idB/dt)  -  bidF/dt)  -  -60, 
and 

(22)  Pl«  ■—  C,m  "  cF ,■  “  bVm  I 

(23)  (dp/dt)  -  (dC/dt)  -  c{,dF/dt)  -  -6G. 

Wlien  we  eliminate  the  derivatives  appearing  in  (2),  (3)  and  (4)  by  means  of 
(18),  •  ■  *  ,  (23)  the  result  is  a  system  of  equations  in  the  quantities  d.  ,  6  and  6. 
The  solution  of  this  system  can  easily  be  found.  When  the  values  of  the  d«  ,  6 
and  2  so  obtained  are  inserted  into  the  equations  (18),  •  *  ■  ,  (23)  we  arrive  at  the 
determination  of  all  first  derivatives  of  the  functions  u«  ,  p  and  p  at  points  im¬ 
mediately  behind  the  shock  line  (at  any  time  0  in  terms  of  derivatives  of  the 
function  F.  We  omit  the  details  of  the  procedure  since  such  is  not  necessary  for 
our  purpose. 

The  above  process  can  be  extended  to  the  determination  of  derivatives  of  any 

‘  It  u  supposed  in  this  section,  following  the  form  in  which  conditions  (13),  (14)  and  (13) 
are  stated,  that  the  quantities  u.  ,  p  and  p  are  constant  before  the  shock  line.  However  the 
process  used  for  the  determination  of  derivatives  applies  generally  subject  only  to  required 
conditions  of  differentiability. 
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order  behind  the  moving  shock  line  2(0>  Thus  in  the  case  of  second  derivatives 
of  the  components  u«  we  multiply  (1 1)  by  a«  and  subtract  from  (13).  On  account 
of  (18)  and  (19)  this  gives 

(1/2!)(m«.„-  —  Aa.n  —  aaF,ii)dx*d3^  +  •••  -  0, 

and  this  equation  holds  whenever  ( 1 1 )  is  satisfied .  Applying  the  lemma  we  there¬ 
fore  have 

(Ma.ii  —  Aa.n  —  a„F,ii)dx*dx'  «=  0 
whenever  F,i  dx'  =  0.  Hence 

(24)  ^a.ij  ~  Aa.ij  da  F =  ba  F,i  F , 


for  some  vector  with  components  ba  along  the  shock  line  2(0-  Expanding  (24) 
we  obtain 


(25) 

(26) 

(27) 


Ua,fiy  A  a,fiy  da  F ffiy  —  ba  F F ^y  —  6a  Vfi  Vy  , 


a*Ua 

dxfidt 


d'Aa 

dxPdt 


3*^  _  p  9^  _  f,  ^ 


d'Ua  d  Aa  O  r  a  or  or  T  j-a 

ar  “  “8?  ~  ^  ai  “ 


d*F 


dF  dF 


Similar  equations  hold  for  the  second  derivatives  of  the  functions  p  and  p.  When 
these  equations  are  used  in  conjunction  with  the  equations  obtained  by  differen¬ 
tiation  of  (2),  (3),  (4)  we  obtain  the  final  determination  of  all  second  derivatives 
oi  Ua,p  and  p  in  terms  of  derivatives  of  the  function  F  at  points  immediately 
behind  the  shock  line  2(f).  It  is  evident  that  this  process  can  be  applied  succes¬ 
sively  to  the  determination  of  derivatives  of  higher  order. 


7.  Value  of  the  functions  at  the  vertex  V.  We  may  represent  the  shock  line 
2(f)  by  y  =  fix,  f)  where  /  is  an  analytic  function  of  x,  t  and  the  variables  x,  y  are 
identified  with  the  previous  coordinates  x*  respectively;  then  /(O,  f)  =  0  by 
our  hypothesis  (§1).  To  secure  the  relationship  between  this  representation  of 
the  shock  line  and  the  previous  one  by  means  of  the  function  Fix,  t),  where  x  here 
stands  for  the  x‘,  x*  coordinates,  we  suppose  that  Fix,  t)  m  y  —  fix,  f).  But  a  «■ 
d/(0,  f)/dx  and  we  have  seen  in  §2  that  a  is  a  constant  independent  of  the  time  f. 
Hence  the  derivatives  dF(0,  t)/dx"  are  constants  independent  of  f  and  hence 
d*F(0,  t)/dx“dt  —  0  for  all  f.  In  fact  we  can  write  dFiO,  t)/dx*  *  const,  and 
3*F(0,  t)/dx*dt  *  0  using  the  notation  in  §4. 

Since  Va  are  constants  and  G  =  0  at  the  vertex  V  of  the  obstacle,  independ¬ 
ently  of  f,  it  follows  from  (5)  and  the  assumption  of  uniform  incident  flow  that 
«,(0,  f)  *  const.  Similarly  from  (6)  and  (7)  we  have  p(0,  f)  >■  const,  and 
p(0,  f)  »  const,  with  these  constants  independent  of  the  time  f.  The  quantities 
Ua  ,  p  and  p  have  the  same  algebraic  determination  at  V  by  means  of  equations 
(5),  (6)  and  (7)  as  in  the  case  of  steady  flaw. 
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8.  Derivatives  of  the  functions  at  V.  Since  diLi/dt  =  Q,dp/dt »  Oanddp/d<  »  0 
at  V  by  the  result  of  §7  it  follows  that  the  differential  equations  (2),  (3)  and  (4) 
express,  at  V,  the  same  algebraic  conditions  on  the  quantities  involved  as  in  the 
case  of  steady  flow.  Also  from  t)/dt  —  0  and  d*F(0,  t)/dx*dt  =»  0  at  F  we 
see  that  dO/dt  0  and  dG/dx"  •»  0  at  F  where  0  is  defined  by  (1).  Since  also 
G  »  0  at  F  it  follows  that  equations  (18),  (20)  and  (22)  likewise  express  the  same 
algebraic  conditions  on  derivatives  as  are  given  by  these  equations  for  steady 
flow.  Equations  (19),  (21)  and  (23)  are  satisfied  automatically,  at  F,  since  O 
0,  dua/dt  —  0,  etc.,  at  this  point.  Hence  we  can  deduce,  at  F,  the  validity  of 
the  equation  (9),  for  n  =  0,  for  the  variable  flow  behind  the  shock  line  since  the 
derivation  involves  only  quantities  whose  determination  is  the  same  as  for  steady 
flow  [3].  Specifically  this  equation  is  /C  »  Go(M,  a)K.  Assuming  a  non-singular 
so  that  Go(Af ,  a)  pf  0  this  equation  determines  k  at  F  and  the  value  of  k  will  be 
independent  of  the  time  t. 

Now  at  any  pwint  of  the  shock  line* 

d*f/dx' 

*  n +  (a//ax)r*’ 

Hence  a*//ai*  is  independent  of  t  at  F.  This  result,  when  combined  with  our 
previous  results  on  the  derivatives  of  the  function  F,  enables  us  to  say  that 
a*F/ax‘ax^  is  independent  of  ^  at  F;  in  fact  for  i  or  j  equal  3,  any  such  derivative 
has  the  value  zero.  Hence  the  derivatives  dAafda^,  dB/dx”  and  dCldx“  are 
independent  of  t  at  F;  it  follows  that  the  equations  (2),  (3),  (4)  and  (18),  (20), 
(22)  determine  dujd^,  ap/dx“  and  dpldx“  independently  of  t  at  F.  In  view 
of  the  previous  result  on  the  time  derivative  of  the  functions  we  can  say  that 
dua/dx\  dpjdx*  and  dpjdx'  are  independent  of  <  at  F  and  for  t  *  3  each  of  these 
derivatives  is  equal  to  zero. 

The  above  procedure  can  be  extended,  step  for  step,  to  the  consideration  of 
the  second  derivatives  of  the  functions  Ua  ,  p  and  p.  We  will  state  the  case 
briefly  as  follows.  First 

a*u,  _  9*p  _  _  0 

dx*dt  dx^dt  dx*dt 

from  the  above  result.  Hence  the  equations  obtained  by  differentiating  (2),  (3) 
and  (4)  with  respect  to  x'  are  the  same,  at  F,  as  for  steady  flow.  But 
d*F/dx“d3^dt  =  0  at  F  and  hence  d^G/dx“di^  =  0  at  F;  combining  this  with  the 
previous  result  on  the  derivatives  of  G  we  can  say  that  d^Gfdx'dx^  *=  0  at  F. 
Since  G,  together  with  its  first  and  second  derivatives,  relative  to  the  variables 
x",  vanishes  at  F,  it  follows  that  the  system  composed  of  (25)  and  the  correspond¬ 
ing  equations  for  the  functions  p  and  p  are  algebraically  the  same,  at  F,  as  for 
steady  flow.  We  can  therefore  deduce  the  relation  (9),  for  n  1,  at  F.  Hence 
(C(i)  is  a  constant  at  F,  independent  of  t,  since  a  is  non-singular  and  Gi(M,  a)  4=  0. 
But 

(Ik  _  dK  dx  _  /  d*  ffdx* 

“  \(1  +  idf/dx)*]*i* 
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Then  since,  by  hypothesis,  a  does  not  have  the  singular  value  a  —  90°  [2]  it  follows 
from  the  above  equation  that  d*f/dx*  is  independent  of  t  at  V.  Using  this  result 
we  see  that  d*F/dx*d3^dx^  is  independent  of  t  at  V.  Hence  all  derivatives 
dM./di^dx\  •  •  •  are  independent  of  (  at  U;  it  follows  that  each  second  deriva¬ 
tive  of  u«  ,  p  and  p  is  independent  of  <  at  F  and  whenever  differentiation  with 
respect  to  t  is  involved  the  derivative  vanishes. 

It  is  evident  that  this  process  can  be  continued  to  give  the  following  result. 
The  quantities  k,  ,«(!),••■  are  independent  of  t  at  F  when  a  is  non-singular 
relative  to  M.  Also  the  functions  u.  ,  p  and  p  and  their  derivatives  of  any  order 
with  respect  to  the  x*  are  independent  of  t  at  F  and  any  such  derivative  vanishes 
when  it  involves  differentiation  with  respect  to  1. 

9.  Completion  of  proof.  Along  the  shock  line  Z(t)  at  any  time  t  we  have 

(28)  d\“/d»  “  Kv“,  d¥“/d8  “  —  <cX* 

where  X”  are  the  components  of  the  unit  tangent  vector  directed  as  shown  in  the 
above  figure.  Hence 

(29)  <ix“/ds  •«  X*,  d*x“/d«*  “  <tx*‘/d8*  =■  — <c*X“  +  ‘  • 


Since  the  shock  line  is  analytic  by  hypothesis  it  is  represented  in  the  neighborhood 
of  F  by  the  convergent  series 


(30) 


But  {dx‘/dtt)r  “  X*  and  the  components  r*  have  fixed  values  at  F,  independent  of 
t,  since  a  has  such  a  value  (§2);  also  the  values  of  the  following  coefficients  in  the 
series  are  determined  at  F,  independently  of  t,  on  account  of  (29)  and  the  result 
stated  at  the  end  of  §8.  Hence  (30)  represents  a  fixed  curve  in  the  plane  and  it 
follows  from  this  result  and  the  process  of  analytic  continuation  that  the  com¬ 
plete  shock  line  2(1)  does  not  vary  with  the  time.  Similarly  it  follows  from  the 
fact  that  the  quantities  u«  ,  p  and  p  have  fixed  values  at  F  (§7)  and  the  result  on 
the  derivatives  of  these  functions  at  the  end  of  §8  that  u.  ,  p  and  p  are  inde¬ 
pendent  of  t  along  the  shock  line  and  in  the  region  behind  this  line,  i.e.  the  flow 
behind  the  shock  line  is  steady.  This  completes  the  proof  of  the  italicised  result 
in  §3. 
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*  The  minus  sign  in  this  equation  arises  from  the  orientation  of  the  vectors  X  and  r  (see 
above  figure)  and  equations  (28)  involving  c. 
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NUMERICAL  INTEGRATION  WITH  A  WEIGHT  FUNCTION  x 
Bt  Robkbt  E.  Ghkbnwood  and  Maul  B.  Danford 
1.  Introduction.  The  numerical  evaluation  of  definite  integrals  by  approxi¬ 
mating  sums  has  been  studied  by  numerous  authors.  Quite  generally  one  may 
cfmsider  two  sets  of  values  {c<}  and  (x<} ,  t  —  1,  2,  3,  •  •  •  n,  and  study  the  corre¬ 
spondence 

(1)  j  fix)  dx  Cifixd. 

Special  cases  arise  when  it  is  desired  that  the  values  {xi)  be  evenly  spaced  on  the 
interval  (a,  b),  or  when  the  values  {c.}  are  to  be  equal.  The  latter  case  is  par- 
ticulaiiy  advantageous  when  the  values  {/(x.))  are  experimentally  determined 
and  subject  to  error.  For  if  a  number  of  quantities  are  equally  liable  to  be  in 
error,  and  if  a  linear  function  of  these  quantities  is  formed  subject  to  the  c(nidi- 
tion  that  the  sum  of  the  coefficients  is  fixed,  then  the  probable  error  of  this  linear 
function  is  least  when  the  coefficients  are  all  equal  [1]. 

A  theoretical  study  of  this  latter  case  was  made  by  Chebychef  [2],  who  estab¬ 
lished  the  correspondence 

(2)  f  fix)  dxc^  -  £r-i/(x«.0 

j-i  n 

where  the  values  {x{,.},  t  >  1,  2,  •  •  •  n  are  the  zeros  of  the  polynomial  part  of 

»  r  w  n  n  “1 

X  expj^  2.3a;*  4*5x*  6-7x*  ■”] 

written  in  descending  powers  of  x.  The  correspondence  (2)  is  exact  whoiever 
fix)  is  a  polynomial  of  degree  n  or  less.  Thus  this  case  does  not  afford  the  accu¬ 
racy  of  the  well-known  method  of  Gauss,  which  for  n  points  is  exact  for  fix)  a 
polynomial  of  degree  2n  —  1  or  less. 

Sailer  [3]  has  recently  tabulated  the  zeros  of  the  above-menti<med  polynmnials 
for  the  cases  n  »  1,  2,  •  •  •  7  and  9.  For  other  values  of  n  the  polynomials  have 
roots  outside  the  range  (—1,  1),  making  the  use  of  an  integration  formula  such 
as  (2)  impractical  if  not  impossible  [4].  Salzer  [3]  has  also  given  a  method  based 
on  differences  which  may  be  used  to  estimate  the  error  in  (2)  when  fix)  is  not  a 
polynomial  of  degree  n  or  less. 

Chebychef  [2]  also  gave  a  correspondence 

(4) 

where  the  values  {x,.,}  are  the  zeros  of  co6(n  arccos  x).  These  latter  functi(xis 
are  essentially  the  well-known  Chebychef  polynomials.  If  the  weight  function 
X  be  used  on  the  range  (0,  1),  the  corresponding  quadrature  formula  is 

a^(x)  ^  2Z?-i  /(x..0. 
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(5) 
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This  formula  will  be  investigated  further  in  sections  2  and  3. 

For  the  range  (—1,  1),  the  possible  correspondence  relation 

3rf(x)  dX^Cn  f(Xin) 

may  be  investigated.  However,  if  it  is  desired  to  have  this  correspondence  exact 
for  pol3momials  d^;ree  n  or  less,  it  must  in  particular  be  exact  for  /(x)  ■  1. 
The  imposition  of  this  ccmdition  leads  to  the  requirement  that  c»  0,  and  hence 
shows  that  no  real  utility  can  be  obtained  from  such  a  correspondence.  Cheby- 
chef  met  this  difficulty  by  ccmsidering  a  more  general  correspondence 


(6)  xf(x)  dx  kn,  537-1  [f(Xim)  -  f(Xi+m.J]. 

Although  there  are  only  (2m  +  1)  values  to  be  selected,  it  is  possible  to  make  (6) 
exact  for  polynomials  of  degree  (2m  +  1)  or  less.  For,  as  Chebychef  noted,  if 
the  Taylor’s  series  expansion  for  f(x) 


fix)  =  /(O)  +  ri0)x  +  + 


...  -I- 


(2m  +  1)1  (2m  +  2)1  ’ 

l€l<l 


be  substituted  into  the  left  hand  side  of  (6)  and  integrated  out  the  term  in  /(O) 
has  zero  coefficient.  Thus  the  (2m  +  1)  values,  km ,  ix,«},  {x<+«,»}  can  be  used 
to  secure  agreement  for  the  terms  in  /^"’(O),  p  —  1,  2,  •  •  •  ,  2m  +  1.  This  is, 
of  course,  equivalent  to  requiring  that  (6)  be  exact  for  polynomials  of  degree 
(2m  +  1)  or  less. 

The  gain  in  utility  of  form  (6)  is  offset  by  the  greatly  increased  difficulty  of 
determining  the  constant  km  and  the  values  {xim}  and  {x,>«,m}.  Chebychef 
iised  a  continued  fraction  method.  This  will  be  investigated  further  in  secticms 
4  and  5. 


2.  Equations  Satisfied  by  the  Roots  {x,.,,)  for  Range  (0, 1).  The  method  used 
by  Chebychef  in  finding  the  values  {xi,«)  for  the  correspondence  (2)  may  be  used 
to  determine  the  polynomials  for  which  the  values  {x^,.}  for  corresp<mdence  (5) 
are  the  zeros.  Following 'Chebychef ’s  procedure,  (me  determines  the  zeros  of 
the  polynomial  part  of 


The  polynomial  part  of  (7)  is  determined  by  expansion  of  the  exponential  in 


Page  100 
for 


Line  3  from  bottom 
=  exp*tn  |.. .  \  ]  read 


=  X 


n 


exp  [n 
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powers  oi  (1/x).  Note  that  this  is  a  more  complicated  form  than  (3)  because 
the  exponential  ccmtains  all  powers  of  (1/x). 

A  seciHid  method  for  determining  polynomial  equations  satisfied  by  the  roots 
is  afforded  by  the  use  of  certain  symmetric  functions  of  the  roots.  In  general,  if 

(8)  (x  -  ri)(x  -  rj  •  •  •  (x  -  r,)  «  x"  -  Oix*"^  -f  •  •  •  +  (-l)’*o,, 

the  coefficients  {a«}  may  be  determined  in  terms  of  the  roots  {r<}  as  follows  [5] 

(9)  Oi  *  ,  Oi  -  o,  -  fir,  •  •  •  r,. 

If  one  introduces  the  symmetric  fimctions 

(10)  ‘  8*  =  Z?-i  r5 ,  A:  =  1,  2,  3,  •  •  • 


then  the  {a<}  can  be  expressed  in  terms  of  {s*}  by  the  relation  [5] 


(11) 


V  (_ !)*+*»'* _ ••• _ 

^  1'*  .2”’  .3”’  •  •  •  pi!pj!p,!  •  •  •  ■ 


To  make  specific  the  use  of  symmetric  functions  in  the  problem  under  study 
in  this  paper,  consider  for  the  .case  n  the  solution  for  the  values  {xi.,}  (if  such 
exists)  of  the  algebraic  system 

(12)  x-x*  dx  =  —  ]C?-i  Xi,n,  k  =  1,2,  -  n. 

From  this  formulation  it  can  be  shown  that  integration  formula  such  as  (5)  are 
exact  whenever  /(x)  is  a  polynomial  of  degree  n  or  less.  From  (12)  one  obtains 
directly 

(13)  8*  =  2n/(A:  +  2). 

Then  equation  (11)  can  be  used  to  determine  the  coefficients  ir  <  n,  in 

the  polynomials  defined  by  (8),  with  the  respective  values  of  8*  as  given  by  (13). 

Thus  two  methods  are  available  for  determining  the  polynomials  for  which  the 
values  {x,-.»}  are  the  roots.  The  first  method  follows  Chebychef’s  original 
memoir  and  consists  in  taking  the  polynomial  part  of  (7).  The  authors  desire 
to  express  their  appreciation  to  Prof.  J.  J.  Miller  who  determined  the  poly< 
nomials  by  this  method.  The  second  method  is  based  on  symmetric  functions 
of  the  roots,  and  was  used  by  the  authors  to  determine  the  polynomials.  As  was 
to  be  expected,  the  two  sets  of  polynomials  (for  n  —  1,  2,  •  •  •  ,  10)  so  obtained 
were  identical.  The  tabulation  of  the  first  three  polynomials  appears  below: 

(14)  hi(x)  *=  X  -  I,  htix)  *  X*  -  ix  +  A.  kt(x)  =  x*  -  2x*  +  -  A- 


3.  Determination  of  the  values  {Xi,«}  for  Range  (0,  1).  The  real  xeros  of  the 
poljmomials  (14)  may  be  determined  by  refinements  of  Newton’s  method.  For 
correspondence  (5)  to  be  useful,  the  zeros  must  all  be  real  and  must  line  on  the 
interval  0  <  x  <  1.  A  summary  of  the  results  found  is  given  below: 


n 

-  1; 

xi.i  -  0.6666  6667  ' 

n 

-  2; 

Xi4  =  0.4309  6441, 

xti  =  0.9023  6893 

n 

-  3; 

xi.,  -  0.3409  7238, 

X,.,  -  0.7680  6663, 

X,.,  -  0.8909  6099 
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Remark:  For  n  »  4,  5,  6,  •  •  •  ,  10  the  polynomials  either  had  imaginary  roots 
or  at  least  me  real  outside  of  the  range  (—1, 1),  or  both. 

In  view  of  the  more  or  less  negative  character  of  the  results  as  regards  applica¬ 
bility  to  numerical  int^ration  formula,  no  cases  beymd  n  »  10  were  cmsidered. 
If  any  great  acciiracy  is  desired  and  the  data  warrants  same,  the  use  of  an  older 
type  of  numerical  int^^ratim  in  which  the  products  of  the  functions  x  and  /(x) 
at  the  respective  values  (x^j  are  employed  would  seem  preferable  to  correspond¬ 
ence  (5)  in  which  x  is  treated  as  a  weight  functim.  If  the  data  is  nme  too 
accurate,  then  there  is  no  justification  for  using  an  “over-accurate”  formula,  and 
correspmdence  (5)  for  the  case  n  —  3  would  lighten  the  woric  of  evaluating  the 
integral  considerably. 


4.  Equations  satisfied  by  the  values  {xi»|,  {Xi4«.,«},  km  for  the  Range  (—  1, 1). 
Defining 


^m(e)  “  (a  Xia)(2  "*  Xiot)  *  *  •  (a  “  Xan) 

(15) 

Bm(z)  -  (a  -  X«+I,«)(a  -  Xm^e.m)  •••  (a  “  Xtm.m), 

Chebychef  [2]  showed  that  the  desired  values  {xi,.}  and  {Xm-t-<.«}  and  the  coef¬ 
ficient  km  must  satisfy  a  relation  of  the  form 

exp  -  C,»-“ - ) 

(16)  *=  exp  (a  —  x)  dx 

“  *”)] 


where  Ci  and  Ct  are  cmstants. 

If  one  expands  the  right  hand  side  of  (16)  in  the  associated  cmtinued  fractim 
form  [6],  the  cmvergmt  will  agree  with  the  function  thru  terms  of  order  (1/a)*'. 
Likewise  for  the  left  hand  side.  But  the  m^  convergent  for  the  left  hand  side 
is  immediately  identifiable  as  Am(.z)/Bmiz). 

Hence  one  cmverts  the  right  hand  side  of  (16)  to  the  associated  continued 
fraction,  takes  the  convergent  and  thereby  obtains  Am(z)  and  Bmiz),  but  as 
functions  of  ,  as  yet  still  unknown.  Procedures  for  carrying  this  out  are 
given  by  Perrm  [7]  and  Wall  [8]. 

To  obtain  km ,  the  complete  quotient  in  the  continued  fractim  may  be  set 
equal  to  lero.  In  the  problem  at  hand,  the  associated  continued  fraction  has 
the  form 


(17) 


1  + 


Qq _ oi  a> 

bi  +  a—  ht  +  a—  6|  +  a— 


<h-i  ... 
bp  -H  a— 


Thus  one  sets  a.  —  0.  The  resulting  condition  on  km  may  then  be  solved,  and 
when  km  is  known  i4.,(a)  and  Bmiz)  become  polynomials  with  numerical  coef- 
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ficients,  and  hence  their  leros  may  be  determined  to  give  the  roots  and 
{*«+<.••}  • 

Chebychef  [2]  gave  numerical  approximations  to  five  decimals  for  the  case 
m  ■*  2.  Radau  [9]  gave  numerical  approximations  to  seven  decimals  forn  »  2 
and  to  six  decimals  for  n  »  3.  This  paper  gives  numerical  values  to  eight  deci¬ 
mals  for  n  »  2,  3  and  to  seven  decimals  for  n  —  4.  In  several  cases,  Radau’s 
values  are  found  to  be  in  error  by  more  than  one  unit  in  his  last  retained  decimal. 

The  power  series  expansion  of  the  right  hand  side  of  (16)  may  be  written  in  the 
form 


(18)  + 3^ +...}] 
where  the  (Ci}  have  the  following  values: 


(19) 


^  _  2  ^  _  -(541:*  +  20) 

“  9fc‘  *  “  406fc» 


(The  subscript  m  on  km  has  been  dropped  in  the  above  representation.) 

One  may  use  either  the  method  of  Perron  [7]  or  that  of  Wall  [8]  to  obtain  the 
polynomials  and  complete  quotients.  Writing  the  polynomials  as  Am(z)  and 
Bm{z)  with  int^p^  coefficients  in  km  and  z  rather  than  as  Am(z)  and  R.(s)  de¬ 
fined  by  relation  (15),  and  taking  only  the  niunerator  Am  ci  the  complete  quotient, 
one  gets, 

di  -  27ifc*  -  5,  Aiiz)  3kz  -  1,  Biiz)~3kz+1, 

d,  -  5832**  -  945Jb*  +  35,  i,(z)  -  135ifc*s*  -  45*s  -b  5  -  27**, 

B,(z)  -  135**z*  +  45*2  +  5  -  27**. 

Since  Am(z)  and  Bm(z)  have  the  same  numerical  values  for  their  roots,  only  one 
of  these  polynomials  will  be  written  for  m  3,  4. 

a,  -  2361,960*.'  -  811377*'  -j-  76,545**  -  2835**  +  35 

A,(z)  -  2835**(27**  -  5)2*  -  945(27**  -  5)2*  +  3*(- 10,935**  +  2835**  -  210)2 

-  (-5832**  +  945**  -  35) 

At  -  550,998,028,800*“  -  175,707,149,184*“  +  18,947,643,120*? 

-  977,556,195*'  +  26,663,175**  -  363,825**  +  1925 
Ai(z)  -  (5832**  -  945**  +  35)  8505**2*  -  (5832**  -  945**  -h  35)  2835**2* 

+  (-11,664*'  +  2430**  -  189**  +  5)  2835**2* 

-  (-367,416**  -I-  54,675**  -  2835**  +  50)  21*2 
4-  (2,361,960**  -  811377*'  +  76,545**  -  2835**  +  35). 


6.  Values  of  (Xm)  and  *«  for  Range  (—1,  1).  The  solutions  of  equations 
(20)  Am  -  0,  Am{z)  -  0,  Bmiz)  -  0 
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are  tabulated  below.  It  was  noted  by  Chebychef  that  Xim  •  Further, 

for  each  positive  root  there  is  also  the  root  —km .  However,  correspondence 
(6)  is  such  that  no  loss  in  generality  occurs  if  only  positive  values  ci  km  are 
accepted.  For  m  »  2, 3,  4  multiple  k  values  were  obtained,  and  a  multiple  sub¬ 
script  is  used  on  the  k  values  to  distinguish  these  cases. 


n  -  1;  ki~  (5/27)*'*  -  0.4303  3148, 

n  -  2;  -  0.2393  7152 

Xu  =  0.5002  9899  =  -Xa 
x«  -  0.8922  3647  -  -x« 

n  =  3;  ik,,  -  0.1599  1451 

x«  -  0.4429  8611  =  -x« 
Xji  =  0.7121  5445  =*  — Xm 
Xu  ”  0.9293  0656  =■  —  Xu 

n  =  4;  1:4,  -  0.1223  363 

Xi4  =»  0.3549  416  *  —  Xm 
Xm  -  0.6433  097  =  -Xm 
Xm  =  0.7783  202  -  -X74 
X44  “  0.9481  574  •»  — Xm 

*4,  =  0.2380  212 

Xm  -=  —1.1834  83  =  — Xm 
Xm  =  0.5100  129  “  — Xm 
Xm  =  0.8895  332  =  -X74 
Xm  =  1.1843  73  *  -Xm 


Xu  -  (3/5)*'*  -  0.7745  9667  -  -Xn . 

kt^  «  0.3236  3299 

Xu  -  0.1809  2639  »  -x« 

Xu  —  0.8490  4690  =  —  X4j 

A,,  -  0.4682  8387 

xi,  -  -0.7636  9412  -  -x« 
Xu  *  0.6125  4361  -  -Xu 
Xu  -  0.8629  6946  =  -x», 

ik4,  -  0.1425  864  i 

Xm  “  0.1049  594  =■  — Xm 
Xm  “  0.5559  632  —  —  Xm 
Xm  =  0.7378  081  =  -X74 
Xm  »  0.9390  326  -  -Xm 

ki,  -  0.4087  259 

Xm  *  -0.8288  129  =*  -Xh 
Xm  =  0.0499  8867  =  — Xm 
Xm  =*  0.6998  485  “  —  Xt4 
Xm  *  0.8945  183  *  — Xm 


Note  that  the  value  1:4,  (0.2380  212)  requires  two  x  abscissae  outside  the  range 
of  integration  (—1,  +1)  and  thus  the  corresponding  formula  is  of  limited  utility. 

Although  not  a  valid  case  for  n  »  4,  the  following  case  does  present  some  ele¬ 
ment  of  interest.  In  determining  the  value  of  04 ,  it  was  found  that 


04 


(5  -  27ik*)* 
(5  -  27ik»)* 


R{k) 


where  R{k)  is  a  rational  functiem  of  k. 

As  a*  ,  then,  one  would  take 

(21)  df  ■«  (5  —  27k*)  [numerator  of  i2(A:)],  *  <14(5  —  27k*) 


and  this  would  give  another  k  value,  A:44  for  which 


A:4,  «  -  0.4303  3148 

Xu  -  -0.7957  3702  -  -xm  , 
Xm  “  +0.6619  9633  -  -Xr4 , 


Xm  -  +0.0296  2803  3  -  -xm, 
Xm  -  +0.8787  0933  -  -xm  . 
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However,  these  values  of  k4^  and  {xu]  do  not  give  an  accurate  result  when  used 
in  correspondence  (6)  for  polynomials  of  degree  9  (-2.4  +  1),  but  wily  for 
polynomials  of  degree  8  or  less.  Thus  the  divisicm  by  lero  in  04  for  —  v^5/27 
can  not  be  made,  and  properly  speaking  k^^  is  not  an  admissible  k  value. 

As  checks  on  the  roots  {z<m}  ,  the  fact  that  integratiim  formula  (6)  is  exact  for 
polynomials  of  degree  (2m  +  1)  or  less  may  be  used. 

For/(z)  —  X*,  there  results 

=  ('x-^dX  =  k.\tTi.-t  (-Xj'l. 

J  “T  2  L*-I  »-•  J 

For  even  values  of  j,  this  yields  the  identities  0  m  0,  for  odd  j,  j  — 
1, 3,  •  •  •  2m  +  1,  there  results 

1/0’  4-  2)  - 

Thus  there  are  (m  +  1)  checks  possible  (xi  the  coefficient  k^  and  {xj.}.  These 
checks  were  made  on  the  roots  tabulated  in  this  article.  As  previously  noted, 
the  check  for  j  —  9  on  the  kt^  values  is  not  satisfied.  Indeed,  it  was  the  lack  of 
a  check  here  which  prompted  a  re-examination  of  the  roots  dL  —  0,  as  given 
by  equation  (21). 

6.  Conclusion.  For  the  range  (0,  1),  integration  correspondence 

(5)  x/(x)  dx^^  2I"-i/(xi.O 

gives  usable  relations  only  for  n  —  1,  2,  3  in  the  first  ten  integral  cases.  On  the 
other  hand,  for  the  range  (—1,  1),  integration  correspondence 

(6)  Xf{x)  dXC^  k^  2^7-1  l/(Xi,)  -  f{-Xim)] 

gives  a  multiplicity  of  possible  relations  for  m  —  2,  3,  4.  It  would  appear  that 
int^ration  correspondence  (6)  would  be  of  value  in  determinations  of  first 
moments  of  empirical  distribution  fimctions. 

As  a  numerical  example,  the  value  of  /  —  x  exp(x)  dx  has  been  computed 

by  four  different  methods,  using  six  subdivisions  of  the  range  (—1,  1).  These 
methods  were: 

a.  Newton-Cotes  method. 

/  -  £  X  exp  ix)dxc^^  [41f?(-l)  -h  216(^(-2/3)  +  27j7(-l/3) 

-H  272i/(0)  -I-  279(1/3)  -}-  216(7(2/3)  +  41(7(1)] 
-  0.7357  6309 

where  g{,x)  —  x  exp(x). 

b.  Equal  coefficient  but  unweighted  formula  of  Chebychef. 
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The  coefficient  1/3  and  (x<}  valuee  are  given  by  Salxer  [3]. 

/I  • 

X  exp  (x)  dx  ^  exp  (xi)  «  0.7352  4968. 

c  and  d.  E^ual  Coefficient,  Weight  Function  x  Formulae.  , 

These  two  cases  are  given  in  Section  V  under  the  case  n  —  3.  There  are  two 
values  of  k  and  hence  two  int^ration  cases. 

/I 

^  X  exp  (x)  dx  «  *1  X*-i  [exp  (»a)  -  exp  (-x«)l. 

For  A:,,  -  0.1569  1451,  I  -  0.7357  5888. 

For  A:,,  -  0.4682  8387,  /  -  0.7357  5887. 

These  four  approximate  values  for  I  may  be  compared  with  the  exact  value, 

.1  2 

/  -  /  X  exp  (x)  dx  -  :  a.  0.7357  5880t 

The  greater  accuracy  afforded  by  the  formulae  with  weight  function  x  is  apparent 
in  the  case  oi  this  example. 

The  Umvxbsitt  or  Texas. 

(Received  September  6,  1948) 
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A  METHOD  FOR  DETERMINING  CERTAIN  CRITICAL  MASSES* 

Bt  HaUT  E.  GOHBWf 

As  anyone  who  has  attempted  to  start  a  coal  fire  without  kindling  wood  can 
testify,  a  certain  critical  size  of  reacting  substance  is  necessaiy  to  sustain  an  exo¬ 
thermic  reaction.  The  magnitude  of  this  size  depends  on  the  conductivity  of 
the  substance,  the  temperature  of  the  substance,  its  heat  capacity  and  density, 
its  rate  of  heat  generation,  and  its  rate  of  heat  loss  to  the  surrounding  medium. 
The  last  mentioned  factor  depends  on  the  geometrical  shape  of  the  reacting  sub¬ 
stance,  the  temperature  of  the  surroimding  material,  the  temperature  gradient 
at  the  surface  and  perhaps  upon  some  possibly  complicated  function  which  deter¬ 
mines  the  rate  of  heat  loss  per  unit  area  from  the  siuface  to  the  surrounding 
material. 

In  the  following  discussion  some  highly  idealised  cases  will  be  considered, 
namely  the  cases  of  the  ^here,  the  infinitely  long  and  wide  slab  and  the  infinitely 
Icmg  cylinder  of  hot  reacting  substance  set  into  a  supposedly  infinite  matrix  of 
the  same  substance  at  a  temperature  too  low  to  sustain  the  reaction.  The  dis¬ 
cussion  is  concerned  explicitly  with  reactions  such  that  the  rate  of  heat  generation 
per  unit  time  per  unit  volume  can  be  approximated  by  the  expression  X, 

«,  and  R  being  constants,^  but  the  method  is  such  that  this  can  be  any  anai3d;ic 
function  of  the  temperature,  U.  The  heat  capacity,  density,  and  heat  conduc¬ 
tivity  are  supposed  constant  with  temperature. 

It  is  to  be  noted  that  these  idealizaticms  are  not  too  far  removed  from  possible 
application  provided  the  average  internal  temperature  of  the  reacting  substance 
can  be  determined.  Since-  this  is  certainly  a  difficult  determination,  however, 
great  accuracy  in  the  computation  of  the  critical  sizes  is  not  required,  since  the 
experimental  check  on  the  method  to  great  accuracy  is  not  possible.  The  proof 
of  the  convergence  of  the  method  proposed  is  not  attempted  in  the  paper  as  pre¬ 
sumably  not  leading  to  further  insight  into  the  problem. 

Under  the  hypotheses  mentioned  above,  the  differential  equation  governing 
the  temperature  distribution  in  the  space  consisting  of  the  reacting  substance 
and  its  cooler  matrix  is 

(I)  cpdU/dti  -  kV*U  + 

with  initial  cemditiems  at  h  *  0  given  by  U  Ut  at  any  point  inside  the  hot  core 
and  U  >■  Ui  at  any  point  outside. 

*  This  paper  is  an  amalgamation  and  condensation  of  two  papers,  "A  Non-Rigorous 
Suggestion  for  Numerical  Solution  of  Certain  Problems  in  Heat  Generation,”  presented 
to  the  American  Mathematical  Society  at  the  New  Haven  meeting  in  September,  1947;  and 
“The  Critical  Radius  of  a  Heat-Generating  Cylinder,”  presented  to  the  American  Mathe¬ 
matical  Society  at  the  Christmas  meeting  in  Athens,  Georgia,  in  December,  1947. 

>  See  Hottel,  H.  C.,  et  al.,  Combustion  Rate  of  Carbon,  Journal  of  Industrial  and  Engi¬ 
neering  Chemistry,  20,  749-757  (1934),  page  749;  Bamford,  C.  H.,  Crank,  J.  and  Malan,  D. 
The  combustion  of  wood.  Proceedings  of  the  Cambridge  Philosophical  Society  42,  166-182 
(1946),  pages  166-170. 
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A  change  of  variables, 

(II)  U  ■=  aiTf  «i  *  «*«,  ti  *  ajL, 

ti  being  the  measurement  of  time  in  which  (I)  is  written  and  «i  being  the  measure¬ 
ment  of  distance  in  which  (I)  is  written,  yields 

(III)  dT/dt  -  V*r  + 
provided  oi ,  oi ,  and  at ,  are  given  by  the  equaticms, 

(rv)  ati  ^  R/t,  aj  —  y/k/\,  oi  *  cpt/RK. 

The  initial  temperatures  Uo  and  Ut ,  are  replaced  through  the  change  of  vari¬ 
able  (II)  by  the  initial  dimensionless  temperatures  6o  and  respectively. 

For  the  case  in  which  the  hot  inner  core  is  a  sphere,  equation  (III)  reduces  to 

(1.1)  dT/dt  -  d'T/dx'  +  i2/x)dT/dx  + 

X  being  the  dimensiimless  variable  corresponding  to  the  radial  distance  of  a  point 
in  the  spherically  S3rmmetric  temperature  field.  The  initial  ccmditions  are  that 
ati  —  O,  r»floif0^x<a  and  T  «■  if  x  >  o. 

In  an  unpublished  memorandum  C.  Loewner  has  given  a  method  of  solution 
for  the  above  equation  and  initial  conditi<His,  which  is  of  basic  importance  to  the 
method  developed  in  this  paper.  Since  the  paper  of  Loewner  is  not  published, 
it  will  be  briefly  outlined  here.  The  gist  of  the  method  is  the  fact  that  it  is 
possible  to  obtain  in  closed  form  the  solutim  when  9o  ^  9i  and  the  soluticm  of 
the  equati(Ri  for  the  first  perturbation,  6q  —  0i  being  taken  as  parameter.  The 
sum  cf  these  two  soluti<ms  is  supposed  to  satisfy  the  side  ccmditions  imposed  on 
xT  and  hence  the  remainder  has  aero  initial  values  for  0  <  x  <  <»,  and  aero 
boundary  values  at  x  =  0,  the  calculations  being  thereby  materially  simplified. 

With  Professor  Loewner’s  permission,  his  argument  is  reproduced  below, 
omitting  the  essential  part;  namely  that  the  solution  for  the  remainder  exists 
and  under  proper  hypotheses  at  infinity  is  unique. 

Equatiim  (1.1)  can  be  simplified  by  the  standard  device  oi  considering  xT  as 
the  dependent  variable.  If  this  is  done,  equation  (1.1)  becomes 

(1.2)  dixT)/dt  -  d\xT)/dx'  + 

Suppose  that  xT  in  equation  (1.2)  is  a  function  of  do  such  that  at  the  value 
Bo  ^  $i ,  xT  can  be  expanded  in  powers  of  Bo  —  Bi  by  Taylor’s  Theorem  with  two 
terms  and  a  remainder  into  the  form, 

(1.3)  xT  -  xT(Bt  ,Bi,x,t)  +  (Bo  -  BiM»i  ,x,t)  +  x, 

in  which  the  first  term  is  the  value  of  xT  when  Bo  ^  Bi ,  the  coefficient  of 
is  idT/dBo)i,^i ,  and  x  is  the  remainder. 

Now  T(Bi ,  Bi ,  X,  t)  ia  independent  of  x,  for  in  this  case  the  temperature 
throughout  the  space  is  ^  at  time  t  «  0  and  since  there  is  no  space  variation  of 
T  At  t  0,  there  will  be  none  for  <  >  0.  Then  T(Bi ,  Bi ,  x,  t)  w(t)  in  which 
ip(0  is  the  solution  of  the  ordinary  differential  equation. 
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(1.4)  dwldl  - 
with  ii>(0)  —  9i . 

To  determine  ip(0i ,  x,  0,  differentiate  equati(Hi  (1.2),  supposing  that  the  deriva¬ 
tives  exist,  with  respect  to  do .  Since  the  order  of  differentiation  is  immaterial  as 
long  as  the  derivatives  are  continuous,  we  obtain 

(1.5)  d[xdT/d9o]/dl  -  e^[xdT/deo]/di^  +  l/T*e~^'^idixT)/de,). 

Setting  00  ~  ^1  in  equation  (1.5)  we  obtain 

(1.6)  dip/dt  “  d^<p/dx^  -|-  (e 

w  being  the  solution  to  equation  (1.4)  above. 

The  substitution,  <p  =  transforms  equation  (1.6)  into 

(1.7)  d^/dt  =  a*f/ax*. 

To  determine  initial  values  for  equation  (1.7),  we  require  that  the  first  two 
terms  of  equation  (1.3)  satisfy  the  initial  conditions  on  T.  This  means  that  at 
^  *  0,  f  if  0  S  X  <  0  and  f  »«  0  if  x  >  o.  The  solution  to  equaticm 

(1.7)  subject  to  these  initial  values  is 

pl/»i  -a 

(1.8)  !  =  hi  [ 

Hence 

(1.9)  -  iw  +  («.  -  9,)I(«-‘'V"‘)/2Virfl 

The  remainder,  x>  satisfies  the  differential  equation, 

(1.10)  dx/dt  =  d'x/dx^  xe~"'^  -  xc"*'*  -  (Oo  - 

with  initial  conditions  x(0,  0  =  x{x,  0)  »  0.  If  we  further  make  the  reasonable 
assumption  that  at  infinity  T  behaves  like  to,  it  is  possible  to  solve  equatiim 

(1.10)  by  finite  difference  technique,  taking  for  infinity  two  or  three  times  a. 
Actually  much  more  than  this  has  been  done,  for  as  mentioned  above.  Professor 
Loewner  has  proved  existence  and  uniqueness  of  the  solution  of  (1.10). 

As  indicated  in  the  introduction,  the  value  of  7(0, 0  will  increase  monotonically 
if  a  is  large  enough.  For  a  small,  but  different  from  sero,  there  will  be  a  tempo¬ 
rary  increase  of  temperature  at  x  »  0,  followed  by  a  reduction  in  temperature  to 
the  temperature  for  x  >  a.  The  problem  is  to  obtain  a  critical  value.  A,  such 
that  if  0  <  o  <  A,  the  latter  case  will  occur;  if  A  <  o  <  «>,  the  former  will. 
Since  we  are  interested  only  in  A,  it  seems  unnecessary  to  compute  the  entire 
temperature  distribution.  The  contribution  of  this  paper  is  a  means  for  avoid¬ 
ing  computation  except  at  x  >  0,  thus  speeding  up  by  a  large  factor  the  obtaining 
of  a  value  for  A.  In  addition  the  author  develops  the  perturbation  formulae  for 


the  infinite  slab  and  infinite  cylinder  and  applies  the  methods  developed  for  the 
sphere,  to  them. 

The  temperature  at  the  origin  may  be  obtained  as  follows.  Taking  the  limit 
as  X  approaches  0  in  equation  (1.1)  gives 

(1.11)  {dT/dt)^  -  3(d*r/dx*)^  + 

Assume  that  T  and  x  are  differentiable  functicms  of  x  with  derivatives  ol  all 
orders  with  respect  to  x  in  the  neighborhood  of  x  ■■  0.  Then,  differentiating 
equati<m  (1.3)  three  times  with  respect  to  x  and  setting  x  ~  0  give 

(1.12)  3(a*7’/dx*)^  -  (flo  -  tfi)(aV3x*)^  +  (d*x/dx*)^. 

In  general  we  have, 

(1.13)  (2n  +  i)(d*-r/ax*-)^  -  (flo  -  «i)(d*"Vdx*"‘"‘),^  +  (d‘"''x/ax‘-+‘)^ 

while  all  odd  order  derivatives  of  T  with  respect  to  x  vanish  at  x  »  0.  If 
<  <  1,  xD'{t)  is  constant  and  equal  to  0i .  Hence  in  this  case, 

(1.14)  OVAc*)^  -  -l(«o  -  et)a*e-*'*‘]/Ay/wf'', 

and  since  ^  —  e— f  in  which  f  satisfies  (1.7),  we  have  the  following  recurrence 
formula  for  (d*"‘*'V/dx*"'^‘)^ , 

(1.15)  (d*"Vdx‘"+‘).^  -  d((d*-Vdx*-‘)^]/d<, 

with  {d*^/dx*)^  given  by  equation  (1.14).* 

Since  w  is  considered  a  small  constant,  equation  (1.10)  may  be  approximated 
by 

(1.16)  dx/dt  -  a*x/dx*  +  xe"*'*’  * 

2.  With  these  preliminary  considerations,  equaticm  (1.11)  may  be  written, 
using  equations  (1.12)  and  (1.14), 

(2.1)  d[TiO,  t)]/dt  -  m  -  e^)a*e-^*'*VWrf''  +  {d\/dx*)^ . 

Differentiating  equatirai  (1.16)  three  times  with  respect  to  x  and  setting  x  »  0, 
give 

(2.2)  d[id*x/dx*)U/dt  -  (a‘x/dx‘)^  +  3«-*''[0*7’/dx*).-,]/T*, 
which,  in  light  of  equaticms  (1.12)  and  (1.14)  transforms  into 

(2.3)  d[id\/dx*)^]/<U  -  (d‘x/Ac‘)^  +  -((^  -  <h)a*«^*'‘‘]/4 

+  (d\/dx*)^}. 

The  process  may  be  continued  by  successive  differentiation  of  equati(»i  (1.16) 

*  If  Si  is  not  small  enough  to  make  w{t)  constant  to  the  accuracy  of  the  computation, 
each  value  of  (d*^V/dx**'*’‘)«<4  obtained  from  (1.14)  by  the  recurrence  formiUa  (1.15) 
must  be  multiplied  by  Furthermore  (1.16)  will  have  the  additional  terms — 

(«b  -  Si)e-' 


IfETHOD  rOR  DETERMINING  CERTAIN  CRITICAIi  MASSES 


111 


with  respect  to  x.  Making  the  assumption  that  the  derivatives  exist,  we  obtain 
the  infinite  set  of  ordinary  differential  equations  for  the  temperature  at  the 
origin  and  the  odd  order  derivatives  of  x  with  ra^)ect  to  z  at  z  ■>  0, 

d[T(0,  i)]/dl  -  -  m  -  f*'*  +  id\/dx*)^  ; 

d[id*x/dx*),^]/dt  -  (d‘x/dz‘)^ 

+  +  0*x/dz*)^); 

d[{d\/dx'),^]/dt  «  id\/dx^),^ 

(2.4)  +  -  2D/r*](15/9){OVdx*)^  -  [«^,  - 

+  -  e^)[5a*/2l^>'  -  oV4<*'’]/4Vr} 

+  le-«'”/T*](d‘x/az‘)^; 


with  the  initial  values  at  f  —  0,  T  =  ^  and  *  0. 

The  initial  cimditions  on  (3*"''’‘x/5x*"'*'')_<i  arise  from  the  condition  that  x(x,  0) 
vanishes  identically  in  z. 

Under  the  change  of  variables  t  =»  o*p;  o*"(3*"‘'‘‘x/dz*"''’‘)_o  =*  y«  and  T  ^ 
the  system  (2.4)  becomes 

dy^/dp  “  o*c  —  (®o  ~  9i)e  **^**’V4\/tP*^  +  I/i ; 
dyx/dp  -  p,  +  aV""*’[px  -  (flb  -  tfi)e-"'*')/4VTp‘'*]; 
dp*/dp  -  y.  +  aV<‘''*>[5/3)(y,  -  (ft,  -  ft)e-‘‘'‘'V4Vv ?*"*)*(!  -  2y,)/y,*] 

+  oV“"»’[y,  +  (ft,  -  »i)(5/2p'^  -  l/4p*'*)e-”'‘'’); 

(2.5)  . 


with  the  initial  values  at  p  >  0,  po  ft, ,  and  pi  »  0,  t  >  0. 

For  the  particular  values  $o  «  0.028570,  $i  »  0.017143  the  set  of  equatUms 
(2.5)  setting  pi  *  0  and  neglecting  the  rest  of  the  set,  has  been  integrated.  The 
computations  are  presented  in  Table  I.  These  particular  values  of  0^  and  ft  , 
are  of  interest  as  a  test  of  the  method,  for  they  give  a  critical  radius  which  agrees 
well  with  the  value  obtained  at  the  Bureau  of  Ordnance  Computation  Project 
at  Harvard  by  elaborate  difference  equation  technique.*  It  is  to  be  emphasised 

*  Bloch,  R.  M.,  Solution  of  the  Heat  Sensitivity  Equation  in  the  Case  of  Spherical  Sym¬ 
metry,  Reports  Nos.  24  and  26  of  the  Computation  Project  of  the  Bureau  of  Ordnance, 
Harvard  University,  1946,  (unpublished).  For  descriptions  of  various  possible  finite 
difference  approximations  and  a  report  on  their  use  to  solve  a  problem  similar  to  the  one 
considered  in  this  paper,  see  also  Crank,  J.  and  Nicholson,  P.  A.  A  practical  method  for 
numerical  evaluation  of  solutions  of  partial  differential  equations  of  the  heat  conduction 
type.  Proceedings  of  the  Cambridge  Philo.  Society  43, 60-67  (1947). 
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that  mathematical  rigor  ia  almost  completely  absent  from  the  above  discussion. 
The  technique  of  approximating  the  differential  equaticm  by  a  difference  equa- 
ti(Hi  is  also  of  doubtful  validity  but  the  agreement  of  the  answers  given  by  two 
such  different  methods  seems  to  indicate  that  each  is  a  close  approximation  to 
the  truth. 

The  advantage  of  the  method  proposed  in  this  paper  over  the  finite  difference 
method  is  that  the  latter  method  requires  that  a  great  many  mesh  points  be 
located  in  the  (x,  t)  plane  and  a  computation  of  T  be  made  at  each  mesh  point. 
The  production  of  such  a  volume  of  numbers,  including  such  functions  as 
is  an  almost  hopeless  task  for  a  hand  computation,  whereas  the  computa¬ 
tions  indicated  here  are  capable  of  giving  a  result  in  a  few  days  using  only  a 
hand  machine  and  a  book  of  l(^rithms. 


TABLE  I 

Spherical  Symmetry* 

$0  -  0.028570;  Oi  -  0.017143  log.oa  -  6.70 


*  Increasing  logioa  by  0.05  resulted  in  monotonic  increase  of  yo.  Hence  for  these  values 
of  So  and  Si  the  value  of  logioA  is  between  6.70  and  6.75,  a  result  obtained  also  by  the  solu¬ 
tion  of  the  problem  by  finite  differences. 


3.  The  partial  differential  equation,  (III),  for  the  case  of  the  infinite  slab  is 

(3.1)  dT/dt  =  a*r/dx*  +  e"”'”, 

with  boundary  conditions  at  f  =  0,  T  =  flo  if  |  a:  |  <  a,  T^0iif\x\>  a. 

By  use  of  an  argument  similar  to  the  argument  of  Loewner  referred  to  in 
Section  1  above  the  solution  of  equation  (3.1)  may  be  reduced  to 

(3.2)  T  =  w-\- [(do-  r  df  -H  X 

J-a 

in  which  x  satisfies 

An*. /ZT#  r  At 


with  boundary  conditions  x(x,  0)  “  x(±  *»  0  “  0- 


.0000 

.0000 

-.0156 

-.2021 

i 

-.6758 

-.8357 

0 

$ 
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Neglecting  the  terms  involving  e  equation  (3.3)  can  be  written  in  a  form 
similar  to  that  of  equation  (1.16), 

(3.4)  dx/dt  »*  3*x/3x*  +  ' 

K- 

By  the  same  method  as  that  of  Section  2,  the  determination  of  a  critical  half¬ 
width  is  reduced  to  a  consideration  of  the  situation  (m  the  center-line  of  the  slab. 
As  in  Section  2,  there  is  obtained  an  infinite  set  of  ordinary  differential  equatiims, 

dim  t)]/dt  -  -  (flb  - 

-  ,  +  (a*x/Ac*)^; 

d[(d*x/dx')x^]dt  *=  {d*x/dx*) 


By  the  change  of  variable  a*"(5*"x/dx*");_o  =  y«,  (n  >  0);  T{0,  t)  =  j/o;  and 
t  =  a*p,  the  set  may  be  put  into  a  form  similar  to  that  of  the  system  (2.5),  ’ 

dyo/dp  -  -  {00  -  +  Vii 

(3.6)  -  {So  - 


with  yo  -  00  and  y<  “  0  (t  *  1,  2, 3,  •  •  •  )  at  p  =  0. 

4.  For  the  case  in  which  the  hot  core  is  an  infinite  cylinder  of  radius  a;  the 
fundamental  differential  equation  III  becomes 

(4.1)  dT/dt  -  d*r/dr*  -f-  {l/r)dT/dr  + 

with  initial  values  at  <  -*  0,  T  =  flo  if  r  <  o,  T  —  if  r  >  a.  By  use  of  the 
perturbation  technique  the  solution  to  (4.1)  is  seen  to  be 

(4.2)  T  ^(r,  0  -h  (tfo  —  0i)<p  +  X 

with  (po  constant  in  r  and  as  a  function  of  I,  the  solution  of  the  ordinary  differential 
equation 

(4.3)  dw/dt  » 

with  initial  condition  u>(0)  =  0i.  The  function  <p{r,  t)  is  the  solution  of  the 
partial  differential  equation 

(4.4)  dip/dt  “  ^ip/di^  "b  (l/r)d^/dr  -b  e 

Upon  setting  ip  =  have,  as  in  the  simpler  case  of  spherical  symmetry, 

the  equation 

(4.5) 


df/dt  -  dVdr’  +  (l/r)dr/dr. 
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For  initial  values  for  equation  (4^)  we  take  such  values  as  to  make  initial  values 
aero  for  x*  i-e->  such  values  that  the  first  two  terms  of  the  right  hand  side  of 
equation  (4.2)  satisfy  the  initial  conditions  on  T.  This  means  that  inside  the 
cjdinder  at  (  »  0,  f  and  outside  it  at  t  —  0,  f  ■»  0. 

The  solution  to  equation  (4.5)  under  these  conditions  is  given  by  the  integral/ 

(4.6)  f(r,  i)  =  (I/O  j[  jf"  m,  r)  dk  dn  dp/8^''; 

in  which /(X,  fi,  w)  is  if  (X,  Mi  r)  is  a  point  of  the  cylinder  and  is  lero  otherwise. 
Transforming  to  cylindrical  coordinates  and  substituting  the  value  of  /(X,  /i,  r) 
into  equation  (4.6)  yield 

(4.7)  f (r,  1)  =  e‘"VT*'‘  j["  VI  ^ 

and 

(4.8)  ip{r  ,t)  »  V4irf  dp  d$, 

in  which  4*  =  r*  —  2rp  cos  0  +  p*. 

It  is  unnecessary  to  integrate  equation  (4.8),  for  we  are  interested  only  in 
(,d*ip/dr')r-» .  In  equati(m  (4.1)  let  r  approach  0.  Then  we  have 

(4.9)  d[T(0,  t)]/dt  -  2(d*T/dr*)r^  + 

which  becomes  after  using  equation  (4.2)  and  the  fact  that  ^(r,  1)  is  independoit. 
of  r, 

(4.10)  ^[^(O.  t)]/dt  «  (00-  0iK^ip/dr*)r^  4-  0*x/dr^)r^  + 

To  evaluate  (3V/^*)r-o  we  note  that  it  is  given  by  setting  r  <■  0  in 

d'Wdr^  = 

or  since  6d6/dr  ^  r  —  p  cos  0  and  d(6dS/dr)/dr  ■«  1  in 

(4.12)  d'<p/dT^  -  e"“'*~‘'**V4ir<  -  p  cob  0)*/4^  -  i/Jp  dp  d0, 

to  give 

(4.13)  (d*^/dT^r~»  “  cos*  0/4^  -  i(lp  dp  d0, 

*  See  Goursat,  E.,  Coun  d’analyse  mathematique,  vol.  3,  3rd  ed.  Paris  (1923)  pp.  107- 
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TABLE  II 


Cylindrical  Symmetry* 

1.  ft  ~  .06;  9|  B  .01;  Iogi«a  —  3.50 


p 

yt 

an 

n 

.00 

.0000 

.0000 

.0500 

.01 

.0000 

.0000 

.6503 

.02 

-.0068 

-.0001 

0507 

.03 

-.0967 

-.0014 

.0511 

.04 

-.1175 

-.0051 

.0514 

.05 

-.1868 

-.0134 

.0515 

.06 

.6492 

-.0188 

.0514 

.07 

2.1209 

.0057 

mi4 

1 

2.  ft  -  .05;  f,  -  .02;  log, .a  -  3.53 


p 

yi 

yi 

n 

.00 

.0000 

.0000 

.0500 

.01 

.0000 

.0000 

.0602 

.02 

-.0037 

.0000 

.0606 

.03 

-.0515 

-.0008 

.0608 

.04 

-.1613 

-.0086 

.0510 

.05 

-.3356 

-.0102 

.0510 

.06 

-.2022 

-.0179 

.0608 

8.  ft  -  .04;  f,  -  .02;  logi«a  -  4.53 


P 

w 

n 

yt 

.00 

.0000 

.0000 

.0400 

.01 

.0000 

.0000 

.0402 

.02 

-.0027 

.0000 

.0404 

.03 

•  -.0384 

-.0006 

.0406 

.04 

-.1199 

-.0027 

.0407 

.06 

-.1716 

-.0068 

.0407 

•06 

-.0486 

-.0115 

.0406 

4.  ft  .04;  #1  “  .02;  logi^a  “  4.62 


P 

yt 

yi 

yt 

.00 

.0000 

.0000 

.0400 

.01 

.0000 

.0000 

.0402 

.02 

-.0061 

-.0001 

.0406 

.08 

-.0802 

-.0014 

.0406 

.04 

-.8121 

1  -.0067 

.0410 

.05 

-.8119 

-  .0169 

.0411 

.06 

.7336 

-.0232 

.0410 

*  In  each  of  the  caaee,  indicated,  increasing  logi*a  by  0.10  resulted  in  monotonic  increase 
in  y«.  Hence  for  the  cylinder,  for  the  values  of  ft  and  4,  indicated,  logi«A  is  between  the- 
value  of  logitS  indicated  and  that  value  increased  by  0.10.  For  further  details  ef  the  eena* 
putation  of  these  tables  see  the  University  of  Delaware  Master’s  Thesis  of  Mr.  Gilbert 
Kaskey,  June,  1948. 
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which  integrates  into 

r  -  lAlo* 


(4.14) 


.-(l/l 


./tVl 


jf"  ’  «"’*(»*  -  ») 


To  evaluate  (3*x/^*)r-o ,  we  have  the  differential  equaticm  for  x  obtained  by 
substitution  from  equation  (4.2)  into  equati(xi  (4.1), 

dx/Bt  -  d*x/dr*  +  (l/r)ax/dr  + 


(4.15) 


with  initial  condition  xix,  0)  a  0.  In  virtue  of  the  initial  condition  on  x»  we 
note  that  (3*x/^*)r-o  is  equal  to  0  at  time  1  =  0.  To  get  its  value  for  t  >  0, 
differentiate  equation  (4.15)  twice  with  respect  to  r  and  then  let  r  approach  0. 
There  results 

dI2(d*x/dr*)^]/dl  -  {m)i.d\/dr*)r-o  +  c-”'*"/T‘[2«^,  -  tfx)(d*v»/dr*)^ 

(4.16) 

+  2(d*x/dr*)r-o]  -  2(flb  -  »,)c“‘'*/u;*(aVar*),-^, . 

By  multiplying  equation  (4.15)  by  f,  differentiating  four  times  with  respect  to 
r  and  letting  r  approach  0,  an  ordinary  differential  equation  for  (8/3)(d^x/^^)r-o 
may  be  obtained,  which  will  involve  the  sixth  derivative  of  x  with  respect  to 
r  at  r  =  0.  In  this  fashion  an  infinite  set  of  ordinary  differential  equaticxis  may 
be  constructed  for  T  and  fc«(3*"x/dr*")n4)*  the  first  two  of  which  are,  written  in  the 
variables  T  =  yo ,  A:»(d*"x/dr*")_o  =  y,(n  =  1,  2,  •  •  •  )f  f  “  o*P. 
dv,/dp  =  aV""*’  -  (tfo  -  +  p. 

(4.17)  dyx/dp  =  yt  +  -  (flo  -  tf,)e“"'-‘'*‘’e-‘'*74p*] 

-  a\0o  - 

The  system  (4.17)  truncated  at  n  =  2  and  with  yt  set  equal  to  sero,  has  been 
integrated  numerically  and  the  critical  radii  corresponding  to  several  different 
values  of  ^  and  di  have  been  determined.  Results  of  this  computation  appear 
in  Table  II. 
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ON  THE  SUBSONIC  FLOW  THROUGH  CIRCULAR 
AND  STRAIGHT  LATTICES  OF  AIRFOILS 

Bt  C.  C.  Lin 

1.  Introduction.  In  the  study  of  gas  turbines  and  axial  flow  compressors,  one 
often  approximates  the  situaticm  by  considering  a  two-dimensional  flow  past  an 
infinite  lattice  of  identical  airfoils  (Fig.  1).  In  the  centrifugal  compressor,  a 
vaned-diffusor  is  usually  installed  aroimd  the  impellor  to  remove  the  circulation 
of  the  flow.  There  arises  then  the  problem  of  flow  through  a  group  of  identical 
airfoils  arranged  r^ularly  around  a  circle  (Fig.  2).  The  problem  of  incompres¬ 
sible  flow  is  well-known  in  the  first  case,  but  does  not  seem  to  be  extensively 
treated  in  the  second  case.  In  practice,  the  compressibility  of  the  air  can  hardly 
be  neglected,  and  the  problem  becomes  very  complicated  in  either  case.  The 
purpose  of  this  paper  is  to  try  to  provide  methods  for  calculating  flows  of  an 
incompressible  and  a  compressible  fluid  through  circular  and  straight  lattices. 

The  difficulty  in  these  cases  can  be  appreciated  by  considering  the  much 
simpler  problem  of  compressible  flow  past  a  single  airfoil.  The  only  exact  ana¬ 
lytical  method  known  is  the  hodograph  method,  which  is  however  rather  lengthy. 
To  bring  out  the  essential  aerodynamic  features,  one  usually  introduces  suitable 
approximations.  The  most  convenient  of  them  are  the  Prandtl-Glauert  approxi¬ 
mation  for  nearly  parallel  flows  and  the  von  K&rm&n-Tsien  approximation.  The 
Jansen-Rayleigh  approximation  is  suitable  only  for  small  Mach  numbers.  In 
the  present  cases,  the  Prandtl-Glauert  approximation  is  also  not  suitable,  because 
the  flow  involved  is  usually  not  nearly  parallel.  Elven  in  the  ease  of  the  straight 
lattice,  there  is  often  a  finite  deflection  the  direction  of  flow. 

It  is  thus  obvious  that  the  only  feasible  method  is  the  hodograph  method  with 
the  linear  pressure-volume  relation.  The  validity  of  this  method  does  not  depend 
on  the  nearly  piarallel  nature  of  the  flow,  but  on  the  fact  that  the  compression 
involved  is  never  too  great.  This  method  has  been  known  for  some  time,  but 
the  complete  formulation  for  flows  with  circulation  has  been  solved  only  recently 
by  a  slight  generalization  of  the  original  ideas.*'*  It  turns  out  that  this  generali- 
zatiiHi  throws  a  new  light  on  the  problem,  and  the  method  can  be  now  easily 
applied  to  flows  through  multiply  connected  regions,  such  as  those  we  are  con¬ 
cerned  with  here. 

Realizing  the  complication  involved,  we  are  here  to  present  the  general  inverse 
method  for  generating  such  flows.  The  direct  method  requires  very  complicated 
calculaticms,  even  in  the  case  of  an  incompressible  flow  past  a  single  thick  airfoil. 
The  present  method  is  general  in  the  sense  that  the  final  results  involve  an  arbi¬ 
trary  functicm  which  may  be  used  at  our  disposal  to  take  care  of  the  shape  of  the 
airfoils.  It  thus  has  great  flexibility  to  be  adopted  to  any  design  problem.  On 
the  other  hand,  no  specific  effort  has  been  made  in  this  paper  to  formulate  a 
design  procedure,  although  it  is  not  expected  to  be  difficult  to  do  so  for  any  set 
of  design  ccmditiiMis. 

It  might  be  pertinent  to  add  one  word  to  the  line  of  argument  which  led  to  the 
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FlO.  2.  ThK  ClRCtTLAB  LATTICE 

method.  It  is  emphasised  that  the  mapping  problem  and  the  flow  problem  are 
entirely  separated;  e.g.,  the  cimformal  mapping  of  a  circle  into  a  straight  lattice 
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of  identical  airfoils  is  a  purely  geometrical  problem.  By  examining  the  most 
general  of  such  mapping  functions,  one  can  easily  see  the  essential  part  of  its 
nature.  The  generalisation  to  the  circular  lattice  of  a  finite  number  of  airfoils 
is  then  very  easy.  By  combining  these  ideas  with  the  recent  improvement  of 
the  K&rmiin-Tsien  approximation,  the  method  presented  below  is  evolved. 

It  is  almost  needless  to  say  that  the  method  is  limited  to  the  subsonic  range, 
— an  inherent  restriction  in  the  linear  pressure-volume  approximatimi  (when  the 
flow  has  a  stagnation  point). 

In  the  next  section  (§2),  we  shall  first  discuss  the  general  characteristics  of 
flows  through  lattices  of  airfoils,  both  circular  and  straight.  It  will  be  followed 
by  a  summary  ci  our  methods  for  their  calculation  (§3).  The  proof  of  these 
methods  and  the  discussion  of  their  consequences  will  be  respectively  treated  in 
§4  and  §5.  In  §6,  alternative  methods  will  be  discussed. 

2.  General  nature  of  flows  through  lattices.  Before  giving  the  details  of  our 
method,  let  us  first  say  a  few  words  about  the  general  nature  of  the  flows  through 
lattices. 

The  incompressible  flow  past  a  straight  lattice  of  an  infinite  number  of  airfoils 
is  well-known.  The  flow  is  uniform  at  infinity  to  the  left,  and  becomes  again 
uniform  at  infinity  to  the  right,  with  however  a  generally  different  magnitude  and 
direction.  This  change  in  magnitude  and  direction  is  related  to  the  circulation 
around  the  airfoils.  While  the  circulation  around  a  single  airfoil  cannot  produce 
any  change  of  the  magnitude  and  direction  of  flow  at  infinity,  the  aggr^te  influ¬ 
ence  of  an  infinite  number  of  them  does.  The  amount  of  circulation  is  deter¬ 
mined  by  the  Kutta-Joukowski  condition  at  the  trailing  edge.  The  subsonic 
compressible  flow  does  not  differ  essentially  from  the  incompressible  case  in  its 
general  aspects.  The  restriction  to  finite  velocity  at  the  trailing  edge  is  however 
a  necessity  in  this  case,  instead  of  an  added  conditiim. 

The  general  character  of  the  incompressible  flow  past  a  circular  lattice  may  be 
described  as  follows.  At  the  center  of  s}rmmetry,  the  flow  essentially  has  the 
nature  of  a  complex  source.  The  circulation  may  or  may  not  be  sero.  A  c(hi- 
tour  enclosing  all  the  airfoils  at  large  distances  encloses  the  same  source  strength, 
but  would  in  general  have  a  different  circulation,  the  difference  being  equal  to 
the  sum  of  the  circulation  around  the  individual  airfoils.  The  flow  at  large 
distances  is  therefore  again  essentially  that  due  to  a  vortex  and  a  source.  The 
circulation  around  individual  airfoils  is  determined  by  the  Kutta-Joukowski  con- 
ditimi,  as  in  the  case  of  straight  lattices. 

In  the  compressible  case,  the  flow  near  the  center  of  symmetry  must  be 
changed,  because  there  cannot  be  a  point  source  or  vortex  in  compressible  flow. 
However,  this  does  not  cause  any  serious  difficulty  in  the  application  to  diffusors, 
because  the  central  portion  is  occupied  by  the  impeller  itself.  We  start  out  with 
a  certain  flow  with  circulation  and  a  radial  velocity,  at  a  finite  distance  from  the 
center.  The  outside  part  of  the  flow  does  not  differ  essentially  from  that  in  the 
incompressible  case.  The  circulation  around  the  individual  airfoils  is  again  de¬ 
termined  by  the  Kutta-Joukowski  cmidition,  and  the  flow  at  large  distances  is 
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essentially  that  due  to  a  vortex  and  a  source.  In  diffusors,  it  is  often  required 
that  the  circulati(m  outside  be  zero. 

On  the  other  hand,  the  ccxitinuation  of  the  outside  part  of  the  flow  inwards  to 
the  center  of  symmetry  leads  to  the  limiting  line  at  some  distance  from  it.  The 
solution  then  ceases  to  exist  for  the  inside  part,  and  further  continuation  of  the 
solution  turns  back  to  the  outside  part,  and  leads  to  the  second  branch  of  a 
multiple-valued  solution. 

3.  Mefliods  for  calculating  flows  through  lattices  of  airfoils.  In  the  present 
section,  we  shall  present  the  methods  for  calculating  the  flows  discussed  in  the 
last  section.  We  shall  formulate  below  the  method  in  full  for  the  case  of  com¬ 
pressible  flow  through  a  circular  cascade.  The  other  three  cases  can  all  be  ob¬ 
tained  by  simplifications  of  this  case,  as  will  be  explained  below. 

Let  p,  p,  M,  t)  be  the  pressure,  density  and  components  of  velocity  of  a  steady 
two-dimensional  irrotational  flow  in  the  x,  y  plane.  Let  p  be  a  function  of  the 
density  p  only  (given  either  by  the  isentropic  relation  or  any  other  approximate 
relation).  Then  there  exist  the  velocity  potential  <t>  and  the  stream  function  4/ 
defined  by  the  following  differential  relations: 

d4>  —  udx  vdy,  (3.1) 

—  pvdx  -h  pfudy.  (3.2) 

The  velocity  components  u,  v  and  the  density  p  are  further  connected  by  Ber¬ 
noulli’s  equation 

+  j  dp/p  =  const.,  iq*  =  u*  +  v*).  (3.3) 

It  is  convenient  to  refer  the  density  of  the  gas  to  that  at  the  stagnation  point  and 
to  refer  all  the  velocities  to  the  velocity  of  sound  at  stagnation.  The  coordinates 
X,  y  may  be  r^arded  as  referred  to  the  size  of  the  body,  and  the  pressure  as 
referred  to  the  product  of  stagnation  density  and  the  square  of  the  velocity  of 
sound  at  stagnation.  Throughout  this  article,  this  process  shall  be  implied,  and 
all  the  quantities  under  discussion  are  dimensionless. 

As  is  well-known,  the  problem  simplifies  greatly  if  the  pressure-density  relation 
is  approximated  by  ' 

p  -  .4  -  B/p.  (3.4) 

This  is  the  basis  of  the  method  of  Chaplygin,  von  K&rmdn  and  Tsien.  A  discus¬ 
sion  of  its  physical  interpretation  may  be  found  in  the  papers  of  these  authors. 
Equation  (3.3)  leads  to 

c  =  1/p  =  Vl  +  ?*,  (3.5) 

where  c  is  the  local  velocity  of  sound.  Indeed,  B  must  be  equal  to  unity  if  the 
reference  stagnation  quantities  are  calculated  from  (3.3)  by  the  use  of  (3.4). 

Under  the  approximation  (3.4),  the  following  method  may  be  used  for  con¬ 
structing  two-dimensional  subsonic  flows  through  lattices. 
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Let  F(j[)  be  the  cinnplex  potential  functiim  of  the  incompressible  flow  due  to 
two  cmnplex  soviroes  in  the  f-plane  (f  ~  +  ivi)  at  f  ->  Oi  and  T  u*  outside  the 

circular  boundary  |  f  |  —  1  (Fig.  3): 

^(f)  -  -di  log  (f  -  oi)  +  iii  log  (f  —  l/fli)  +  Bi  log  (f  -  Of) 

+  5,  log  (f  -  1/a,),  (3.5) 


Fig.  3.  The  f-PLANE,  with  the  Four  Important  Contours  op  Integration 

where  A,  and  Bi  are  complex  constants,  and  Re  ili  »  —  Re  Ri .  The  mapping 
between  the  z-plane  (z  ■=  x  +  iy)  and  the  f-plane  defined  by 

*  -  «(f)(r  -  -  o.)— 

-  -  <h)'*'''df  (3.6) 

gives  a  compressible  flow,  with  the  linear  pressure  volume  approximation,  past 
a  circular  lattice  of  n  identical  blades  in  the  z-plane  (Fig.  2)  with  velocity  poten¬ 
tial  ^  and  stream  function  given  by 

0  4-  =  F(f),  (3.7) 

provided  that  g(f)  is  chosen  to  satisfy  the  following  general  requirements: 

(a)  It  is  regular  in  the  region  R,  defined  by  1  f  [  ^  1. 

(b)  It  does  not  vanish  in  R  except  possibly  at  one  point  on  the  circle,  where 
F'(f)  =  0;  the  order  of  the  zero  does  not  exceed  one. 

(c)  Alcmg  the  circle  |  f  |  *  1,  ^  dz  *  0. 

(d)  Except  in  the  neighborhood  of  t  ,  the  following  inequality  holds  in 

R: 

I  /^'(r){f/(f)}“‘(f  -  I  <  2. 
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Condition  (d)  sets  a  limit  to  the  region  of  validity  d  the  calculated  flow  field  in 
the  z-plane.  The  magnitude  q  and  direction  6  of  the  velocity  at  any  point  is 
given  by 

rrvfT?  ^ 

SimpUficaHon  to  other  cases. 

In  the  limiting  case  n  -*  oo,  condition  (d)  is  to  be  satisfied  throughout  R,  and 
the  above  scheme  defines  the  compressible  flow  past  a  straight  lattice  of  an  infinite 
number  of  blades  (Fig.  1). 

The  incompressible  flow  through  circular  and  straight  lattices  can  be  obtained 
from  the  same  general  scheme  by  simply  omitting  the  second  term  in  dz  (in  Eq. 
(3.6))  and  dropping  the  condition  (d).  Equation  (3.8)  also  simplifies  to 

^  (3.9) 


4.  Proof.  The  pitxrf  of  the  above  statements  may  be  divided  into  three 
parts: 

(a)  to  show  that  the  desired  geometry  of  the  lattice  is  obtained, 

(fi)  to  show  that  the  differential  equations  for  the  velocity  potential  and  the 
stream  function  are  satisfied  by  the  fimction  (3.7)  in  the  z-plane, 

(y)  to  show  that  the  required  boundary  conditi<m8  and  singularities  are  ful¬ 
filled. 


Again,  we  shall  carry  through  the  proof  in  detail  only  for  the  case  of  compres¬ 
sible  flow  through  a  circular  lattice.  For  the  other  cases,  we  shall  point  out  the 
modifications  necessary. 

(a)  Geometry  of  the  mapping. 

To  examine  the  nature  of  the  mapping  (3.6),  let  us  first  examine  its  Jacobian 
for  the  singularities.  The  Jacobian 


,  _  d(x,  y) 
S((,v) 


can  be  easily  shown  to  be 

^  { U I  •  I  r  -  a,  I  1  f  -  0, 


16 


F'(r) 


(f  -  ax)*-‘'"(f  -  0.)^+*'- 


Thus,  if  the  condition  (d)  of  §3  is  satisfied,  the  Jacobian  will  always  remain  non¬ 
negative  in  R.  It  may  vanish  at  a  single  point  on  the  circle,  which  point  is  then 
mapped  into  a  comer  or  a  cusp.  This  is  the  point  where  g(C)  >■0.  It  is  neces¬ 
sary  that  the  condition  (b)  of  §3  be  satisfied  in  order  that  condition  (d)  may  be 
satisfied  in  the  neighborhood  of  this  point.  In  specifying  condition  (d),  it  is 
necessary  that  a  neighborhood  of  f  ■■  Oi  be  excluded,  because  the  function 
^'(f)  {17(f)  }~*(f  ~  «i)*~‘^"(f  —  becomes  infinite  as  f  oi . 
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The  Jacobian  becomes  infinite  as  ai  or  f  — »  Os .  As  the  point  »  oi  is 
to  be  excluded,  we  need  only  pay  our  attention  to  the  infinity  as  f  — >  Oi .  How¬ 
ever,  notice  that  the  mapping  (3.6)  does  exhibit  branch-point  nature  both  around 
f  «  Gi  and  f  —  Ot . 

With  these  behaviour  of  the  mapping  function  in  mind,  let  us  trace  out  the 
actual  mapping  of  the  circle  |  f  |  »>  1  into  the  circular  lattice  in  the  z-plane.  To 
do  this,  we  consider  four  closed  paths  in  the  r-phme  described  respectively;  (i) 
around  the  circle,  (ii)  around  the  point  t  ,  (iii)  around  the  point  f  a« , 
and  (hr)  enclosing  both  singular  points.  (See  Fig.  3.) 

(i)  Path  around  the  circle.  Because  of  conditicm  (c)  of  §3,  it  is  clear  that,  as 
f  runs  around  such  a  path,  the  corresponding  point  z  will  also  describe  a  closed 
path.  In  particular,  the  circle  is  mapped  into  one  of  the  airfoils  desired.  The 
boundary  will  have  a  sharp  edge,  if  the  fimction  g(i;)  vanishes  on  the  circle.  It 
is  not  obvious  a  priori  that  the  closed  curve  will  be  free  from  double  points. 
However,  some  calculated  example  did  not  encounter  this  difiSculty. 

(ii)  Path  around  f  ■■  ax .  As  T  describes  a  closed  path  CD  in  the  f'-plane,  its 
image  in  the  z-plane  does  not  return  to  its  starting  point,  but  rather  moves  from 

Ct  to  Ci  along  some  path  such  as  that  indicated,  because  j  dz  along  such  a  path 

is  not  zero.  If  we  make  the  point  f  describe  the  same  path  again,  it  must  be 
noted  that  the  angle  of  f  —  ax  has  been  increased  by  2r,  and  hence  the  angle  of 
dz  has  been  increased  by  2r/n  (cf.  (3.6)).  The  first  term  of  (3.6)  gets  this  factor 
by  virtue  of  the  factor  (f  —  Ox)~*'*’^"  while  the  second  term  gets  it  from 
(f  —  Ox)“‘“^^".  Thus,  if  C»  is  the  image  of  D  after  the  second  circling  of  the  point 
r  —  ax ,  the  vector  CjCi  is  to  be  obtained  from  C[c\  by  a  rotation  through  an 
angle  of  2r/n.  In  fact,  the  whole  path  €%€%  may  be  obtained  from  CiCt  this 
way.  Thus,  after  the  path  CD  has  been  described  n-times,  we  have  a  series  of 
points  Cl,  Ct,  Cm-x  ,  C»  ,  which  are  the  vertices  of  a  regular  polygon  of  n 
sides,  if  Cl  coincides  with  Ci .  To  show  that  this  is  the  case,  we  introduce  an 
auxiliary  variable 

ri  -  (f  - 

and  consider  the  neighborhood  of  the  point  fx  0.  Describing  the  path  CD  n 
times  is  equivalent  to  a  closed  path  around  the  origin  of  the  fx*plane.  It  can  be 
easily  seen  that  the  first  term  in  (3.6)  becomes  regular  in  fx ,  and  that  the  second 
term  has  a  pole  with  a  Laurent  development  of  the  form  fr*(a  +  /3f "  +  •••)• 
The  residue  aroimd  fx  "■  0  is  therefore  zero  if  n  >  1.  Hence,  a  closed  path 
around  Ti  ~  0  leads  to  a  closed  path  in  the  z-plane. 

Thus,  the  mapping  of  a  path  CD  is  obtained  by  first  tracing  the  curve  CiCt  and 
then  rotating  the  whole  figure  through  an  angle  of  2iw/n  about  a  certain  point 
n  times.  Although  this  center  of  rotaticm  will  not  be  reached  by  our  mapping, 
it  is  fixed  and  the  same  for  all  points.  To  see  this,  it  is  only  necessary  to  note 
that  the  path  CD  is  an  arbitrary  path  and  therefore  may  be  made  to  cover  any 
p<»nt. 

The  net  effect  of  describing  a  path  around  f  ax  is  therefore  to  rotate  the 
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whole  picture  through  an  angle  of  2ir/n  in  the  same  sense  as  the  path  is  taken  in 
the  f-plane.  Thus  n  identical  airfoils  are  generated  by  the  circle  |  f  |  »  1  if  f 
keeps  on  describing  closed  paths  like  ABCDA  (in  the  sense  indicated  in  Fig.  3) 
with  the  points  A,  B  on  the  circle. 

(iii)  PcUh  around  i  ^  a^.  It  is  clear  that  when  f  describes  a  closed  path 
around  at,  the  effect  is  similar.  The  only  difference  is  that  the  rotation 
through  an  angle  2T/n  in  the  z-plane  is  in  a  sense  c^posite  to  that  of  the  motion 
of  the  point  The  question  arises  whether  the  rotation  takes  place  around  the 
same  center.  This  is  equivalent  to  say  whether  the  effect  of  describing  a  path 
around  ^  »  Ot  exactly  cancels  that  of  describing  a  path  around  ^  »  ai  in  the 
same  sense.  As  path  (i)  gives  a  nil  effect,  the  question  is  really  whether  path 
(iv)  also  gives  a  nil  effect.  This  is  indeed  the  case,  as  sho^vn  below. 

(iv)  Path  enclosing  the  circle  and  the  singularities.  To  examine  this  path,  we 
concentrate  our  attention  to  the  behaviour  of  (3.6)  at  the  point  of  infinity.  In 
the  first  place,  the  coefiScients  are  single-valued  in  this  neighborhood,  as  can  be 
easily  seen.  Let  us  e.xaminate  whether  there  is  a  finite  residue. 

Since  j7(f)  does  not  vanish  as  f  — »  « , 

git)  -  f7(«>)  +  o(r‘).  (4.2) 

The  behaviour  oi  F'(f)  at  infinity  is  given  by 

rit)  =  -  Oi)~*  +  Mt  -  1M)"‘  +  Bi(r  -  o.)”‘  +  5i(f  -  l/d,)-‘ 

“  (Ai  +  Ai  -f-  -H  5i)f  *  -|-  Oit~*). 

Now,  by  the  condition 

Re  Ai  —  Re  Bi 

we  see  that  the  coefficient  of  vanishes.  Hence, 

F'it)  »  C-r  +  0(r*),  (4.3) 

at  infinity,  where  C  is  finite  or  zero.  Thus,  the  two  terms  in  dz  of  (3.6)  have  the 
following  behaviour: 

«(r)(f  -  -  o.)"'"""  ~ 

Thus,  the  residue  is  zero,  and  hence  a  closed  path  is  described  in  the  z-plane  as 
we  describe  a  closed  path  in  the  f-plane  at  large  distances.  In  fact,  as  f  — »  w , 
z  does  not  become  infinite.  The  point  at  infinity  in  the  I'-plane  is  mapped  into 
some  point  at  finite  distances  from  the  airfoils. 

The  descripticm  of  the  mapping  of  such  paths  thus  demonstrate  that  (3.6)  is 
the  desired  mapping  for  the  circular  lattice  of  n  airfoils.  Two  remarks  are  to  be 
added.  (1)  The  point  f  »  os  maps  into  the  point  at  infinity  in  the  z-plane  as 
one  can  easily  see  from  (3.6).  (2)  Without  the  second  term  of  (3.6),  as  it  is 
indeed  the  case  for  incompressible  flows,  the  point  t  maps  into  a  finite  point 
in  the  z-plane,  which  may  be  conveniently  taken  to  be  the  origin.  In  the  com- 
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pressible  case,  one  must  exclude  a  certain  region  in  the  f-plane  where  condition 
(d)  is  not  satisfied.  Thus,  as  one  approaches  the  boundary  of  this  r^on  fr(xn 

B  Oi ,  the  point  z  moves  inwards  from  infinity  to  the  image  oi  this  boundary  in 
the  z-plane.  When  the  boundary  is  crossed,  the  path  in  the  z-piane  reverses  its 
direction  of  motion,  and  we  have  the  outer  region  covered  again.  This  is  the 
familiar  phenomenon  associated  with  a  vanishing  Jacobian,  or  specifically,  the 
limiting  line  in  compressible  flow. 

The  geometrical  part  of  the  proof  is  now  complete. 

(jS)  Satisfaction  of  the  differential  equation.  Having  clarified  the  geometry  of 
the  mapping,  we  want  to  show  now  that  (3.7)  and  (3.8)  give  the  velocity  poten¬ 
tial,  the  stream  function  and  the  magnitude  and  directimi  oi  velocity  of  the  com¬ 
pressible  flow  in  the  z-plane.  We  shall  first  show  that  the  differential  equations 
for  <h  and  ^  are  satisfied,  leaving  the  discussion  of  the  boundary  conditions  to  the 
next  section. 

It  is  well  known  that  imder  the  approximation  (3.4),  the  relations 

dz  =  dF/w*  -  i  w*dF  F  =  Fiw*)  (4.5) 

with  z,  F,  w*  defined  by 

z  =  X  -f  ly,  F  =  +  i\ 

«  _  _ 2^ _  _ji 

^  -  i  +  VT+~^" 

would  give  a  solution  of  the  differential  equations  of  compressible  flow.  Instead 
of  trying  to  establish  a  relation  between  F  and  w*  directly,  we  introduce  an 
auxiliary  variable  f  such  that  J’(^‘)  and  w*if)  are  anal3rtic  functions.  This  is 
done  in  (3.6)  by  taking  F(f)  to  be  given  by  (3.5)  and 

»•«■)  -  -  o.)'"-'".  (4.7) 

which  is  indeed  (3.8).  Thus,  differential  relations  are  satisfied,  and  0,  if,  q,  d  aa 
calculated  indeed  define  a  field  of  compressible  flow. 

(7)  Satisfaction  of  conditions  in  the  large. 

The  essential  conditions  to  be  satisfied  in  the  large  are  the  following: 

(i)  The  flow  field  is  invariant,  when  rotated  through  an  angle  of  2T/n; 

(ii)  A  contour  such  as  CjCi  •  •  •  Cn-iC[  should  give  a  certain  amount  of  circu¬ 
lation  and  enclose  a  certain  source  strength; 

(iii)  A  contour  drawn  to  enclose  all  the  airfoils  has  a  similar  property;  and 

(iv)  Each  airfoil  should  be  a  stream  line,  around  which  the  circulation  is  equal 
to  one-nth  the  difference  of  those  in  (ii)  and  (iii). 

It  is  not  difficult  at  all  to  verify  that  these  conditicms  are  satisfied.  The  first 
point  follows  directly  from  the  geometry  of  the  mapping.  The  flow  field  in  the 
f'-plane  is  mapped  onto  1/n  of  the  z-plane  correspcmding  to  one  determinatiim  of 
the  n-th  roots  in  (3.6).  The  other  portions  of  the  z-plane  are  obtained  by  rotat¬ 
ing  the  first  portioQ  over  angles  of  2r/n,  4ir/n,  etc.,  and  corresponds  to  the  other 
determinations  of  the  n-th  roots  in  (3.6).  The  stream  line  patterns  are  identical. 
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because  F(f)  is  merely  changed  by  additive  constants  when  the  angles  of  f  —  oi 
and  ^  —  at  change  by  2t. 

To  verify  the  second  point,  let  us  recall  that  the  contour  CiCt  •  •  •  Cl-iCi  corre¬ 
sponds  to  the  contour  CD  around  »  ai  described  n  times.  It  is  therefore 
obvious  that  the  source  strength  and  the  circulation  are  given  by  the  real  and 
imaginary  parts  of  nAi . 

A  ccMitour  drawn  to  enclose  all  the  airfoils  corresp<md8  to  the  contour  (iii)  of 
Fig.  3  described  n  times.  The  source  strength  and  the  circulation  are  given  by 
the  real  and  imaginary  parts  of  —nSi .  The  negative  sign  comes  from  the  fact 
that  we  are  mapping  f  »  Ot  to  2  ~  oo ,  and  therefore  the  positive  sense  df  the 
c(xitour  has  been  reversed.  Notice  that 

Re{nAi)  ■«  Re(—nBi), 

by  the  original  condition  imposed  on  Ai  and  Bi .  The  difference  of  circulation  is 
Im(— n5i  —  nAi)  ■■  n  Im(Ai  +  Bi). 

The  airfoils  are  stream  lines,  because  ^  is  constant  along  each  of  them.  The 
circulation  around  each  of  them  is  the  same  as  that  around  the  circle  in  the 
f-plane,  which  is  Im(Ai  +  Bi).  This  is  exactly  1/n  the  circulation  difference 
just  discussed. 

The  proof  is  now  complete  for  the  compressible  flow  through  a  circular  lattice. 

Simplification  U>  Straight  Lattice*  When  n  — »  «>,  the  mapping  function  (3.6.) 
becomes 

*  -  »(r)(r  -  -  ».)■**  -  -  a.)(f  -  (4.8) 


Thus,  the  branch  point  nature  ci  the  singularity  at  f  »  ai  and  ^  —  Os  disappears 
and  a  path  around  f  =  Oi  and  f  Oj  changes  z  by  a  constant  value  without 
changing  the  mapping  function.  Thus,  a  translation  in  the  z  plane  is  produced, 
which  may  be  regarded  as  the  limit  of  the  previous  rotation  through  an  angle 
2ir/n,  as  n  goes  to  infinity.  The  lattice  may  be  regarded  as  arranged  on  a  circle 
of  infinite  radius. 

Both  the  points  f  —  ai  and  —  Ot  are  mapped  to  infinity,  the  first  to  the  left 
of  the  lattice,  the  second  to  the  right,  if  the  value  of  gif)  is  properly  chosen  at 
f  ««  Oi .  The  velocity  of  flow  at  z  —  ^  «  are  respectively  given  by  (cf.  (3.8)). 


1  +  Vl  +  9* 


(oi  -  at), 


and 


1  +  Vl  +  «• 


-a  /  \ 

e  =  777'\  (oi  -  oi). 


*  In  a  yet  unpublished  paper,  Prof.  L.  Bers  showed  that  the  integral  equation  method 
developed  by  him  (Ref.  3)  for  the  case  of  a  single  profile  can  be  extended  to  the  case  of  a 
straight  cascade. 
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These  formulae  give  the  change  both  in  the  magnitude  and  in  the  direction  of 
the  velocity  when  the  fluid  passes  through  the  lattice. 

Incompressible  fluid.  If  the  fluid  is  incompressible,  the  second  terms  on  the 
right-hand  sides  of  (3.6)  and  (4.8)  are  to  be  dropped,  leaving  a  conformal  mapping 
between  the  s-plane  and  the  f-plane.  The  mapping  covers  the  whole  of  the 
2-plane  up  to  the  center  of  symmetry.  One  can  see  this  by  noting  that  the 
Jacobian  (4.1)  will  no  Icmger  vanish  (m  account  of  the  seccmd  factor  (which  is 
now  identically  unity). 

In  the  case  of  a  straight  lattice,  condition  (c)  of  §3  leads  to 

g(ai)  “  Oi<h).  (4.11) 

The  velocities  of  flow  at  infinity  are  respectively 

-♦#  -di  ,  .. 

-a  . 


(at  —  at) 


qe**  = 


(oj  -  Oi) 


Z  =  00 


The  change  of  velocity  is  given  by  —Bi/Ai .  A  similar  factor  for  change  can  be 
obtained  from  (4.9)  and  (4.10). 

6.  Choice  of  the  function  gQ;),  A  few  words  about  the  choice  of  the  fimction 
g{^)  is  in  order.  A  simple  function  regular  outside  the  unit  circle  is 


where  Xi ,  Xt ,  ■  *  *  ,  Xn  are  points  inside  the  circle.  The  mapping  is  completely 
regular  on  the  circle,  and  the  body  produced  would  be  void  of  a  sharp  trailing 
edge,  which  is  needed  for  an  airfoil.  By  making  one  of  the  points,  say  Xi ,  to  lie 
on  the  circle,  a  cusp  will  be  produced,  provided 


so  that  the  Jacobian  (4.1)  does  not  become  infinite  through  the  second  factor. 
Otherwise,  the  Jacobian  changes  its  sign  in  the  neighborhood  of  ^  —  Xi  outside 
the  circle,  and  the  whole  mapping  procedure  is  made  useless.  If  a  finite  angle  is 
desired,  <me  may  choose,  say, 

where  «  >  0.  The  angle  would  then  be  «r.  The  power  1  -f  e  is  necessary  for 
some  factor  in  order  that  the  function  gd)  be  single-valued  outside  of  |  |  1. 

It  is  however  difi&cult  to  know  in  advance  whether  the  mapping  will  be  multi¬ 
ply  covered;  i.e.,  whether  the  contour  of  the  airfoil  will  be  a  curve  with  double 
points.  It  seems  that  experience  should  help  in  such  a  problem.  So  far  the 
author  has  not  encountered  such  diflSculties. 

^age  127:  In  the  last  formula  omit  the  exponent  l+€.  Also 
omit  the  statement  concerning  this  exponent  which  follows. 


128 


C.  C.  LIN 


6.  Diacusskm.  The  previous  treatment  gives  only  the  basis  of  the  themy. 
It  should  not  be  difficult  to  work  out  the  aerodynamic  properties  of  the  lattice 
in  terms  of  the  functimi  g(X)  analogous  to  the  general  airfoil  theory.  Thus,  it 
might  be  expected  that  g(ai),  g'((h),  *  *  -  and  g(at),  g'(at)f  *  *  *  would  determine 
many  of  the  aerodynamic  characteristics.  From  these  discussicms,  design  pro¬ 
cedures  are  to  be  evolved. 

It  is  also  noteworthy  that  the  present  formulation  (as  well  as  the  compressible 
flow  past  a  single  airfoil)  is  actually  independent  of  the  hodograph  plane,  although 
the  historical  develi^ment  has  been  that  way.  The  essential  step  is  a  mapping 

(2? 

(2? 

- (f> 

(Si 

(sf 

(*i 

(Si 

Fio.  4.  Gbnkration  or  a  Stbaioht  Latticb  bt  Superposino  a  Uniform  Flow  with 
A  Stbtem  op  Complex  Sources. 


oi  an  incompressible  flow  into  a  compressible  flow.  More  precisely,  mappings 
oi  the  kind  (3.6),  which  depends  explicitly  on  F'(r),  make  F(r)  at  once  the  com¬ 
plex  velocity  potential  of  an  incompressible  flow  in  the  f-plane  and  ci  a  com¬ 
pressible  flow  in  the  z-plane  with  velocity  given  by  (3.8).  In  general,  one  may 
consider 


dz  =  A(f)df-ilF'*(r)ilfc(f)i-‘dr. 

.  2qe~* 

*  +  uf-F(S),  J  ^  VlT? 


dz  =  0, 
F^(f) 


(6.1) 


to  be  mapping  an  incompressible  flow  in  the  f-plane  into  a  compressible  flow  in 
the  z-plane.  If  A:(f )  is  not  much  different  from  imity,  the  two  flows  will  be  similar 
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in  nature.  The  reduction  of  (6.1)  to  conformal  mapping  of  incompressible  flows 
is  very  easy. 

This  immediately  suggests  other  methods  of  obtaining  flows  of  the  t3rpe8  dis¬ 
cussed  above.  One  can  easily  construct  a  particular  incompressible  flow  of  the 
gener^  nature  desired.  Two  infinite  rows  of  source-vortex  combinations  of 
equal  and  opposite  source  strength  superposed  with  a  uniform  velocity  will  pro¬ 
duce  an  incompressible  flow  past  a  straight  lattice  (Fig.  4).  Similarly,  the 

t) 


td) 

Fio.  6.  Gbnebation  or  a  Circular  Lattice  bt  Superposino  a  System  of  Complex 
Sources. 

circular  arrangement  of  such  pairs  with  a  complex  source  at  the  center  will  pro¬ 
duce  the  flow  past  a  circular  lattice  (Fig.  5).  The  shape  of  the  bodies  thus  ob¬ 
tained  may  be  not  very  desirable.  Nevertheless,  one  can  make  them  the  basis 
for  producing  desired  flows  by  mappings  of  the  kind  (6.1)  just  described. 

Doubtless,  this  basic  incompressible  flow  can  be  mapped  into  the  incompres¬ 
sible  flow  outside  a  imit  circle  with  certain  singularities  in  the  field,  such  as  that 
given  by  (3.6),  with  the  second  term  on  the  right  dropped.  The  direct  mapping 
of  the  final  compressible  flow  from  the  plane  of  the  circle  will  then  be  of  the  kind 
(3.6).  Only  experience  will  tell  whether  these  alternative  methods  just  proposed 
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wiU  be  more  advantageous  than  the  general  theory  for  certain  types  of  design 
problems.  It  is  probably  safe  to  say  that  at  least  the  general  theory  of  §3  will 
be  easier  to  apply  for  the  determination  of  the  general  flow  characteristics. 
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OPTICAL  ALGEBRA* 

Bt  Nathan  Gbibb  Pabkb  III 

There  have  been  three  major  lines  of  attack  on  the  problem  of  obtaining  a 
useful  and  8ati8f}ring  mathematical  representaticm  of  light  and  the  instruments 
through  which  it  passses.  Wiener*  developed  a  generalized  harmonic  analysis 
and  a  statistical  description  of  light.  He  introduced  the  coherency  matrix. 
His  work  follows  the  lead  of  Rayleigh,  Schuster  and  others.  Jones*  developed  a 
matrix-vector  calculus  of  monochromatic  plane  waves  based  on  the  electric 
vector.  Mueller*  developed  a  phenomenological  matrix-vector  calculus  based 
on  the  Stokes*  vector  which  is  defined  in  terms  of  observable  light  intensities. 
The  work  of  Jones  and  Mueller  is  characterized  by  the  explicit  recognition  of 
the  role  of  the  instrument  and  its  representation  by  a  matrix.  All  these  re¬ 
searches  are  primarily  concerned  with  polarization  or  coherence,  not  with 
images. 

The  central  purpose  of  the  present  research  was  to  determine  the  mathe¬ 
matical  relation  between  the  work  of  Wiener,  Jones  and  Mueller.  The  inter¬ 
relation  was  discovered.  The  result  is  an  algebraic  formulation  of  optical 
statistics  in  which  the  results  of  Wiener,  Jones  and  Mueller  play  natural  and 
essential  roles.  As  a  result  of  the  connection  it  is  now  possible  to  compute 
theoretically  the  expected  values  of  the  observables  defined  phenomenolc^cally 
by  Mueller.  Indeed,  one  has  what  appears  to  be  the  beginning  of  a  statistical 
optics  which  bears  the  same  relation  to  phenomenological  optics  that  statistical 
mechanics  bears  to  thermodynamics.* 

The  overall  structure  of  optical  algebra  is  most  readily  apparent  from  Fig.  1. 
The  algebras  have  been  associated  with  the  names  of  Jones  and  Mueller,  the 
original  investigators.  However,  at  the  beginning  of  the  present  research,  only 
the  Jones  frequency  algebra  and  the  elementary  Mueller  frequency  algebra 
existed.  The  remainder  of  the  structure  is  new. 

Jones  Frequency  Algebra.  Jones  frequency  algebra  is  a  mathematical  system 
in  which  the  complex  vector  function 

(1)  E(«)  *  (Fi(w),  F»(w))  .=».  Maxwell  vector* 

*  This  work  has  been  supported  in  part  by  the  Signal  Corps,  the  Air  Materiel  Command 
and  O.N.R.  It  is  a  condensation  of  the  mathematical  part  of  a  thesis,  “Matrix  Optics,'* 
submitted  in  partial  fulfillment  of  the  requirements  for  the  degree  of  Doctor  of  Philosophy 
at  the  Massachusetts  Institute  of  Technology  (1948). 

*  Wiener,  N.:  Acta  Math.  68: 117  (1930);  Extensive  bibliography. 

*  Jones,  R.  C.:  Jour.  Opt.  Soc.  Am.,  81:  488  (1941);  87:  707  (1947);  88: 671  (1948). 

'  Mueller,  H.:  M.I.T.,  course  8.262;  Fall  1946,  and  an  unpublished  manuscript. 

*  The  subject  is  treated  in  full  in:  Parke,  N.  O.:  “Matrix  Optics,’’  Ph.D.  Thesis,  Course 
VIII,  M.I.T.,  1948.  200  pp.  Ch.  I,  Gener^sed  Optical  Algebra;  Ch.  II,  Illustrations  and 
Examples;  Ch.  Ill,  Statistical  Harmonic  Analysis;  Ch.  lY,  Quasi-Stationary  Scattering. 
The  present  paper  summarises  the  mathematical  aspects  of  the  algebraic  structure.  Space 
limitations  preclude  any  nvotivation  or  interpretation.  A  slightly  more  extensive  sum¬ 
mary  will  be  found  in  Report  No.  70,  Research  Laboratory  of  Electronics,  M.I.T.,  1948. 

*  The  symbol  is  read  “called’’  or  “represents.’’ 
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characterizes  the  radiation.  The  complex  matrix  function 

(2)  J{u)  *=  [•/<y(c>>)] .  > .  Jones  matrix 

characterizes  the'instrument.  The  definition  of  «/  is  the  basic  transfer  relation, 

(3)  E'  -  2tJE,  for  all  EiE' outgoing  radiation. 

The  following  operations  occur, 

(4)  E  ••  El  +  Et  vector  addition  coherent  superposition 


UXiaifTAlT  ALOnftAS 

OINXAAUIBD  AtOmAt 

Jones  Frequency  Algebra 

Eq.  (3)  E’  -  2rJE 

Symbols 

Maxwell  Quantities  .i-.  E,  e,/ 

Stokes  Quantities L, 

Jones  Quantities  . — .  7,  j  .  ■■ .  Instrument 
Mueller  Quantities  Instrusaegt 

Jones  Time  Algebra 

Eq.  (26)  e'«)  -  ^  -  k)  dU 

Eq.  (34)  /;«)  -  j;(U)Sa(-i  -  U) 

Generalized  Jones  Time  Algebra 

Eq.  (30)  /;<^(0  -  >if«,)/^^((  -  U) 

1  ...  Wiener’s  (jSeneralized 

1  Harmonic  Analysis 

Mueller  Time  Algebra 

Eq.  (38)  iP^(0  1  —  h  +  Ii) 

Generalized  Mueller  Time  Algebra'  , 
Eq.  (60) 

Mueller  Frequency  Algebra 

Eq.  (40)  5l/«)  -  .V]5(«)5ti(«) 

Generalized  Mueller  Frequency  Algebn 
Eq.  (62)  Sl^(«)  - 

Fio.  1.  Thc  Stbuctubb  op  Optical  Alobbba 

(5)  J  —  JiJi  .  =  .  matrix  multiplication  .»>.  instruments  in  series 

(6)  J  ^  Ji  +  Ji  inst^ruments  in  parallel. 

Mueller  Frequency  Algebra.  Mueller  frequency  algebra  is  a  mathematical 
system  in  which  the  complex  vector  functiim 

(7)  L(«)  *  (/(«),  M(u),  C(w),  5(<i>))  Stokes  vector 
characterises  the  radiatiim.  The  complex  matrix  functiim 

(8)  M{u)  [Jf </((<>)] Mueller  matrix 

characterizes  the  instrument.  The  definition  of  Af  is  the  basic  transfer  relation, 

(9)  U  =  ML,  for  all  L;  L' .  — .  outgoing  radiation. 
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The  following  operations  occur, 

(10)  L  =  Li  -f  L| ,  —  .  vector  addition  .  — .  incoherent  superposition 

(11)  Af  =  MiMi  .«=.  matrix  multiplication  instruments  in  series 

(12)  Af  *>  Afi  +  Afj  .  =  .  matrix  addition  .  =  .  instruments  in  parallel. 


Wiener’s  Generalized  Harmonic  Analysis.  Wiener  has  pointed  out  that,  in 
the  electromagnetic  theory  of  light,  the  field  vectors  E  and  B  are  not  observables 
as  they  appear  to  be  at  lower  frequencies.*  Optical  observations  always  end  in 
intensity  measurements  using  the  eye,  a  photographic  plate,  the  photoelectric 
effect,  a  bolometer,  etc.  The  quantities  of  the  Maxwell  theory  most  nearly 
corresponding  with  these  observ’ations  are, 

\{E.D  +  B.H)  .  =  .  energy  density 
E  X  H  .  =  .  Poynting  vector  .  = .  energy  flow 


quantities  depending  “quadratically”  on  the  field  quantities  E,  B,  D,  H.  This 
linear-quadratic  duality  is  exactly  the  relation  between  Jones  and  Mueller  alge¬ 
bra.  The  correspondence  is  supplied  by  Wiener’s  generalized  harmonic  analysis. 

As  introduced  by  Wiener,  the  generalized  harmonic  analysis  of  a  function /(f), 
takes  place  in  two  steps. 


(13) 


(14) 


^(0  =  Lim  ^  f  f(t  +  to)f*(to)  die 
<f(t  +  to)f*(to)  >  Avf. .  = .  auto-correlation 

5(«) 

“  .  =■ .  Fourier  transformation. 


If  this  is  applied  to 

(15)  f(t)  =  OnfniO'y  <*»  complex;  (Summatiem  conventiem), 
then 

(16)  <p(t)  -  an¥>nm(t)(C 
where 

(17)  =  <f»(t  -f  .-.  Interference  matrix. 

The  Fourier  transformation  of  eq.  (16)  yields,  ^ 

(18)  S(u)  -  anSnm(a)<C 


where 

(19)  Snm(<»)  =  F<f>nm{t)  .-.  Spectral  matrix. 

*  Wiener,  N.:  Jour.  Franklin  Institute  207:  525  (1929). 
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Wiener  prefers  the  matrix 

1  f"  —  1 

(20)  Cwm(w)  “=  x-  /  — r —  (ft  .*=.  coherency  matrix. 

Zt  i—m 

When  differentiatim  is  meaningful, 

(21)  S.«((u)  -  {d/du>)CM- 

For  a  mon(x;hromatic  plane  wave  of  frequency  u,  it  turns  out  that  the  spectral 
matrix  is 


(22) 


<S,«(«) 


1  r  /  +  Af  C  -  iS~ 

2  Lc  +  t-S  I  -  M_ 


j  .  unit  impulse  functi<xi 


(/,  M,  C,  S)  monochromatic  Stokes  vector. 


Jones  Time  Algebra.  Jones  time  algebra  is  the  more  fundamental.  Its 
Fourier  transform  (when  defined  on  a  finite  time  interval)  is  Jones  frequency 
algebra.  Briefly, 

(23)  e(0  —  (flit),  ftit))  .  .  Maxwell  vector  .  «■ .  radiation, 

(24)  S(«)  -  Fed), 

(25)  e'(t)  =  /  jiU)e(t  —  Ui)  <Uo  convolution  .  =  .  transfer  relation, 

J-eo 

(26)  F'(«)  -  Fe'it) 

(27)  7(«)  -  Fjit) 

(28)  e(t)  —  ei(l)  +  ej(0  . «» .  vector  addition  .  ■» .  superposition. 

J  is  the  response  of  an  optical  instrument  to  polarized  mcmochromatic  waves. 
j  is  the  response  of  an  (^tical  instrument  to  polarized  impulses.  The  correlation 
applies  to  fimctions  of  time;  hence  the  introduction  of  Jones  time  algebra.  The 
quantum  theory  of  scatteruig,  or  the  Mie  theory  of  scattering,  refers  to  monochro¬ 
matic  plane  waves  and  gives  the  J  of  Jcmes  frequency  algebra.  It  turns  out  that 
it  is  only  necessary  to  make  conceptual  use  of  Jones  time  algebra.  The  J’b  can 
be  used  directly  to  compute  the  M’b  of  Mueller  frequency  algebra,  e.g.,  eq.  (53). 

Generalized  Jones  Algebra.  The  problem  which  motivates  the  generaliza¬ 
tion  of  Jcmes  algebra  is  scattering  from  a  statistical  assemblage  of  centers.  Fig 
2.  The  following  notation  is  useful, 

flit) .  —  .  set  of  JV  incoming  wavelets;  J  —  1,  2,  •  •  •  ,  iV 

jmit)  eet  oi  M  scattering  centers;  i  »  1,  2,  •  •  •  ,  ilf 
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These  multi-index  quantitiee  are  direct  sums  of  the  corresponding  elementary 
quantities.  Using  the  summation  conventimi  one  has, 

(29)  S'mify  ”  —  <•)  dfo  MN  outgoing  wavelets. 

The  last  operatiim  is  a  combined  Krmiecker  product,  summation  and  convolu- 
ti(xi.  In  order  to  free  the  calculation  of  integral  signs  one  introduces  the  “c<m- 
voluticm  c(Hivention":  Repetition  of  a  time  variable  tmih  a  single  bar  under  both 
occurrences  implies  convolution.  Thus, 

(30)  -  u). 

If  only  a  single  wave  comes  in, 

(31)  /'.‘(I)  -  jimtit  -  u). 


COLLECTION  OF 
M  SCATTER  IN 
•\  CENTERS 


fi(t) 

N  INCOMMG  WAVELETS. 
DIRECTION  T 


MN  OUTGOING 
WAVELETS. 
DIRECTION  ?' 


Fio.  2.  ScATTBRiNO,  A  Basic  Optical  PATTxaN 


The  geometry  of  the  relative  retardations  of  the  various  scattered  wavelets 
f*J(t)  must  be  considered  before  summation  on  i  is  carried  out.  Let  ri(t)  be  the 
positiim  (tf  the  M  scattering  centers.  Fig.  3. 

At  the  point  of  observaticm  P,  eq.  (31)  becomes 

(32)  fj  (<  -  - mt. (‘  -  -  fc) . 

i  not  summed,  v  velocity  of  radiation.  After  change  of  epoch,  eq.  (32) 
becomes, 

(33)  /1(0  -  jlfM/fi  (t  -  ■  (i  summed). 

This  result  involves  a  quasi-stationary  assumption  on  the  scattering  centers  but 
leads  to  many  interesting  results  in  agreement  with  a  widely  scattered  literature, 
including  scattering  of  x-rays  by  crystals,  liquids  and  gases.  Elementary  Jones 
algebra  could  not  describe  depolarizing  instruments  and  partially  polarized  radia¬ 
tion,  the  generalized  algebra  can. 
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Elementary  Mueller  Algebra.  The  relation  between  Jones  and  Mueller  alge¬ 
bra  is  most  easily  understood  if  one  restricts  attmtion  to  the  effect  of  a  sin^e 
elementary  instrument, 

(34)  /;«)  =  >;(&)/.«  -  u). 

The  Wiener  correlation  of  the  incoming  radiation  is 

(35)  vM  =  <f.{t  +  tc)ftik)>.  , 

One  can  introduce  a  “correlation  convention”:  Repetition  of  a  time  variable  with 
a  double  bar  under  both  occurrences  implies  correlation,  and  rewrite  eq.  (35), 

(36)  ipM  *  Sait  +  to)i?(to). 

^  I  Q* SCATTERING  CENTER 


P:  POINT  OF 
OBSERVATION 


Fia.  3.  Retardation  Geoubtbt 


(37)  ^Ut)  =  Sait  +  Lo)/;*(to)  =  jiiti)ji*myit  +  u  +  to)ft(to). 

From  this  one  obtains  the  important  formula, 

(38)  ipafiit)  —  mlffiti ,  <j)^Ti(f  —  <1  +  fe)  .  “ .  transfer  relation, 

I 

in  which 

(39)  mifiti,  tt)  —  jl{ti)jfi*(tt)  .=».  Mueller  function, 

the  Kronecker  product  of  two  Jones  matrices.  The  Fourier  transform  of  eq. 

(39)  gives 

(40)  -S:,(«)  - 


\ 


where, 

(41)  ilf2j(«)  —  (2Ty/(«))(2ir/S(«))*  .».  Mueller  fimctiim. 


OPTICAL  ALGEBRA 


137 


If  one  introducee  the  “index  reduction  tnmsformation,'’ 

(42)  t  -  «  +  2(0  -  1);  j  -  7  +  2(6  -  1) 
one  obtains, 

(43)  Mlff(u)  »  Mii complex  MueUer  matrix, 

(44)  Sy»(u)  “  L/  . « .  complex  Stokes  vector, 

(45)  S[,ii(u)  ^  Li  .  — .  complex  Stokes  vector. 

On  dropping  indices  and  using  matrix  notation, 

(46)  L'(u)  “  M(ui)L(u). 

These  matrices  and  vectors  differ  from  those  used  by  Mueller.  In  particular, 
the  complex  Stokes  vector  turns  out  to  be, 

(47)  L  (I  M,  C  +  iS,  C  -  iS,  I  -  M). 

The  complex  Mueller  matrix  differs  correspondingly  from  the  real  Mueller  matrix 
used  by  Mueller.  The  advantage  of  the  complex  Mueller  matrix  is  its  simple 
relation  to  the  Jones  matrix,  eq.  (41).  The  real  Stokes  vector  and  Mueller 
matrix  have  easier  phenomenological  definitions. 

Generalized  Mueller  Algebra.  One  begins  with  the  transfer  relation  for 
generalized  Jones  algebra, 

(33)  /.(O  -  itmuf-i  -  « 

'  where, 

(48)  /„(()  -*  — . 

Wiener  correlation  gives, 

(49)  >Pm»(i)  *■  [il^(h)jS**(fe)]/iT(^  -r-  to  —  U)Jkt(^  —  to). 

This  reduces  to, 

(50)  ¥>mf(t)  m^^*(ti ,  tt)<Pikyi(t  —  to  +to  ), 

where 

(51)  mSi’*(to  ,  to)  =  il’^(to)jt**(to)  •  =  •  Mueller  function. 

The  Fourier  transform  of  eq.  (5)  yields, 

(52)  S'M  -  JlflV*(«)-S,tTi(a>), 
where, 

(53)  -  (2iryi’(«))(2vjJ*(«))*  .  =  .  Mueller  function. 

When  j  •=  k,  the  M’b  are  called  auto-functi(ms,  when  j  7^  k  they  are  called  cross- 
functions. 
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The  difficultiee  of  the  scattering  problem  are  reduced  to  the  evaluation  of  the 
interference, 

(54)  fPikytM  “  ffyit  + 

For  an  important  class  of  cases,  the  Fourier  transform  of  eq.  (54)  separates,  i.e., 

(55)  Snytiu)  -  N ihiu)Syt(u). 

This  leads  to  a  simplification  in  which  Njkiu)  is  characteristic  of  the  statistical 
distribution  of  scattering  centers.  In  this  case, 

(56)  MHiiw)  - 

a  general  law  for  the  composition  of  Mueller  matrices,  for  instruments  in  parallel. 
Each  scattering  center  is  thought  as  an  elementary  instrument. 

The  Form  of  iV ,*(&>)  in  Typical  Cases.  The  importance  of  N jkiu)  is  well 
illustrated  by  three  examples  which  embody  a  unification  of  the  treatment  of 
scattering  from  liquids,  solids  and  gases,  i.e.,  coherent  scattering  (solids),  par¬ 
tially  coherent  scatterings  (liquids,  electrolytes),  and  incoherent  scattering 


1.  Coherent  Scattering, 

(57)  NM  - 

2.  Incoherent  Scattering, 

(58)  Nik  -  «,*. 

3.  Partially  Coherent  Scattering  (Radial  S3nnmetiy), 

1,  when  j  =  k 

when 
uV 


(60) 


t(«)  =  F(fi{r)  -  n) 


n  .  «■ .  concentration 

I 

p(r) .  = .  radial  ccmcentration  density. 

4.  Special  Case  of  an  Electrolyte 

2(1  +  («A)*) 

-f*  .  ~ .  unlike-signed  ions 
—  . « .  like-signed  ions 


(62) 


2raZ*  I  e 
tkT 
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AT >»((!))  is  called  a  Debye  statistical  matrix  because  it  is  closely  related  to  some  of 
Debye’s  results  in  electrolyte  theory  and  in  x-ray  scattering. 


Composition  of  Mueller  Matrices.  Written  in  full,  eq.  (54)  becomes, 
(63)  -  /,  (i  +  t,  -  («  -  -  fe))  ^  (i,  _  («  - 

Making  the  quasi-stationary  approximatimi, 


»,w(o  p,  (<  +  s  -  -’•?<&»)/?( 


The  Fourier  transform  of  the  last  expression  gives, 
(65)  Sytyt(o>)  - 

If  one  defines, 


iV«(»)  -Limi 

T-»m  *-r 


(67)  —  N 

which  is  eq.  (55),  as  required.  Under  these  circumstances  one  has  a  general  rule 
for  the  composition  of  Mueller  matrices,  eq.  (56). 
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linear-quadratic  duality  such  as  voltage-power. 
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DESIGN  OF  A  CIRCUIT  TO  APPROXIMATE  A 
PRESCRIBED  AMPLITUDE  AND  PHASE* 

Bt  R.  M.  REDHBmB 


1.  Introduction.  The  system  function  of  a  network  is  a  complex  function, 
and  hence  has  a  real  part,  an  imaginary  part,  an  amplitude,  and  a  phase.  If 
any  <xie  of  these  four  “parts”  of  the  function  (as  we  may  call  them)  is  specified 
over  the  whole  frequency  range,  then  the  other  three  parts  are  automatically 
determined.  Or  again  if  any  two  parts  are  specified  over  a  finite  frequency 
range,  no  matter  how  small,  then  all  four  parts  are  determined  over  the  whole 
frequency  range.  These  and  similar  results  follow  from  the  fact  that  the  system 
function  is  an  analytic  function  of  the  complex  frequency. 

Suppose,  then,  that  we  are  given  two  arbitrary  curves,  to  be  matched  respec¬ 
tively  by  two  parts  of  the  system  function.  If  we  succeed  in  matching  oae  of 
these  prescribed  curves  over  the  whole  frequency  range,  we  cannot  hope,  in 
general,  to  come  an}nvhere  near  the  other;  for  no  freedom  remains  to  make  ad¬ 
justments  of  any  kind.  Alternatively,  if  we  succeed  in  matching  both  curves 
over  some  small  frequency  interval,  we  cannot  expect  to  match  them,  even 
approximately,  outside  of  that  range;  for  again  no  freedom  of  adjustment 
remains. 

In  practical  work,  nevertheless,  one  often  requires  a  network  for  which  the 
real  and  imaginary  parts,  or  the  amplitude  and  phase,  do  conform  to  prescribed 
functimis.  Examples  of  problems  leading  to  such  requirements  are  the  broad¬ 
banding  problem,  and  certain  problems  connected  with  feedback  circuits  in 
servos  or  amplifiers.  It  is  natural,  therefore,  to  inquire  whether  two  parts  of  the 
system  function  can  be  prescribed  at  least  approximately  over  a  frequency  range. 
The  chief  problems  are  to  find  some  systematic  method  of  minimising  the  error, 
and  to  estimate  the  minimum  error  so  obtained.  Such  is  the  purpose  of  the 
present  note.  The  subject  and  its  applications  were  suggested  by  E.  A.  Guille- 
min,  who  also  supplied  all  results  taken  from  circuit  theory. 

By  the  transformation  u  =  tan  0/2  the  frequency  domain  a  is  transformed  to 
a  corresponding  0  domain,  thq  range  0  <  u  <  eo  going  into  0  ^  0  <  t.  In  the 
0  domain  we  may  confine  our  attention  to  this  range  of  0,  and  hence  all  functions 
may  be  assumed  even  or  odd  at  wiU,  and  may  be  supposed  without  loss  of  gener¬ 
ality  to  have  period  2t.  The  amplitude  A  (0)  may  then  be  written  as  a  Fourier 
cosine  series, 

A(0)  =  oo  -f  Cl  cos  0  -|-  Oj  cos  20  -h  •  •  •  .  (1) 

As  noted  above,  the  phase  —  R(0)  is  completely  determined  by  such  a  specifica¬ 
tion  of  amplitude.  With  the  present  choice  of  variable,  which  is  used  by  N. 

*  This  work  was  supported  in  part  by  the  Signal  Corps,  the  Air  Materiel  Command, 
and  O.N.R. 
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Wiener,  the  specification  of  phase  has  a  particularly  simple  form,  namely, 

B{4t)  =  oi  sin  0  +  oj  sin  20  -f  •  •  •  (2) 

with  the  coefficients  at  the  same  as  those  in  £q.  (1).  This  equality  of  coefficients 
represents  the  Wiener  ccmdition  for  physical  realisability  of  the  two  fimctions 
A(0)  and  The  phase  is  taken  as  — B(0)  and  below  as  — h(0)  rather  than 

as  B{<t»)  or  6(0),  iucidentally,  to  give  the  theory  a  more  symmetric  form. 

The  functions  (0)  and  fi(0)  represent  the  actual  output  of  the  network,  while 
a(0)  and  6(0)  represent  the  desired  output.  Our  task,  then  is  to  investigate  the 
approximation  of  two  arbitrary  functions  a(0),  6(0)  by  Fourier  cosine  and  sine 
series,  respectively,  the  same  coefficients  being  used  in  both  cases.  The  results 
to  be  described  are  obtained  with  this  formulation  of  the  problem  as  starting 
point,  and  the  approximation  is  always  specified  in  the  mean-square  sense;  that 
is,  the  coefficients  are  so  determined  that  the  integral 


0(0)  "1“  *'^(0)  —  ^  a»e***  d<f> 


j  1^0(0)  —  a*  cos  d4>  J  1^6(0)  —  S  a*  sin  d0 


is  minimized.  Our  attention  will  be  confined  to  the  coefficients  a* ;  once  these 
are  known,  the  remainder  of  the  design  leads  to  problems  of  circuit  theory  with 
which  w’e  shall  not  be  concerned  here. 


2.  Approximation  Over  Whole  Frequency  Range  Without  Constraint.  To 
approximate  a(0)  and  6(0)  over  the  whole  frequency  range,  which  corresiK>nds  to 
limits  of  integration  0  —  x  in  Eq.  (3),  one  should  determine  the  coefficients  a*  by 
the  equations 

‘  o*  =  (1/x)  [a(0)  cos  -|-  6(0)  sin  A^]  d0.  (4) 

The  Fourier  cosine  coefficients  of  a(0)  would  be  the  (^timum  values  for  o*  if  we 
were  interested  in  approximating  a(0)  alone,  while  the  Fourier  sine  coefficients 
of  6(0)  would  be  optimum  for  6(0)  alone.  This  is  well  known  from  the  theory  of 
Fourier  series.  The  above  result,  then,  says  that  the  optimum  coefficients  for 
simultaneous  approximaticm  are  the  arithmetic  means  of  the  optimum  coefficients 
for  individual  approximation. 


3.  Approximation  Over  Finite  Frequency  Range  Without  Constraint.  It  may 
be  shown*  that  the  error  in  the  above  calculation  will  not  usually  tend  to  zero  as 
n  tends  to  infinity;  in  other  words  an  arbitrarily  good  approximation  over  the 

*  See  M.I.T.  Research  Laboratory  of  Electronics,  Technical  Report  No.  54,  for  proof  of 
this  and  other  results  of  the  text.  Copies  of  this  report  may  be  obtained  from  the  Docu¬ 
ment  Room,  R.L.E.,  M.I.T. 
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whole  frequency  range  cannot  be  obtained,  no  matter  how  many  terms  are  used 
in  the  approximating  series.  If  on  the  other  hand  we  attempt  to  obtain  a  good 
approximaticxi  over  only  part  of  the  frequency  range,  with  no  restriction  on  the 
behavior  of  the  approximating  functions  outside  of  that  range,  then  the  error 
can  always  be  made  arbitrarily  small.  Because  oi  this  property,  which  has  also 
been  proved,  the  questicm  of  approximation  over  a  finite  interval  is  worth  con¬ 
sidering  in  detail. 

The  (^timum  coefficients  are  determined  as  follows,  for  a  range  0  —  s  in  the 
^  domain  with  «  ^  x.  First  compute  a  set  of  numbers  given  by 


P,*  -  [sin  (j  -  k)$]/(j  -  A)  {k  9^  j);  Pa  -  s.  (6) 


These  depend  only  on  «,  the,  range  of  approximation,  and  not  on  n  or  the  func¬ 
tions  a(^),  b{4)  being  approximated.  For  routine  calculations,  therefore,  they 
would  be  computed  once  for  all,  and  would  be  available  in  the  form  of  a  table. 
Next  compute  a  set  of  constants  Au  given  by  the  formula 

Ak  =  [a(0)  cos  hl>)  -f  b(4)  sin  k^]  d4t  (6) 

which  depends  on  the  fimctions  being  approximated.  The  optimum  coefficients 
are  obtained  by  solving  the  following  set  of  linear  equations: 

ZUPikai^A,  O’ -0,1,2, -..n).  ^  (7) 

Graphical  examples  of  the  results  obtained  by  this  procedure  are  gh^  in  Figs 
1-3. 


Fio.  3.  Same,  n 
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4.  Approximation  Over  Finite  Frequency  Range  Widi  Constraint.  Although 
the  error  tends  to  sero  over  the  range  0  <  0  <  «,  so  that  the  successive  approxi¬ 
mating  functions  are  uniformly  bounded  in  this  range,  it  may  be  shown  that 
they  will  not  in  general  be  bounded  for  «  <  0  <  t.  An  example  of  the  behavior 
to  be  expected  is  given  in  Fig.  4.  Physically,  the  meaning  is  that  the  loss  in  gain 


Fio.  4.  Same,  showing  behaviour  in  interval  x/2 — r 


increases  without  limit  as  the  error  decreases  to  zero.  If  M'  is  the  maximum  of 
the  function  a*  cos  in  0  —  t,  while  M"  is  the  maximum  of  a{4)  in  0  — 
then  M" /M'  represents  the  sacrifice  in  gain  necessary  to  achieve -the  given 
approximation.  We  are  thus  led  to  consider  the  above  problems,  subject  to  a 
condition  of  boundedness  on  the  approximating  polynomials. 

It  turns  out  that  this  conditicm  is  most  conv^iently  specified,  not  by  the  in¬ 
equality  ^  at  cos  but  by 

al  <  M. 


(8) 
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Since  the  value  of  the  prescribed  loss  of  gain  is  rather  arbitrary  in  ordinary  prac¬ 
tice,  we  can  generally  pass  sufficiently  accurately  from  the  one  ccmdition  to  the 
other  by  assuming  M'  proportional  to  y/M.  Physically,  M  represents  the  aver¬ 
age  of  o*(^)  or  b*{4>)  over  a  period. 

The  procedure  is  as  follows.  First  carry  out  the  calculations  for  the  un¬ 
restrained  case,  as  described  in  Sec.  3  above,  and  plot  the  approximating  poly¬ 
nomial  for  a(0)  to  estimate  its  maximum,  M'.  If  M'  does  not  exceed  the  pre¬ 
scribed  maximum,  which  we  may  take  as  M'",  then  the  polynomial  so  obtained 
is  the  correct  one.  If  M'  does  exceed  M'",  compute  the  sum  of  the  squares  of 
the  approximating  polynomial,  and  reduce  this  sum  by  the  factor  (M'/M"')*  to 
obtain  the  value  of  3/  in  Elq.  (8). 

The  optimum  coefficients  are  given  by  the  equations 

Pj*Oi  +  (at  =  At  (A:  -  0,  1,  2,  •  •  •  n)  (9) 

'LUa'^M  (10) 

where  the  At  and  the  P,»  are  as  previously  defined  [Eqs.  (5),  (6)].  The  unknowns 
are  (  and  a/ .  To  solve  the  system  (9),  (10),  we  note  that  the  first  set  of  equa¬ 
tions  (9)  is  linear  in  the  ay  if  (  is  regarded  as  a  constant,  and  hence  one  may  use 
standard  methods  to  find  the  ay  in  terms  of  (.  When  this  has  been  done,  sub¬ 
stitution  in  (10)  will  give  an  algebraic  equation  in  (. 

6.  Fixed  Points.  In  the  foregoing  methods  it  is  only  the  average  error  that 
is  ccHisidered,  and  the  approximating  polynomials  may  not  give  an  exact  fit  at 
any  point.  An  alternative  procedure  which  has  been  suggested  is  to  match  a 
number  of  points  on  the  two  curves  a(^),  using  as  many  unknowns  ay  as 
there  are  points  to  be  fitted.  Direct  use  of  this  procedure  is  not  satisfactory 
because  of  its  unreliability;  that  is,  (xie  can  sometimes  match  a  large  number  of 
points  without  obtaining  a  good  fit  at  all.  An  example  the  sort  of  thing  that 
can  happen  is  given  by  the  simple  case  a(<f>)  —  1  =  cos  160,  b(</>)  «=  0  =  sin  160  in 
which  there  is  a  perfect  fit  at  the  points  0,  t/8,  2t/8,  •  •  •  even  though  the  curve 
as  a  whole  is  not  well  approximated.  A  graphical  comparison  with  the  mean- 
square  method  is  given  in  Figs.  5  and  6. 

Nevertheless  there  are  cases  of  practical  importance  in  which  the  value  at  or 
near  one  point  may  be  quite  critical.  In  other  words,  it  is  sometimes  desirable 
to  specify  that  the  two  curves  shall  be  in  some  sense  close,  as  above,  and  to 
q)ecify  in  addition  that  there  shall  be  an  exact  fit  at  certain  prescribed  points. 
It  can  be  shown  that  such  an  added  restriction  will  not  prevent  the  mean-square 
error  from  going  to  sero. 

Prescribing  that  there  be  an  exact  fit  of  amplitude  a(0)  at  g  fixed  points  0» , 
and  of  phase  —6(0)  at  r  points  0t ,  amounts  to  a  set  of  linear  relations 

fly  cos  j0*  =  a(0*)  (fc  »  1,  2,  •  •  •  j) 

ay  sin  j0*  *  6(0*)  (k  ^  1,  2,  •  •  •  r). 

The  proper  procedure  is  to  minimize  the  integral  (3)  subject  to  these  (^ondi- 
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S*  W  40»  39  W  39 

^  IN  OCONEES— «■ 

Fio.  6.  Same  functions  and  range,  points  matched  at  0*,  45”,  90* 


tioDS.  For  simplicity  we  shall  assume  that  only  one  point  is  prescribed,  though 
the  theory  is  probably  not  much  different  for  the  general  case.  If 

Z  P/O/  «  p  (12) 

is  the  linear  relaticm  analogous  to  (11),  then  the  optimum  coefficients  a*  are 
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obtained  from  (12)  and  the  equations 

(P/fc  -  P,«  p*/p«)  -  vl*  -  i4»  p*/p«  (fc  =  0, 1,  •  •  •  n)  (13) 

which  are  also  linear,  and  may  be  solved  in  the  same  way  as  the  system  (7). 
The  coefficient  pm  is  any  coefficient  in  (12)  which  is  not  zero;  the  Pyt  and  ^4^  have 
the  usual  meaning  (Eqs.  (5),  (6)). 

6.  Other  Methods.  In  conclusion  we  note  a  few  alterations  that  could  have 
been  made  in  the  general  procedure  hitherto  followed.  Instead  of  minimizing 
the  expression  (3),  for  example,  one  could  treat  the  corresponding  expression 
with  the  second  integral  multiplied  by  some  constant  X.  In  this  way  the  relative 
accuracy  of  the  two  approximations  for  a(0)  and  &(^)  could  be  changed.  A  large 
value  of  X  will  tend  to  favor  &(^),  so  that  it  is  accurately  approximated,  while  a 
small  value  will  weight  the  error  in  a(4>)  the  more  heavily.  It  is  probable  that 
this  generalization  of  the  problem  would  lead  to  no  new  complications,  though 
we  shall  not  carry  out  the  calculaticms  here. 

A  second,  more  radical,  departure  from  our  procedure  would  be  to  work  in  the 
impedance  plane  rather  than  in  the  ^plane.  The  conditim  for  phjrsical  realiza¬ 
bility  would  then  be  essentially  that  the  Fourier  transforms  of  the  two  functiims 
be  equal,  and  we  should  be  led  to  a  minimizing  problem  subject  to  this  as  a 
constraint. 

Finally,  for  the  partial  interval,  which  is  perhaps  the  most  interesting  case  in 
pi^tice,  one  could  b^^  by  cixistructing  a  set  of  polynomials  Qnh  cos 
^0  Au  sin  orthogimal  over  the  fundamental  interval  0  -  «  rather  than  over  0  -  w. 
The  treatment  of  the  error  would  then  be  much,  simpler,  and  would  proceed  much 
as  in  the  0  -  r  case  treated  above.  But  this  increased  simplicity  would  be  com¬ 
pensated  by  an  increased  complexity  of  the  conditicm  for  physical  realizability: 
instead  of  having  mere  equality  of  the  coefficients,  me  would  have  a  set  of  linear 
equatims. 

Maisachdbxtts  iNSTiTura  or  Tbchnoloot 
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A  THEOREM  ON  COLORING  THE  LINES  OF  A  NETWORK 
Bt  Claude  E.  Shannon 

A  topological  coloring  problem  has  been  suggested  in  connection  with  the 
color  coding  of  wires  in  electrical  units  such  as  relay  panels.  In  these  units  there 
are  a  number  of  rela3rs,  switches,  and  other  devices  A,  B,  •  •  •  ,  £  to  be  inter¬ 
connected.  The  connecting  vrires  are  hrst  formed  in  a  cable  with  the  wires  to 
be  connected  to  A  coming  out  at  one  point,  those  to  B  at  another,  etc.,  and  it  is 
necessaiy,  in  order  to  distinguish  the  different  wires,  that  all  those  coming  out  of 
the  cable  at  the  same  point  be  differently  colored.  There  may  be  any  number 
of  wires  joining  the  same  two  points  but  no  wire  joins  more  than  two  points. 
Assuming  that  not  more  than  m  wires  end  at  any  one  point,  the  question  arises 
as  to  the  least  number  of  different  color  codings  that  is  sufficient  for  any  network. 

Theorem:  The  lines  of  any  network  can  be  colored  so  that  no  two  lines  with  a 
common  junction  have  the  same  color  using  at  most  [  {m]  colors,  where  m  is  the 
maximum  number  of  lines  touching  one  junction.  This  number  of  colors  is 
necessary  for  some  networks. 

Simple  networks  requiring  [|m]  colors  can  be  ccmstructed  as  follows.  For 
m  2n,  let  each  pair  cff  the  three  junctions  A,  B,  C  be  connected  with  n  lines. 
Since  all  the  lines  must  obviously  be  different,  3n  =  [  |m]  colors  are  necessary. 
For  m  ^  2n  +  I,  connect  AB  with  n  lines,  BC  with  n  lines  and  AC  with  n  +  1 
lines.  Here  again  all  lines  must  be  different  and  there  are  3n  +  1  »=  [  i(2n  + 
1>|  B  [|m]  lines.  Another  example  for  m  »  3  is  furnished  by  the  cross  c(Hmec- 
tion  of  two  pentagCMis  abode  and  ABODE  by  lines  oA,  hD,  cB,  dE,  eC. 

For  the  sufficiency  pnxrf  let  us  first  suppose  m  even.  Now  if  AT  is  our  given 
network  it  is  well  known  that  we  may  add  lines  and  junc1i(m  points  to  get  a 
regular  network  N'  of  degree  m,  i.e.,  one  in  which  exactly  m  lines  end  at  each 
junction  point.  If  we  can  color  N'  we  can  surely  color  N.  A  theorem  due  to 
Peterson  states  that  any  regular  network  of  even  degree  m  =  2n  can  be  factored 
into  n  regular  second  degree  graphs.  In  our  case  let  the  factors  of  AT'  be  ATi , 
ATj ,  •  •  •  ,  .  hiach  of  these  is  merely  a  collectimi  of  polygons  which  do  not 

touch  each  other,  and  each  AT,- ,  therefore,  can  be  colored  with  at  most  three 
colors.  This  gives  a  total  of  3n  =  \m  colors.* 

Peterson  has  conjectured*  that  any  regular  bridgeless  network  of  odd  degree 
2n  -f-  1  can  be  factored  into  one  first  and  n  second  degree  graphs,  and  if  this  is 
true  the  theorem  follows  easily  in  the  odd  case.  However  this  conjecture  has 
never  been  proved  for  m  >  3  and  we  will  use  a  different  attack. 

The  theorem  will  be  proved  by  induction,  making  the  coloring  of  AT  depend  on 
coloring  a  network  with  one  less  junction  point.  Let  us  eliminate  from  N  one 
junction  F>oint  P  and  the  m  =  2n  A-  I  lines  coming  to  it  and  assume  the  remain¬ 
ing  network  to  be  satisfactorily  colored  with  3n  +  1  colors.  Let  the  junctions 
that  were  connected  to  B  in  the  original  network  be  numbered  1,2,  *  •  •  ,  s,  and 

•  This  proof  for  m  even  was  suggested  by  R.  M.  Foster. 
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suppose  there  were  jh  parallel  lines  in  the  first  group  connecting  P  to  junction 
1,  etc.  Now  after  coloring  the  reduced  network  we  have  left  available  at  junc¬ 
tion  1  at  least  [(3n  -|-  1)  —  (2n  -f-  1  —  Pi)]  =•  n  -f  pi  colors,  at  junction  2,  at 
least  (n  -|-  pj)  colors,  etc.  By  choosing  pn^rly  from  these  available  colors  and 
by  suitable  interchanges  of  certain  colors  in  the  part  of  the  network  already 
colored  we  will  show  that  the  lines  from  P  can  be  satisfactorily  colored. 

Let  us  arrange  the  data  in  a  table  as  follows. 

Colors 


«  lines 

(2n  -b  1)!  • 

Fig.  1 

In  this  array  the  2n  -|-  1  lines  from  P  are  listed  vertically,  the  3n  -b  1  colors 
horisontally.  If  a  certain  color  is  available  for  a  certain  line  a  1  is  placed  at  the 
intersection  of  the  corresponding  row  and  column,  otherwise  a  0.  In  a  row 
corresponding  to  a  line  in  Gi  there  will  be  (n  -b  p<)  I’s.  By  the  use  of  three 
operatimis  on  this  array  we  will  arrange  to  obtain  a  series  of  I’s  along  the  main 
diagonal  and  this  will  represent  a  coloring  scheme  for  the  network.  These 
operations  are: 

■  1.  Interchange  of  columns.  This  correspmids  to  merely  renumbering  the 
colors. 

2.  Interchange  cA  rows.  This  correspiMids  to  renumbering  the  lines  from  P. 

3.  Interchange  of  colors  in  a  chain  of  two  colors.  Two  junctions  will  be  said 
to  be  chained  together  for  two  colors  if  we  can  go  frimi  one  junction  to  the  other 
al(Hig  lines  which  alternate  these  colors.  If  we  have  a  satisfactorily  colored  net- 
woik  and  interchange  the  two  colors  in  a  chain  (A  that  network  over  its  entire 
length  (note  that  in  a  correctly  colored  network  a  chain  cannot  branch  out)  then 
it  is  clear  that  the  networii  will  still  be  satisfactorily  colored.  We  will  also  use 
the  fact  that  if  mily  one  of  the  two  colmrs  in  question  appears  at  each  of  three 
distinct  junctiiMis  then  mily  one  pair  oi  the  junctions  (at  most)  can  be  chained 
together  for  these  two  colors,  since  a  chain  can  only  have  two  ends.  Now  con¬ 
sider  the  array  oi  Fig.  1.  Suppose  that  in  the  first  row  there  is  a  0  in  one  cdumn 
and  a  1  in  another.  Interchanging  these  two  colors  in  the  chain  starting  from 
the  junction  that  line  one  is  connected  to  will  be  seen  to  be  equivalent  to  inter¬ 
changing  these  two  columns  for  this  row  and  all  other  rows  that  are  chained  to  it. 

Let  us  suppose  that  we  have  arranged  to  get  I’s  on  the  main  diagmial  D  down 
to  a  certain  point.  We  will  show  that  we  can  get  another  1  on  the  diagimal. 


12  3 . (3n  -f  1) 

1110  1 . 

2  10  10 . 
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(3n  4-  1)  Colors 


■0 -  7  in  Gk 

■0 -  0  in  G, 

1 

•  •  •  1 . X -  a  in  Gi 

I 

\  S  R  T 

Fio.  2 

Referring  to  Fig.  2,  if  there  are  any  I’s  in  the  next  line  a,  cm  or  to  the  right  of  T, 
one  of  these  may  he  brought  by  an  interchange  of  columns,  to  position  X. 
Assuming  this  is  not  true  there  will  be  n  4-  p<  I’s  to  the  left  of  column  T  in  a 
(assuming  a  is  in  Gi).  Hence  there  are  n  +  p«  rows  above  a  having  a  1  in  Z)  in 
the  same  column  as  a  1  in  a.  At  least  n  4-  1  of  these  rows  are  not  in  0{ ,  since 
Gi  has  Pi  members  and  we  have  accounted  for  one  already,  namely  a.  Let  /9  be 
one  of  these,  belcmging,  say,  toOf.  If  /9  has  a  1  on  or  to  the  right  of  T,  by  an 
interchange  first  of  columns,  th^  ct  a  and  /9  this  may  be  moved  to  X  without 
affecting  the  I’s  along  D.  Assuming  this  is  not  true,  there  are  n  4*  P/  I’s  (m  /3 
to  the  left  of  T  and  hence  n  +  P/  rows  above  a  have  a  1  in  D  in  the  samecolunm 
as  a  1  in  and  of  these  at  least  n  do  not  belcmg  to  (?/  (as  it  only  has  p/  members). 
Now  there  are  not  more  ttuln  2n  rows  above  a  and  therefore  the  n  rows  we  have 
associated  with  /3  and  the  n  4-  1  we  have  associated  with  a  must  have  at  least 
one  in  commcxi,  i.e.,  there  exists  a  row  not  belonging  to  Gi  or  Of  and  having  a  1 
in  D  in  the  same  column  that  a  and  also  have  a  1.  Call  this  row  y,  and  suppose 
it  belongs  to  O'* .  If  7  has  a  1  on  or  to  the  right  oi  T  it  may  be  moved  to  by 
first  interchanging  columns  and  then  rows  a  and  7  as  before.  Assuming  this  is 
not  true,  there  are  O’s  and  I’s  at  the  intersecticms  of  a,  7,  and  T,  S,  as  shown 
in  Fig.  2  and  X  is  0.  Hence  at  least  one  of  a,  jS,  7  is  not  chained  to  either  of  the 
others  by  the  two  colors  of  T  and  8.  If  it  is  a,  interchange  the  chain  starting  at 
i  and  the  1  at  the  aS  intersection  moves  to  X  without  affecting  D.  If  it  is  0, 


(2n  4-  1) 
lines 


1 — 1- 
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interchange  the  chain  starting  at  j  and  then  rows  a  and  This  moves  the  1  at 
the  0S  intersection  to  X  and  its  place  is  taken  by  the  1  at  aS.  If  it  is  y,  inter¬ 
change  the  chain  starting  at  k  and  then  the  rows  a  and  y  so  that  the  1  at  yS  moves 
to  X  and  the  1  at  oA  takes  its  place. 
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THE  DISTRIBUTION  OF  SINGULAR  SHOCK  DIRECTIONS* 
Bt  T.  Y.  Thomas 


1.  Introduction.  The  following  paper  contains  an  extension  of  the  results  of 
several  articles,  recently  written,  which  deal  with  shock  waves  attached  to  the 
vertex  of  a  pointed  obstacle  in  a  uniform  field  of  flow.  We  are  concerned  with  the 
plane  steady  supersonic  flow  of  gases  without  the  usual  assumption  that  the 
flow  behind  the  shock  wave  is  irrotational  and  isentropic,  although  viscosity  and 
thermal  conductivity  are  taken  to  be  zero.  The  figure  shows  the  upper  half  of 
the  shock  line  and  illustrates  the  situation  assumed.  The  velocity  of  the  flow 
before  the  shock  line  (incident  flow)  is  of  constant  magnitude  to  and  is  directed 
along  the  positive  axis;  the  coordinate  sjrstem  is  rectangular  and  has  its  origin 
at  the  vertex  V  of  the  obstacle.  Angles  a  and  a>  give  the  inclination  of  the  shock 
line  and  obstacle  respectively  at  V, 

V  is  the  unit  normal  vector  to  the  ,2 

shock  line  directed  into  the  region 
behind  this  line  and  X  denotes  the 
unit  tangent  vector  to  the  shock 

line.  The  directions  of  X  and  r  are  _ s. 

such  that  the  vector  pair  X,  v  has  the 
same  orientation  as  the  coordinate 
axes. 

Denote  by  « the  arc  length  along 
the  shock  line  and  by  n  the  arc  length  along  the  obstacle  measured  in  the  direc¬ 
tion  of  flow;  observe  here  that  s  is  measured  along  the  shock  line  from  a  point 
on  this  line  toward  the  vertex  V  in  conformity  with  the  direction  of  the  tangent 
vector  X.  Now  put  Ko)  =  (fK/dti"  and  «(»)  =*  d\/d9’'  for  n  »  0,  1,  2,  3, . . . , 
where  K  and  k  denote  the  curvatures  of  the  obstacle  and  shock  line  respectively. 
Then  Km  —  K  and  K(|)  ■■  k.  It  has  been  shown  that  there  exist  relations  of  the 
form* 

(1)  K{n)  «■  OniM,  a)x(«)  +  Hn,  u  “  0,  1,  2,  3, . . . , 

at  point  V,  where  M  is  the  mach  number  of  the  incident  flow  and  the  are 
polynomials  in  k  and  its  derivatives  with  respect  to  «  of  order  less  than  n;  more¬ 
over  the  quantities  OniM,  a)  and  the  coefficients  of  the  polynomials  Hn  are 
rational  functions  of  M*  with  coefficients  depending  on  the  inclination  a  of  the 
shock  line.  Actually  the  above  relations  hold  at  any  point  of  the  shock  line  (as 
well  as  all  following  results)  when  a  is  the  inclination  of  the  shock  line  and  K 
the  curvature  of  the  stream  line  behind  the  shock  line  at  this  point,  but  we  shall 
be  concerned  here  primarily  with  the  relations  (1)  at  the  vertex  V  of  the  obstacle. 
For  a  given  value  of  M  >  1,  a  value  of  a  for  which  any  one  of  the  functions  OniM,  a) 
>■  0  M  said  to  be  singular  relative  to  M.  When  a  is  singular  there  will  exist  in  general 

*  Prepared  under  Navy  Contract  N6onr-180,  Task  Order  V,  with  Indiana  University. 
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no  shock  wave  solution*  to  the  hydrodynamical  problem  under  the  assumptions 
of  continuity  and  differentiability  involved  in  the  derivation  of  the  relation  (1) 
for  which  the  coefficient  Qn{M,  a)  vanishes.  It  is  evident,  therefore,  that  these 
singular  values  have  an  important  role  in  the  theory  of  shock  waves  attached  to 
the  vertices  of  curved  obstacles. 

When  the  condition  is  imposed  that  the  shock  wave  is  a  compression  shook  the 
range  of  permissible  values  of  a  is  given  by* 

(2)  a,(Af)  <  a  ^  90*, 

where  is  the  value  of  Bin~*  l/Af  in  the  first  quadrant.  Graphs  of  the  func¬ 
tions  a)  and  QiiM,  a)  have  been  constructed  in  preceeding  papers 

(foe.  cU.  1  and  2)  for  selected  values  of  M  and  a  in  the  above  range  (2)  and  the 
zeros  of  the  functions  G%  and  Qi  have  bee  noted.  It  is  the  object  of  this  paper  to 
determine  the  distribution  of  the  zeros  <tf  all  functions  ,  a),  n  *  0,  1,  2, , 

or  in  other  toords  the  singular  values  of  a  within  the  range  (2)  for  any  specified 
mach  number  M. 

It  will  be  shown  (§2)  that  there  exists  a  number  0  0iM)  such  that  asiM) 
<0{M)  <  90*  and  such  that  m  —  1  for  a  —  /3(3f)  where  m  is  the  mach  number 
of  the  flow  behind  the  shock  line.  Furthermore  m  >  1  for  a((Af)  <  a  <  0{M) 
and  m  <  1  for  0{M)  <  a  ^  90°.  The  main  result  of  the  paper  consists  of  the 
theorem  in  §11  that  the  zeros  of  the  functions  a),  i.e.  the  singular  shock 
angles  a  relative  to  any  mach  number  Af  >  1,  are  dense  in  the  interval  0(M) 
<  a  <  90*.  A  general  formula  for  the  functions  On(M,  a)  in  case  m  ^  1  can  be 
derived  from  the  results  of  §7  and  preceeding  sections.  For  m  <  1  the  explicit 
formula  for  these  functions  is  given  in  §10. 


2.  Graph  of  the  equation  m* 
know  that 


1,  Under  the  assumptions  of  the  problem  we 


y  P  .  »* 
y-ip  '^2 


y  Pi  t  ^ 

7  -  1  PI  2  ’ 


where  p,  p  and  v  are  the  pressure,  density  and  magnitude  of  the  velocity  at  any 
point  behind  the  shock  line  and  pt ,  pi  and  w  are  the  constant  values  of  the  pres¬ 
sure,  density  and  velocity  in  the  incident  flow;  also  y  is  the  ratio  of  the  two  specific 
heats  Cp  and  c,.  Now  c*  =  <7p/p  and  c\  ■=  ypi/pi .  Also  by  definition  the  mach 
numbers  M  and  m  for  the  flow  before  and  behind  the  shock  line  are  given  by 
M  =  w/ci  and  m  »  v/c.  Making  these  substitutions  the  above  equation  can  be 
written  in  the  form 

„»  ((7  -  DM*  +  21  c?  2 

(3j  m  »  - ; -  ^ - r. 

7—1  c*  7  —  1 

But  Ci/c'  *=  (p/pi)/(p/pi)  and* 

p  _  2(Jf*  sin*  a  —  1)  ,  . 

px  “  (y  -  l)Jtf»  sin*  a  -f  2  ’ 

P  -  (M*  sin*  a  -  1)  +  1. 


H.  -  -^2  (Jlf*  sin*  a  -  1)  +  1. 

Pi  7  +  1 

An  exceptional  case  is  furnished  by  the  ordinary  shock  solution  tor  flow  past  a  wedge. 
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Hence  equation  (3)  becomes 

u\  fn*  _i_  /  '  (y  +  -  1)^  +  2]^  «  «  o\ 

'  ^  y-1  \(f7  DM*  Bin*  a  +  2][2rtiP  sin*  a  -  (7  -  1)J  /* 

Now  put  m  »  1  and  a  <■  in  equation  (4);  solving  the  resulting  equation  for 
sin  /9  we  find 

(6)  sin*  /9  -  +  DM*  +  (7  -  3)1  +  VIt  +  l)Af*  +  (7  -  3)]«+ 167]. 

Hence,  since  sin  /9  is  positive  in  the  interval  as(lf)  <  0  ^  90°,  equati(m  (4) 
admits  at  most  one  solution  a  —  /3(Af)  for  which  m  »  1  in  the  interval  at{M)  < 
a  ^  00°.  But  for  Af  >  1  we  readily  obtain  from  (4)  that  m  >  1  when  a  >■  oi$(M), 
i.e.  sin  a  «  l/M.  Also  we  find  from  (4)  that  m  <  1  when  a  >■  00°.  Hence  there 
exists,  in  the  above  interval,  a  value  0(M)  given  by  (5)  at  which  m  *  1  and,  as 
stated  in  §1,  it  follows  that 

m  >  1,  for  otiM)  <  a  <  0iM), 

m  <  1,  for  I3(M)  <  et  ^  00*. 

Values  of  the  function  /9(Af )  have  been  calculated  for  specified  values  of  M  > 
1  and  the  results  entered  in  the  accompanying  table  which  also  contains  the 
values  of  at{M);  in  these  calculations  we  have  taken  7  »  1.405.  The  graphs  of 
the  functions  of(M)  and  PfM)  have  been  constructed  from  the  entries  of  this 
table.  By  drawing  a  line  parallel  to  the  a-axis,  corresponding  to  a  specified  value 
of  M,  and  then  dropping  perpendiculars  from  its  points  of  intersection  with  the 
curves  cit(M)  and  P(M)  we  obtain  the  interval  a«  <  a  ^  90°  on  the  a-axis  and 
the  location  of  the  point  a  =  fi(M)  in  this  interval. 

3.  Simplification  of  the  problem  by  rotation  of  coordinates.  Consider  the 
formula* 


(6)  K  - 

for  the  curvature  K  of  any  stream  line  behind  the  shock  line;  in  the  right  member 
of  (6)  the  Uf  are  the  components  of  the  velocity  vector,  the  tr.  are  the  components 
of  a  vector  peipendicular  to  the  velocity,  of  the  same  magnitude  as  the  velocity 
vector,  and  such  that  the  vectors  u,  10  have  the  orientation  of  the  coordinate 
axes*.  We  thus  have  Ui  —  u>i  and  Ut  —  — ti>i .  Now  differentiate  (0)  repeatedly 

*  The  summation  convention  applies.  However  in  this  equation  and  those  which  follow 
we  have  put  all  indices  in  the  covariant  position  (which  is  strictly  legitimate  since  rectang¬ 
ular  systems  are  employed)  and  thus  have  reserved  the  upper  or  contravariant  position  for 
exponents  in  the  usual  sense. 
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90.00 

72.26 

66.88 

60.28 

41.82 

34.86 
30.00 
26.38 
28.67 

19.48 

16.60 

14.48 

12.86 
11.66 
10.47 

9.60 


90.00 

77.63 
73.20 
66.06 
62.23 

61.27 

61.46 
61.97 
62.68 
63.70 

64.63 
66.18 

66.63 
66.00 
66.26 

66.46 
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with  respect  to  the  arc  length  ri  along  the  stream  line  to  obtain  equations  of  the 
form 

^0)  “  - -7 - T  •••  , 


^(«)  *  - -  + 


where  the  “dotes”  denote  terms  in  the  derivatives  of  the  components  of  lower 
order  than  those  which  appear  explicitly  in  the  first  term  of  any  equation.  We 
note  here  that  there  are  n  indices  in  the  set  7  •  *  •  i  (where  n  »  0,  1,  2,  •  •  •  ) 
corresponding  to  the  subscript  n 


appearing  in  the  symbol  in  the 
last  of  the  above  equations. 

Now  rotate  the  coordinate  axes 
through  the  angle  u  so  that  the  new 
x‘  axis  is  tangent  to  the  obstacle  at 
the  vertex  V.  Our  equations  are  in¬ 
variant  under  this  rotation  and  for 
simplicity  we  shall  continue  to  use 


Shock  Lint 


Fio.  3 


the  designations  for  quantities  previously  employed.  Relative  to  the  new  system 
we  have,  at  V,  the  following  relations:  ui  »  v,  tit  »  0  and  toi  =  0,  toi  —  v.  Hence 
the  above  equation  for  K(n)  b^omes 


(7) 


tit.ll...l 


V 


+ 


Now  the  first  term  in  the  right  member  of  (1)  originates  entirely  from  the  first 
term  in  the  right  member  of  (7).  Hence  the  problem  of  determining  the  coefficient 
On{M,  a)  in  (1)  is  essentially  the  problem  of  determining  the  quantity  Ut,ii...irelative 
to  the  rotated  axes. 


4.  The  algebraic  conditions.  The  differential  equations  governing  the  flow 
behind  the  shock  line  are  given,  under  our  hypotheses,  by 

{p,.  +  pn,Um.,  "  0, 

-  0, 

“  TPW..#  “  0. 

In  addition  there  are  certain  relations  holding  immediately  behind  the  shock 
line,  namely 


(9) 
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where  the  Am  are  the  components  of  a  vector  and  the  B  and  C  are  scalars.  The 
explicit  formulas  Am ,  B^and  C  are* 

-  -  —  +  ^  (H..X.  - 

PlWi,  p 

o  AftUmUt 

^  -  (TTk 

where  the  subscript  1  indicates  that  the  quantity  in  question  is  considered  for 
the  uniform  flow  before  the  shock  line;  the  symbols  U|  and  u.  or  uu  are  the  com¬ 
ponents  of  velocity  tangential  and  normal  to  the  shock  line,  the  qiumtity 
being  the  normal  component  of  velocity  behind  the  line  and  the  Ui,  denoting  the 
normal  velocity  of  the  incident  flow.  The  bracket  [  ]  in  the  above  equations  and 
in  certain  following  equations  denotes  the  jump  or  discontinuity  in  the  quantity 
involved  in  the  transition  across  the  shock  line. 

Now  differentiate  (8)  with  respect  to  the  variables  and  also  differ¬ 

entiate  the  equations  (9)  n  times  with  respect  to  the  arc  length  «  along  the  shock 
line.  In  writing  the  resulting  equations  we  shall  omit  terms  not  of  the  highest 
order  in  the  derivatives  of  the  n.  with  respect  to  the  coordinates  and  also  terms 
of  order  less  than  n  in  derivatives  of  x  with  respect  to  «  since  such  terms  do  not 
enter  in  the  determination  of  the  functions  Q%{M,  a).  We  thus  obtain 

(10)  P,mfi—y  "I"  pU,Um^...y  =  0, 

(11)  PkS— -yW#  +  pUm^..y  —  0, 

(12)  —  C'u,^...y  “  0, 

where  we  have  put  c*  yp/p,  and 

(13)  •  •  •  \y  “  i4aX(K)  , 

(14)  PmiS  -vMs  •  •  •  Xt  -  BK(n)  , 

t 

(16)  p^ip.. -yXfiXs  •  •  *  X7  *  . 

We  now  refer  equations  (10),  •  •  •  ,  (15)  to  the  rotated  axes  introduced  in  §3. 
Equation  (10)  then  becomes 

(16)  Pf^-y  +  PPU-.1P...T  “  0, 

and,  interchanging  the  indices  a  and  jS  in  these  equations,  we  have 

(17)  Um,i$...y  “  Ut,lm...y^ 

*  These  formulas  for  the  Am  ,  B  and  C  differ  from  the  formulas  for  the  corresponding 
quantities  in  the  paper  On  Curved  Shock  Waves  (loc.  eit.  3)  in  that  they  do  not  involve  the 
factor  (  which  has  been  made  to  appear  explicitly  in  the  right  members  of  the  equations  (9). 
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Account  may  be  taken  of  the  relations  (17)  in  the  choice  of  independent  variables 
in  the  process  of  solving  the  system  (10),  •  •  •  ,  (15).  However  the  problem  of 
determining  Ut4i...i  (§3)  reduces  to  the  problem  of  solving  for  these  quantities 
within  the  following  system 

(18)  (m*  -  l)ui.ia..T  -  “Jjw  -.T  •=  0, 

(19)  •  •  •  \y  “  {B/pv)lC(n)  , 

(20)  •••  \y  "  AjK(,)  , 

where  m*  “  v*/<^.  Equation  (18)  results  immediately  from  (12)  for  the  rotated 
axes,  (19)  follows  from  (14)  by  the  substitution  (16),  and  (20)  is  obtained  from 
(13)  by  confining  our  attention  to  the  value  2  of  the  index  a. 

Consider  the  equations  (18),  (19)  and  (20)  as  equations  for  the  determination 
of  the  quantities  u^.afi...y .  But  in  view  of  the  relations  (17)  the  u^,a$...y  reduce 
to  the  following  set 

1 ;  ;  ui.u---s ;  ui.s—s 

Observe  here  that  after  the  first  term  Ui.u...i  in  this  sequence  each  u  has  the 
index  2  in  the  first  position  and  also  that  the  number  of  indices  2  in  any  term 
(after  the  first)  is  one  greater  than  the  number  in  the  immediately  preceding 
term.  There  are  »  +  3  terms  u^.at...y  in  this  set  and  there  are  likewise  n  +  3 
equations  in  the  system  (18),  (19)  and  (20). 

When  we  order  the  unknowns  u^.afi...y  in  the  equations  (18),  (19)  and  (20)  as 
in  the  above  sequence  the  determinant  of  the  coefficients  of  these  unknowns  will 
be  denoted  by  A.  Replacing  the  second  column  of  A  by  the  column  consisting 
of  the  right  members  of  the  system  (18),  (19)  and  (20)  we  obtain  a  determinant 
which  we  shall  denote  by  D.  The  determinants  A  and  D  are  represented  explicitly 
by  Tables B  and  C,  the  quantities  appearing  in  these  determinants  being 
the  ordinary  binomial  coefficients.  Hence,  assuming  A  ^  0,  and  using  Cramer’s 
rule  we  have 

(21)  =  Z)/A. 

6.  Evaluation  of  the  A  determinant.  For  brevity  let  us  put  g  =  m*  —  1  and 
hr  - 

For  definiteness  let  us  first  suppose  that  n  is  odd.  Now  multiply  the  next  to  last 
column  of  A  by  and  add  to  the  column  two  places  in  advance,  i.e.  the  fourth 
column  counting  from  right  to  left.  Next  multiply  the  latter  column  in  the  deter¬ 
minant,  so  modified,  by  g  and  again  add  to  the  column  two  places  in  advance, 
etc.  This  process  will  terminate  with  an  addition  to  the  first  column  of  A  (n  odd). 
Now  start  with  the  last  column  of  A  and  operate  in  a  similar  manner,  i.e.  we 
multiply  the  last  column  of  A  by  and  add  to  the  column  two  places  in  advance, 
etc.  For  n  odd  the  process  now  ends  with  an  addition  to  the  second  column  of  A. 
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The  final  determinant  obtained  from  A  in  this  manner  will  have  in  its  lower  left 
hand  comer  the  following  second  order  determinant 

(hi  +  ghi  +  g*ht  +  •  •  •  +  (ht-\-  ghi  +  +  •  •  •  + 

(»*,  +  »■*.  +  «’*.+  •••+  (A. + j)i. + o’*.  +  •  •  •  +  »'•*”"*.«)  ■ 

The  elements  of  the  first  two  columns  of  the  modified  determinant  A,  other  than 
those  which  appear  in  this  second  order  determinant,  are  equal  to  sero.  Hence 
the  determinant  A,  for  n  odd,  is  inunediately  seen  by  Laplace’s  rule  to  be  equal 
to  the  determinant  (22). 

For  n  even  (including  n  0)  we  proceed  in  a  corresponding  manner  and  ob¬ 
tain  in  place  of  the  determinant  (22)  the  following  determinant 

(^1  +  ghi  +  ^hi  +  •  •  •  +  g*'*hn+i)  (ht  +  ghi  +  •  •  •  +  g^^kn+t) 

(gh»  +  +  •  •  •  +  g^^^'^hn+t)  (hi  +  ght  +  +  •  •  •  +  ff"^Ai,+i) 

which  is  now  equal  to  the  negative  of  the  determinant  A. 

Expanding  (22)  we  have 

A  =  (hi  +  ght-\-  •  •  •  -f-  —  g(h»  +  ghi-\-  •  •  • 

Now  put  =  m*  —  1  =  e*.  Introduce  the  quantity  e  within  the  second  paren¬ 
thesis  in  the  above  equation  for  A  so  that  A  is  given  as  the  difference  of  the 
squares  of  two  expressions  and  hence  can  be  written  as  the  product  of  the  sum 
and  difference  of  these  expressions.  When,  furthermore,  we  substitute  for  the  h’a 
their  values  in  terms  of  the  binomial  coefiScients  we  obtain 

A  -  [Xx"-"'  +  Cr^\:(e\t)  +  Cr‘xr‘(eX,)*  +  ...  +  C:+*Xx(sX,)"  +  (eX,)-+‘] 

X  -  Cx-'‘xr(cX,)  +  cr^\r\e\t)'  + - C'r‘Xi(eX,)’*  +  («X,)"+‘]. 

But  the  first  bracket  expression  in  this  product  is  (Xi  +  eXs)*'*'^  and  the  second 
is  (Xi  —  «Xi)*‘'‘\  Hence 

A  =  (Xi  -H  cXj)"''’*(Xi  —  eXi)""^*  *■  [(Xi  -|-  eX|)(Xx  —  eXt)]"^* 

-  (X?  -  eM)’‘+*  -  [X?  -  (m*  -  l)x;]-^‘, 

or,  since  n  is  odd,  we  have 

(24)  A  -  (m*X\  -  !)•+*. 

For  n  even  we  expand  the  determinant  (23)  and  treat  in  a  similar  manner. 
Then  taking  account  of  the  fact  that  A  is  the  negative  of  the  determinant  (23) 
we  again  find  that  A  is  given  by  (24).  Hence  the  determinant  A  ie  given  by  (24) 
regardless  of  whether  n  is  even  or  odd.  It  is  important  to  remember  that  the  quan¬ 
tity  X|  in  (24)  is  taken  relative  to  the  rotated  coordinate  system  (§3).  Hence 
Xt  “  —  sin(a  —  «)  in  (24). 
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6.  Proof  that  A  does  not  vanish  in  the  a  interval.  Consider  the  ratio  uVc*.  We 
have 


^  -  “-k  -  1  + 

C*  TP 


($-) 


1  + 


pUn  —  TP 


TP 


1  r-  20m*  -  TP)~ 

2tP  L  T  +  1  J ' 


But  from  the  following  remark  we  can  substitute 

— 2(ptt*  -  TP) 


[pi 


Hence, 

(26) 


Un 

C» 


T  +  1 


1  -  (l+W  <  1. 


2tp 


since  [p]  >  0  for  all  values  of  a  in  the  interval  ao{M)  <  a  ^  90°*.  Also 

(»» 

where  ^  a  —  But  sin*  9  =  X*  and  hence  from  (26)  and  (26)  we  see  that 
m*X*  <  1.  Hence  the  determinant  A,  given  by  (24),  cannot  vanish  for  valves  of  a  in 
the  interval  at(M)  <  a  ^  90®.  In  fact  we  see  that  for  au(Af)  <  a  ^  90®  we  have 

A  >  0,  for  n  odd,  A  <  0,  for  n  even. 

Now  let  a  — >  a«(Af)  from  above.  What  happens  to  the  determinant  A?  To 
answer  this  question  we  make  use  of  the  formula* 


(27) 


til  M*  coe(*  a  tan*  (o  —  m)(p/pi) 
^  "  ■  P/Pi 


From  the  formulas  for  the  ratios  p/pi  and  p/pi  in  §2  we  see  that  p/pi  -*  1  and 
p/pi  — » 1  since  sin  o  — >  1/Af  as  o  -♦  a*(Af).  Also  «  — »  0  as  a  otiM).  Hence 
from  (27)  it  follows  that  wl/c*  — >  1  as  o  — ♦  a^(Af).  Hence  m*  sin*  8  or  m*xj  -♦  1  on 
accoimt  of  (26).  But  we  saw  above  that  m*Xi  <  1  in  the  interval  ao(Af)  <  o  ^ 
90®.  Hence,  using  (24),  it  follows  that  when  a  — ♦  oit{M)  we  have 


A  —*  Ofrom  above  for  n  odd, 


A  — ♦  0  from  below  for  n  even. 

Remark.  It  is  sometimes  convenient,  as  in  the  above  instance,  to  express  the 
discontinuities  [u.],  [p]  and  [p]  in  terms  of  quantities  immediately  behind  the 
shock  instead  of  in  terms  of  quantities  relative  to  the  incident  flow.  For  possible 

*  The  condition  [j>]  >  0  is  equivalent  to  the  condition  p/pi  >  1  (condition  for  compression 
shock)  which  was  used  in  the  derivation  of  the  interval  for  the  shock  angle  a  {loc.  cii.  2). 
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future  reference  we  derive  the  general  form  of  these  relations  (plane  or  three 
dimensional  case).  We  begin  with  the  relations^ 

r-  1  _  2{pi((?  —  uiJ*  — 

(7  +  l)/).((3  -  «u)  ’ 

r_i  _  2{pi(G'  -  UiJ*  -  TPi} 

w - - ’ 

r  1  2pi{pi((?  —  ttiO*  —  ypi] 

"  27Pi  4-  (7  -  l)pi(0  - 

where  0  denotes  the  nonnal  velocity  of  propagation  of  the  shock  wave  along  its 
normal  r  directed  into  the  region  behind  the  shock;  the  other  quantities  in  these 
equations  have  the  same  significance  as  in  the  preceding  discussion.  Let  us  think 
of  the  above  discontinuities  as  being  written 

[u«l  -  Uta  -  Ml.  ;  bl  -  Pi  -  Pj  ;  (p1  “  Pi  -  Pi 

so  that  the  subscript  2  refers  to  quantities  behind  the  shock  line.  Then  we  can 
evidently  interchange  the  subscripts  1  and  2  in  the  above  shock  conditions  pro¬ 
vided  we  consider  the  normal  k  to  be  directed  from  region  2  (region  behind  the 
shock)  into  region  1  (region  before  the  shock)  and  hence  measure  the  wave 
velocity  0  and  normal  components  of  the  velocities  mi  and  ut  along  this  normal 
direction.  If  we  do  this  and  then  change  back  to  the  original  normal  v,  directed 
from  region  1  into  region  2,  which  involves  a  change  of  algebraic  sign  in  0,  the 
components  r.  and  the  velocity  components  Uu  and  Ut»  we  have 

f..  1  _  -2{p((?  -  mO*  -  7p}r. 

(7  +  IMQ  -  M,)  » 

r^i  _  — 2{p(G  —  ttj*  —  7p} 

w - - 

r  1  _  -2p{p(Q  -  M,)*  -  7p} 

27P  +  (7-  l)p((?-M,)«’ 

where  we  have  omitted  the  subscript  2  in  conformity  with  above  procedure.  In 
these  relations  the  bracket  expressions  [m«],  [pi  [p]  their  previous  mean¬ 
ing,  the  normal  w  is  directed  into  the  region  behind  the  shock  wave  and  the  6 
and  M.  are  measured  along  this  normal. 

In  the  case  of  a  stationary  wave  front  for  which  G  >■  0  the  above  relations 
become 


[mJ 


2(pm*  —  7p)i>« 
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7.  The  D  detenninant.  Suppose  first  that  n  is  odd.  We  now  carry  out  the  first 
part  of  the  process  used  in  the  evaluation  of  A  in  §5,  i.e.  we  multiply  the  next  to 
last  column  of  D  by  ^  >  m*  —  1,  add  to  the  column  two  places  in  advance,  etc. 
The  process  terminates  with  an  addition  to  the  first  column  o[}D.  This  suffices 
in  the  present  case  for  the  evaluation  of  D  due  to  the  presence  of  the  zero  in  the 
second  column  and  second  row  and  we  now  immediately  see  that 


(28) 


D 


(^1  +  +  •  •  •  +  hn+ii  —  — 

pv 

(gfh  +  +  •  •  •  +  jf*"'*'*^'*  h^i)  -dycc*) 


,  (nodd). 


When  n  is  an  even  integer  (including  zero)  we  begin  our  process  with  the  last 
column  of  i)  to  obtain  an  addition  to  the  first  column  as  the  final  step.  In  this 
case  the  result  is 


(29)  D 


{hi  ght  Ih  +  •  •  •  +  g*'*  h»+i) - — 

pv 

(gfh  +  (7*  hi  +  •  •  •  + 


(n  even). 


To  complete  the  evaluation  of  the  determinants  appearing  in  (28)  and  (29) 
we  have  recourse  to  the  explicit  formulas  for  the  quantities  B  and  At  (§4). 
Noting  the  following  relations 

Xi  —  —  — coe(a  —  to);  Xj  ■■  —  ri  =»  — sin(a  —  to) 

u,  -  UmK  =  UiXi  =“  »Xi ;  -  M.F.  «  UiPi  »  vvi 

for  purposes  of  easy  reference  we  have 


Hence, 

(30) 
Also, 

(31) 


4pi  Ui,  u,  ^  —4pUnUt  _  4pi;*  Xi  X« 
7+1  7+1  7+1* 


B  4pXi  Xs 
pv  7  +  1  * 


At  -  +  -  (tti.Xi  -  M,n) 

pt*»  p 

_  +  wfeLii-x.  ) 

pWm  P  \  PX  / 

\7  +  1  P  Px  / 


Now  expand  the  determinants  in  (28)  and  (29),  substitute  the  expressions 
containing  the  binomal  coefficients  for  the  h’a  and  also  put  for  B/pv  the 
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expression  given  by  (30).  We  then  obtain 

z)  - {gcr^  xr  X,  +  xr'*  xj  +  •  •  •  +  cr‘  x,  xd 

(32)  7  +  1 

+  iii*(-)(xr‘  +  +  •••  +  ^‘"•'“'•xr*),  (n  odd), 

and, 

D  -  (jcr'xrx,  +  j’cr'xr’x!  +  ■•■  +  j'-">'’xr‘) 

(33)  7  +  1 

-  ^,«(-)(xr‘  +  jK7r‘xr‘xJ  +  •••  +  p"'*cr‘x,x?),  (neven), 

where  the  quantity  At  is  given  by  (31).  In  spite  of  the  fact  that  these  expressions 
are  somewhat  lengthy  the  above  formulas  (32)  and  (33)  will  have  immediate 
application  in  §9. 

We  can  obtain  a  simplified  expression  for  the  determinant  D  which  is  applic¬ 
able  both  for  n  even  and  odd  as  follows.  Introduce  the  quantity  e  defined  by 
(?  ■»  m*  —  1  ■“  e*.  Observe  that 

(Xi  +  eXi)"'*’*  «  X"^*  +  C'r'*^’X"(eXj)  +  •  •  •  +  (cX*)"^*, 

(X,  -  eX,)-"'  »  xr-"'  -  Cr-^'X.^eX.)  +  •  •  •  =fc  (eX.)-'*, 


where  the  +  sign  applies  in  the  last  term  if  n  is  odd  and  the  sign  if  n  is  even 
(or  zero).  Then  replacing  g  by  s*  in  the  expressions  (32)  and  (33)  for  D  we  obtain 

*”(Xi  -h  cXi)"'*’*  +  (Xi  —  cXj)"'*'* 


D  =a  At  Kin) 


(34) 


D" 


+ 


4t;Xi(eXi)x(n)  (” (X|  +  eX*)"'*"*  —  (Xi  —  eX*)" 


7  +  1  L 


■]<- 


D" 


The  expression  (34)  for  D  is  seen  to  hold  in  all  cases,  i.e.  when  n  is  zero  or  an  even 
or  odd  integer. 


8.  A  lemma.  In  this  section  we  prove  the  following 
Lemma.  For  m  \  the  expression 


(35) 


a 


i— 

\7  +  1 


\\  >  0. 

Pi 


We  first  show  that  the  coefficient  of  X*  in  (35)  is  positive.  We  have' 


Ip]  _  2(ui«  —  cj) 

P  (7  +  l)ttj,  * 

Hence, 

4  _  W  ^  4  __  2(tt|,  —  c?)  _  2(ttu  +  C|) 

7  +  1  P  7  +  1  (7  +  1)mi»  (7  +  l)wi» 


(36) 


>0. 
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.  i  ow  multiply  the  two  members  of  (35)  by  v*  to  obtain 


(37) 

But, 

(38) 

Ip]  _  Pi  gulp] 
p 

and  hence. 

(39) 

\p]u\ 

Pi 

-  ti,uulp] 


pu\  [p] 


Pi 


yp  p 


yp 


From  the  h}rpothe8is  m  ^  1  we  have  v*  =  -J-  ^  c*  so  that  ^  c*  —  . 

Since  the  coefficient  of  u\  in  the  right  member  of  (37)  has  been  shown  to  be  posi¬ 
tive  we  will  not  increase  the  value  of  this  member  if  we  replace  w *  by  c*  —  u\  . 
Making  this  substitution  and  also  the  substitution  (39)  we  see  that 


(40) 


6  -  »1)  - 
\7  +  1  p  /  yp 


Then,  multiplying  both  members  of  (40)  by  [p]/pic*  and  again  using  (39),  we 
have 


1)  ^  ^  -  WVW  -  _  w  w 

PiC*  \7  +  1  P/\Pi  TP/  TP  Pi  " 
The  usual  form  of  the  Rankine-Hugoniot  shock  condition  is 


(42) 


£  ^  (t  +  l)p  —  (7  —  l)pi 
Pi  (7  +  l)pl  -  (7  -  l)p’ 


and  from  this  we  easily  deduce  the  following  equivalent  relation 


W _ 2[p] 

TP  (7  +  l)p  —  (7  -  l)pi  * 


Now  the  denominator  in  the  right  member  of  (43)  is  positive  since  the  other 
quantities  in  this  equation  are  positive;  likewise,  and  for  the  same  reason,  the 
denominator  in  the  right  member  of  (42)  is  positive.  Using  these  facts  and  making 
the  substitution  (43)  into  the  right  member  of  (41)  we  easily  deduce  that 


go*.  (7  -b  i)p  —  (7  —  l)pi  >  W 
Cl  (7  +  l)pi  —  (7  —  l)p  P 


Hence,  using  (42),  we  obtain 
(44) 


«>*P  ^  c^[p] 
Pi  P 


It  follows  now  that  a  is  positive  since  the  other  quantities  in  the  inequality  (44) 
are  positive.  This  completes  the  proof  of  the  above  lemma. 
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Now  At  “  at;.  If  t>  *  0  it  follows  that  u*  *  0.  But  if  u,  —  0  we  have  [p]  =  0 
from  (38)  which  contradicts  the  assumption  that  we  are  dealing  with  a  shock 
wave*.  Hence  v  >  0.  It  follows  therefore  from  the  above  lemma  that  At  >  0  when 
m  ^  l;from  the  results  of  §2  the  inequality  At  >  0  holds  within  the  interval  ao(M)  < 
a  ^  0iM). 

9.  The  case  m  ^  1.  For  m  ^  1  we  have  g  ^  m*  —1  ^0.  Now  Xj  <  0  and 
Xt  <  0.  Using  these  inequalities  and  also  the  inequality  At  >  0  it  follows,  from 
the  statement  at  the  end  of  §8,  that  the  coefficients  of  K(«)  in  the  right  members 
of  (32)  and  (33)  are  positive  in  the  interval  at(Af)  <  a  /3(Af).  Denoting  the 
coefficient  of  *(,)  by  EnV  we  therefore  have  from  (7),  (21)  and  the  fact  that  for 
otiM)  <  a  ^  90°  the  determinant  A  does  not  vanish  (§6)  that 

(46)  On(M,  «)-§!,  for  a,(Af)  <  a  ^  ^(M ), 

A 

where  En  is  positive  for  all  n.  But  A  >  0  for  n  odd  and  A  <  0  forn  even  (includ¬ 
ing  n  B  0)  by  the  results  of  $6.  Hence  in  the  interval  a«(M)  <  a  ^  P(M)  we  have 

On{M,  a)  >  0,forn  odd, 

OmiM,  a)  <  0,forn  even. 

Hence  there  exists  no  singular  shock  direction  for  which  the  shock  angle  a  lies  in 
the  interval  at{M)  <  a  ^  P(M). 

It  is  easily  seen  that  En  is  positive  at  a  «  Using  this  fact  and  taking 

account  of  the  behavior  of  the  determinant  A,  as  shown  in  §6,  it  follows  that 

0,(Af,  a)  — » 00 ,  as  o  — ♦  ao(Af),  for  n  odd, 

GniM,  a)  — +  —  00 ,  as  a  — >  as{M),  for  n  even. 

10.  Formula  for  GniM,  a)  when  m  <  1.  For  m  <  1  we  have  g  =  m*  —1  =*  e* 
where  e  —  ii  and  t  =  Vl  —  m*.  Now  consider  the  following  expansions 

(X,  +  ta,)-+‘  =  xr+‘  +  icr-^%’(e\t)  +  gcr%-y,  -  tcr‘xr-*(«x,)* 

+  y*cr‘xrv,  +  icr‘xr‘(«x,)‘  +  •••  ±  tcr‘x,(a,)" 

-I-  (n  odd), 

and, 

(X,  i^x,)--"*  -  xr+‘  +  ic,-+‘xr(«x,)  +  gcr^xr'xi 

+  •  •  •  +  g"^C2^\Xt  ±  •X^Xf)"'*^*,  (n  even). 

Denoting  the  real  part  of  a  complex  quantity  by  9L( )  and  its  imaginary  part 
by  A( )  we  see,  for  n  odd,  that 

a(Xi  +  i«x,)-+'  -  Xi"*-'  +  (K:'r‘xr“‘x5  +  •  •  •  + 

-«A(x,  +  ax,)"+‘  -  ^r'^'xrx,  +  fi(*c;-"‘xr“*x!  +  •••  +  y‘"*‘“'*c:+‘xix; , 
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and  /or  n  even  we  have 

»(Xi  +  -  xr+*  +  ^r‘xr"‘xj  +  •  •  •  +  a"'*cr‘xix; , 

+  tiX,)"-'*  -  +  •••  + 

Using  these  relations,  formulas  (32)  and  (33)  become 

(46)  D  -  [A,St(X,  •{•  axO"*'  -  #(X.  +  ax,)"«l  .  (n  odd), 

(47)  D--  rA,«(X.  +  axO’«  -  ^^*J(X,  +  axO”‘l«,.,.(neven). 

Now  Xt  —  Xi  tan  0  where  0  ~  a  —  a.  Define  ^  to  be  the  first  quadrant  angle 
such  that  tan  S  g  tan  0.  We  then  have 


Xi  +  *2X|  ■>  X|(l  +  a  tan  0)  =  Xi(l  +  i  tan  S)  =*  (cos  5  +  *  sin  S). 

cos  0 

Hence, 

» »+i 

(Xi  +  t^X*)""^*  -  — [cos  (n  +  1)5  +  i  sin  (n  +  1)5] 

C08"+*  5 


be  De  Moivre’s  theorem,  and  hence 

(48)  gi(Xi  + 

008*”  5 

(49)  ^  (X,  +•  ^  . 


Equations  (48)  and  (49)  hold  for  even  and  odd  values  of  n.  Substituting  (48) 
and  (49)  into  the  right  members  of  (46)  and  (47)  we  obtain 


(50)  D 
(61)  D 


Xi'*’*  cos  (n  +  1)5  4pXr'^X*«  sin  (n  +  1)5 


cos' 


i"+>  5 


Xf*^*  cos  (n  +  1)5 


cos»+‘  5 


(y  +  1)  COS-+1 0 

4i>xr'^  Xi  g  sin  (n  +  1)5 
(7  +  1)  C08"+‘  5  , 


«(,) ,  (n  odd), 


K(»)  I  (n  even). 


Using  (7),  (21)  and  (24),  making  the  substitutions  At  «•  as,  2  »  y/\  —  m*  and 
replacing  Xi  and  X|  by  their  values  in  terms  (rf  0  we  find  that  both  (50)  and  (51) 
give  the  following  relation 


(62) 


cos"'*'*  g  cos  (n  +  1)5 
co8"+*  5L(m^in9  —  !)"+* 


2  V 1  —  m*  sin  2g  sin  (n  +  1)51 
(t  +  !)(»»*  sin*  0  —  !)"■•■*  j 


where  a  is  given  by  (35). 

The  relation  (52)  can  be  simplified  slightly  as  follows.  We  have 


cosg  _/l  +  tan*  5Y^*  _  /I  +  g*  tan* 
oos  5  \1  +  tan*  0)  \  1  +  tan*  0  ) 
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and  when  the  value  ^  1  —  m*  is  substituted  this  equation  is  seen  to  reduce  to 

COB  9  %  .1  vi/i 

^  -  (1  -  m  sm  fl)  . 

Making  this  substitution  in  (52)  we  find 

(63)  G.(AfK«)  -  (1  1*  (’*  + 

—  Bin  sin  (rt  +  1)^ J 

Equation  (53)  io  a  general  formula  for  On{M,  a)  when  m  <  1,  i.e.  for  values  of  a 
in  the  irUervol  fi{M)  <  a  ^  90**  (see  §2). 


11.  The  zeros  of  die  functions  GmiM,  a).  From  the  results  in  §9  the  zeros  of 
the  functions  GniM,  a)  can  occur  only  in  the  interval  fi{M)  <  a  ^  90**  corre¬ 
sponding  to  m  <  1  (§2).  For  this  a  interval  the  formula  (53)  applies  and  we  see 
from  this  formula  that  Gn(M,  a)  can  vanish  if,  and  only  if,  the  bracket  expression 
in  the  right  member  is  equal  to  zero.  Hence  putting 


5 


2Vl  -  m* 
7  +  1 


sin  20, 


the  condition  for  Gn{M,  a)  to  vanish  becomes 

(54)  a  cos(n  +  1)5  +  6  sin(n  +  1)5  —  0, 


where  a  and  6  are  functions  (rf  a  and  M. 

Since  6  <  0  the  equations 

^  “  VcTfV’  “  VT+v 

define  an  angle  ^  which  is  either  zero,  or  lies  within  the  first  or  fourth  quadrants, 
and  which  depends  on  a  and  M.  Then  replacing  a  and  6  in  (54)  by  sin  iff  and  cos  ^ 
reqieotively  the  condition  that  GniM,  a)  —  0  assumes  the  form 

(55)  'sin[(n  +  1)5 +  ^]  -  0. 

Now  consider  Mi>  1)  to  be  fixed  so  that  5  —  5(a)  and  iff  —  ^(a).  Likewise 
the  fimction  i,  which  depends  on  M  and  a,  becomes,  for  M  fixed,  a  function  I  — 
e(a).  From  the  algebraic  character  of  the  shock  conditions  it  is  clear  that  the 
functions  5(a),  ^(a)  and  e(a)  are  differentiable  functions  of  a;  moreover  it  is  evi- 
ent  that  the  right  member  of  the  equation  defining  5,  namely 

(56)  tan  5  —  0  tan  6  —  v^l  —  m*  tan  (a  —  «) 

can  have  but  a  finite  number  of  turning  points  in  the  interval  /9(Af)  <  a  ^  90° 
and  hence  that  the  derivative  dJi/da  can  vanish  (or  become  infinite)  at  most  for  a 
finite  number  of  values  of  a  in  this  interval.  These  general  observations,  by  which 
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explicit  caloulations  are  avoided,  will  suffice  for  our  discussion  of  the  distribution 
at  the  seroB  of  the  functions  Om{M,  a). 

If  a  »  90°,  then  m  «  0  (loc.  cU.  2)  and  hence  from  (56)  6  ««  90°.  But  (54)  is 
satisfied  by  n  —  0  and  6  —  90°;  hence  Gt(M,  90°)  —  0.  Since  a  •*  90°  gives  a 
sero  of  the  function  0%iM,  a),  for 
any  value  of  Af ,  this  value  of  a  can 
be  disregarded  in  our  consideration 
of  the  distribution  of  the  xeroe  of 
the  functions  OniM,  a)  and  our 
attention  confined  to  the  open  in¬ 
terval  /S(Af)  <  a  <  90°. 

Now  let  on  be  any  value  of  a  in 
the  interval  /3(Af)  <  a  <  90°. 

Within  this  interval  consider  an  in¬ 
terval  containing  ai  defined  by  |  a 
—  ai  I  <  i.  Take  as  to  be  a  value 
of  a  in  this  <  interval  such  that 
d6/da  ^  0  at  on .  Select  an  interval 
I  a  —  os  I  <  «,  lying  within  the  6  interval,  and  within  which  dO/da  9^  0.  Since 
0(a)  is  a  monotonically  increasing  or  decreasing  function  of  a  in  the  e  interval 
we  can  find  a  value  os  in  this  latter  interval  such  that  0(at)  is  irrational. 

Now  consider  the  set  of  values 

(57)  Q(n,  a,)  ~  (n  +  l)^(a,)  -f  ^(o,),  n  -  0,  1,  2,  3,  •  •  •  . 

Since  6(at)  is  irrational  the  Q’»  can  be  reduced,  mod.  360,  to  a  set  of  values  fi(n) 
dense*  in  the  interval  —180  <  0  ^  180.  Hence  we  can  select  an  increasing 
sequence  of  integers  n*  such  that  fi(n*)  >  0  and  ii(n*)  — ♦  0  as  k  — >  « ;  then  the 
0(n* ,  at)  will  appear  as  first  quadrant  angles  so  that  sin  Q(n* ,  oi)  >  0  and 
sin  0(nk ,  oi)  — »  0  as  k  — ^  <» .  By  taking  k  sufficiently  large  it  is  evident,  since 
0(a)  increases  or  decreases  continuously  as  a  fxmction  of  a  within  the  above  c 
interval,  that  a  small  change  in  a  from  the  value  a*  to  a  value  04  lying  in  the  « 
interval  can  be  made  such  that  (l(n*  ,  04)  will  be  an  angle  within  the  fourth  quad¬ 
rant.  Hence  for  this  value  of  X;  we  will  have 

sin  n(nt ,  ot)  >  0,  sin  Q(nt  ,04)  <0. 

Hence  there  must  be  some  value  of  a  =  ai  between  os  and  04  and  lying  in  the 
c  interval  such  that  sin  0(n* ,  oi)  =  0.  We  have  therefore  shown  that  if  a  =  ai  is  a 
value  of  a  in  the  interval  0(M)  <  a  <  90°  any  neighborhood  of  ai  contains  a  value 
of  a  at  which  (55)  is  satisfied  for  some  integer  n.  In  other  words  the  zeros  of  the  func¬ 
tions  Gn(M,  a),  i.e.  the  singular  shock  angles  a,  are  dense  in  the  interval  ^(M)  < 
al<  90°. 

The  figure  shows  the  nature  of  the  graph  of  the  angle  a  for  a  given  value  of 
Af  >  1  and  the  location  of  the  singular  shock  interval.  Point  A  corresponds  to 
the  value  a  «=  a*(Af)  and  B  to  the  value  a  /3(Af)  at  which  m  *  1.  In  the  open 
interval  AB  no  singular  shock  angles  a  occur,  nor  is  there  a  singular  shock  angle 
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1^  I  at  the  rad  point  B.  The  singular  shock  angles  are  dense  in  the  open  interval  BD 

i !  and  a  singular  angle  occurs  at  D.  The  w  ciuve  reaches  its  maximum  height  at  a 

?  j  point  E  corresponding  to  a  value  of  a,  represented  by  the  point  C,  in  the  singiiUr 

I  shock  interval*. 
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*  This  conclusion  is  reached  by  observation  of  the  graphs  of  the  functions  u  and 
a)  shown  in  the  paper  Calculation  of  the  Curvatures  of  Attached  Shock  Wavee,  loc.  cit.  2. 


APPLICATION  OF  THE  W.KB.  METHOD  TO  THE  FLOW  OF  A 
COMPRESSIBLE  FLUID,  I 
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1.  Introduction  and  summaiy.  As  is  well  known,  the  two-dimensional  irrota- 
tional  flow  of  a  compressible  fluid  can  be  exactly  dealt  with  by  the  hodograph 
method,  due  originally  to  Molenbroek*  and  Chaplygin*,  and  later  developed 
by  Ringleb”  The  application  of  the  hodograph  method  can  be  successfiil, 
for  example,  to  the  flow  round  a  comer  and  to  the  discontinuous  flow  with 
free  stream-lines,  such  as  the  free  jet  emerging  from  an  aperture  and  the  flow 
impinging  on  a  flat  plate,  behind  which  a  dead  air  region  is  formed.  In  these 
cases  of  flow  the  stream  function  can  be  expressed  as  a  unique  series  (sometimes 
finite,  but'  generally  infinite)  throughout  the  field  of  flow.  On  the  contrary, 
for  the  continuous  flow  past  an  obstacle,  which  is  of  the  greatest  importance 
in  aerodynamical  applications,  no  such  single  series  expression  can  be  obtained 
for  the  stream  function.  Thus  the  exact  treatment  of  the  flow  past  an  obstacle 
at  high  speeds,  with  partly  subsonic  and  partly  supersonic  region,  is  very  difficult. 

For  the  approximate  treatment,  however,  there  is  available  the  well-known 
method  of  K£rm^  and  Tsien^*  However,  in  view  of  the  approximative 
nature  of  the  h3rpothetical  gas  introduced,  the  method  seems  to  be  less  accurate 
near  the  critical  Mach  number. 

In  this  paper  the  fundamental  equations  of  the  hodograph  method  will  be 
expressed  in  terms  of  new  variables  suggested  by  the  W.K.B.  method.*  In  the 
case  of  subsonic  flow  past  an  obstacle  approximate  treatment  similar  to  Kdrm^n- 
Tsien’s  method  can  be  developed  which  is  believed  to  be  very  accurate  even 
near  the  critical  Mach  number.  Some  numerical  examples  will  be  given  in  a 
forthcoming  paper  by  H.  Hasimoto  and  the  present  author. 

In  the  supersonic  case  the  equations  of  motion  in  terms  of  new  variables  have 
the  advantage  of  giving  immediately  the  equations  for  the  characteristics. 

Further,  the  equations  are  also  very  convenient  for  the  approximate  treatment 
of  the  transonic  case  in  which  the  flow  is  partly  subsonic  and  partly  supersonic 
in  the  region  considered.  Such  a  treatment  will  be  given  in  another  paper. 

2.  Fundamental  equations.  The  two-dimensional  irrotational  flow  of  a  non- 
viscous  compressible  fluid  in  the  xy-plane  is  governed  by  the  equations: 

u  —  di/dXf  V  »  di/dy,  (2.1) 

w  =  V  =  -(pi/p)(a^/ax),  (2.2) 

*  Quite  recently  the  author  has  received  from  Prof.  S.  Bergman  a  aeries  of  interesting 
papers  dealing  with  the  compressible  flow.  It  was  found  that  the  new  variables  r,  ^ 
introduced  in  this  paper  are  just  the  same  as  those  employed  by  him  with  the  notations 
K  0*>  However,  the  present  paper  will  not  be  useless,  in  view  of  the  fact  that  the  reason 
for  the  introduction  of  the  new  variables  seems  to  present  some  interest,  and  that  the 
subsequent  treatment  is  believed  to  be  quite  different  from  that  of  Prof.  Bergman.  The 
author  wishes  to  thank  Prof.  Bergman  for  favouring  him  with  the  reprints  of  his  papers  of 
greatest  importance  and  interest. 
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where  (ti,  p)  is  the  velocity  vector,  4»  the  velocity  potential,  "9  the  stream  fimction, 
p  the  density,  and  pt  a  certain  constant  having  the  dimensions  of  the  density, 
which  may  be  conveniently  taken  to  be  the  density  of  the  fluid  at  rest.  Denoting 
the  magnitude  of  the  velocity  vector  by  q  and  the  angle  between  the  z-axis 
and  the  velocity  vector  by  0,  we  have 

u  ^  qcoB  0,  V  q  sin  0.  (2.3) 

Let  us  assume  that  the  pressure,  p,  of  the  gas  is  a  function  of  the  density  p 
only.  Then  Bernoulli's  theorem  can  be  expressed  in  the  form: 

qdq  -f  dp/p  -  0,  (2.4) 

whence  p,  and  therefore  p  can  be  expressed  as  a  definite  function  of  q.  Thus, 
remembering  that  9*  —  u*  +  v\  we  may  consider  (2.1)  and  (2.2)  as  a  syatem  of 
non-linear  partial  differential  equations  for  4  and  ^  with  z  and  y  as  independent 
variables. 

Let  us  now  go  over  to  the  hodograph  plane,  taking  q,  0  aa  independent  vari¬ 
ables.  From  (2.1)  and  (2.2)  we  have 


d9>  «  tidx  -f  vdj/  “  g(co8  0  dx  +  ain  0  dp), 
ppd*  —  p{—vdx  -f  udy)  «  qp{—  sin  9  dz  -f  cos  0dy). 


Solving  for  dx  and  dy,  we  have 


dz  -}-  tdy  -  dz  -  g-*  c’*(d4>  -|-  t(pi/p)]d4'],  (2.5) 

with  z  “  z  +  iy.  Hence,  the  equality:  d'z/dqd0  “  ^z/d0dq  gives,  on  reduction 
and  separating  into  real  and  imaginary  parts, 


_  d  /  po\  ^  _  Po  ^ 

dq  ^  dq  \qp/  dS  '  90  ^  p  dq  ' 


(2.6) 


which  are  linear  partial  differential  equations  for  ^  and as  functions  of  g  and  0, 
and  form  the  basis  of  the  hodograph  method. 

(2.6)  can  be  further  simplified  by  introducing  a  new  variable  t  defined  as: 

'  I  -  f  ip/po)dq/q.  (2.7) 


Thus  (2.6)  become 


with 


d*/d0  =  d*/dt, 


(»/dt  -  -Kd*/d0, 


(2.8) 


where  c  »  (dp/dp)^  is  the  local  velocity  of  sound.  K  is,  of  course,  a  fixed  function 
of  g  and,  therefore,  oS  t  only.  Elimination  of  $  from  (2.8)  gives  at  once 

-I-  Kihr/d^  -  0. 


(2.10) 
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As  usual,  particular  st^utions  of  (2.10)  can  be  obtained  in  the  form: 

♦  —  TniO  coe  n$,  Tnit)  sin  n0,  (2.11) 

■I 

where  n  is  an  arbitrary  constant  and  Tn(t)  is  a  solution  of  the  ordinary  differential 
equation: 

-  n'KTn  -  0.  (2.12) 

It  may  readily  be  inferred  that  the  general  solution  oi  (2.10)  can  be  constructed 
by  summing  up  the  particular  solutions  with  different  n. 

3.  Application  of  the  W.K3.  mediod.  As  mentioned  above,  exact  solutions  of 
the  differential  equations  for  compressible  flow  can,  in  principle,  be  obtained 
in  the  form: 

♦  —  2  Tn(t)(An  cos  ntf  +  sin  n$).  (3.1) 

However,  for  practically  important  cases  of  flow,  the  series  is,  in  general,  infinite, 
and  it  becomes  of  basic  importance  to  test  the  convergence  of  the  series.  Some¬ 
times  we  are  even  compelled  to  deal  with  divergent  series.  Indeed,  in  the  case  of 
an  obstacle  submerged  in  a  uniform  flow  of  unlimited  extent,  '9  diverges  when 
0  — » 0,  <  — *  where  U  corresponds  to  the  undisturbed  flow,  since  '9  increases 
unboundedly  with  the  distance  from  the  obstacle. 

In  order  to  see  the  convergency  property  of  (3.1),  it  is  essential  to  have  in¬ 
formation  concerning  the  asymptotic  properties  of  Tn(jt)  forn—*  <» .  This  may  be 
furnished  by  the  W.K.B.  method  well-known  in  the  quantum  mechanics. 
Putting 


r-  -jiidq/q, 

(3.2) 

and 

Tnit)  -  KT^Wnir), 

(3.3) 

where 

M  -  (1  —  q* /<?)*, 

(3.4) 

(2.12)  becomes 

cfWJdr*  -  n*IF,  -  kWn , 

(3.6) 

where 

k  -  ir^<fK*/dT* - Kr*cfKr*/df. 

(3.6) 

k  is  naturally  a  definite  function  of  r  to  be  determined  from  the  pn^rty  of  the 

gas  under  consideration.  As  n  — »  » ,  kWn  may  be  neglected  in  comparison  with 
n*Wn  f  so  that  Wn  will  be  asymptotically  given  by 

IF,  ^  Ae*'  +  (3.7) 

which  is  the  result  of  the  W.K.B.  method. 
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Suggested  by  the  above  result,  we  shall  introduce  new  variables  r,  and  ^ 
such  that 


-  /rV. 

(3.8) 

Then  (2.8)  become 

d^/dr  —  d4//d$  “  —K~^(dl^/dr)^, 

(3.9) 

d^/ae  +  af/dr  -  -K*(dKr*/dr)4/. 

(3.10) 

EHiminating  ^  or  ^  gives  respectively 

d*4/dT*  +  aVd^  -  K*(d*/rVdT*)4, 

(3.11) 

aV/dr*  +  a*f/aa*  -  Kr\ifK>/dr*)4/. 

(3.12) 

It  may  be  added  that,  in  terms  of  the  independent  variables 
can  be  rewritten  in  the  form: 

r  and  9,  (2.8) 

dBf/dr  -  a*/aa  -  -K'd^/ar. 

(3.13) 

4.  New  method  of  approximation  for  flow  past  an  obstacle.  In  the  following  we 
shall  confine  ourselves  to  the  uniform  flow  past  an  obstacle.  We  now  consider 
(3.12),  which  may  be  rewritten  in  the  form; 

Af  -  A  ■  d*/aT*  +  a*/8a*,  (4.1) 

k  being  given  by  (3.6).  Following  facts  are  especially  to  be  noted. 

(i)  For  flow  at  moderate  speeds  K  is  nearly  constant,  and  consequently  k 
is  very  small. 

(ii)  On  the  surface  of  the  obstacle  we  may  take  ^  =  0,  and  therefore  4^  **  0. 
Hence,  near  the  obstacle  AV'  will  be  very  small. 

(iii)  At  great  distances  from  the  obstacle,  ^  is  very  large.  But,  it  can  be  shown 
without  difficulty  that  A^  becomes  infinite  of  order  higher  than  As  a  con¬ 
sequence,  hi/  may  be  safely  neglected  compared  with  A^. 

From  these  considerations,  it  will  be  natural  to  expect  that  (4.1)  can  be  very 
closely  approximated  by 

'  A^  =  0.  (4.2) 

The  general  solution  of  (4.2)  is  given  by 

4>  -  (l/2t)I/(a)  -  /(a)],  (T  =  r  +  iO,  (4.3) 

where  /(<r)  is  an  arbitrary  analytic  function  of  the  complex  variable  <r. 
Remembering  (3.8),  (3.9),  and  (3.10),  we  have 

d<I>  -  d(K*^)  =  ^  {Kr^)4/ds\. 

{dO  OT  dr  j 

On  the  profile  4^  *  0,  and  hence  (2.5)  reduces  to 

dz  =»  q~^I^e**[{d4//dO)dT  —  (d4'/dT)d0\. 


(4.4) 


W.K.B.  METHOD  AND  FliOW  OF  A  COMPRESSIBLE  FLUID 


177 


Substituting  the  approximate  solution  (4.3),  we  get,  for  the  coordinates  of  the 
profile, 

d*,  -  q~W*df.  (4.6) 

We  can  now  proceed  just  as  in  the  hodograph  method  of  Kirm&n  and  Tsien. 
As  is  well  known,  the  anal}rtic  function  f(o)  represents  an  incompressible  flow 
in  a  certain  f'-plane,  if  we  put 

df/df  -  Ce-  -  Qe-*\  Q  -  Ce~",  (4.6) 

where  Q  and  0  are  respectively  the  magnitude  and  the  angle  of  inclination  of  the 
velocity  vector  of  the  incompressible  flow  in  the  f-plane.  It  may  be  interesting 
to  remark  that  the  function  Q  has  already  been  introduced  in  a  previous  paper* 
from  quite  a  different  viewpoint. 

Combining  (4.5)  and  (4.6),  we  get  finally 

dz^  ^  q-^QK^dif ,  (4.7) 

which  gives  the  correspondence  between  the  profiles  ('9  ^  0)  in  the  z-plane  and 
the  f-plane. 

For  an  arbitrary  point  in  the  field  of  flow,  we  have  dz  from  (2.5). 

Neglecting  (iiC~*)V  and  using  the  approximation  ^  «  3/(ff),  we  can  transform 
this  as  follows. 

dz  -  hg~^e^Wdf  4-  d/)  +  ip,/p)K-Hdf  -  d/)} 


where  the  relation  K  =  tiifk/py  and  d//df  =  Qe  **  have  been  employed. 

6.  Calculation  of  velocity  and  pressure  over  an  obstacle  in  a  uniform  flow. 
We  take  an  arbitrary  profile  Po  in  the  f*-plane  and  consider  a  uniform  flow  of  an 
incompressible  fluid  past  it.  The  velocity  Q  on  the  profile  P*  can  be  easily  calcu¬ 
lated  by  some  current  method,  such  as  Theodorsen’s  method"  or  the  method 
proposed  by  the  present  author**  *.  By  the  use  of  numerical  tables  q  and  then 
{Q/q)K}  can  be  determined  from  Q  for  any  point  f  =  on  the  profile.  Hence, 
on  integrating  (4.7),  the  form  of  the  profile  P  in  the  ph}rsical  z-plane  can  be 
calculated.  The  velocity  q  of  the  compressible  flow  along  the  profile  P  can  thus 
be  found.  Calculation  of  the  pressure  from  the  velocity  is  quite  an  easy  task  by 
the  use  of  a  suitable  numerical  table. 

In  case  the  profile  Pa  is  not  symmetrical  with  respect  to  the  oncoming  flow, 
there  would  usually  be  a  circulation  round  Pa .  Then  the  profile  P  in  the  physical 
z-plane  is  not  closed  as  was  already  pointed  out  by  Kdrmdn  and  Tsien.  In  such  a 
case  we  may  proceed  just  as  proposed  in  a  previous  paper*.*  Thus  we  consider  a 
second  f'-plane  of  incompressible  flow,  such  that 

di/di'  - 1  +  (vn  +  (Vf'*)  +  ••• .  (5.1) 

*  At  the  suggestion  of  the  author,  Mr.  Oyama*  investigated  the  compressible  flow 
with  circulation  past  a  profile  derived  from  an  elliptic  cylinder  of  thickness  ratio  1/10,  at 
various  angles  of  incidence,  on  the  basis  of  the  approximate  method  of  KArmin  and  Tsien. 
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A  closed  curve  P*  in  the  j^-plane  is  mapped  on  a  non-closed  curve  P*  in  the 
{‘-plane,  and  then  on  a  closed  curve  P  in  the  physical  z-plane  by  assigning  a 
suitable  value  to  ki.  The  relation  between  the  velocity  in  the  j*-  and  the  {^-plane 
is  naturally  given  by 

Q  -  I  d//df  I  -  1  df/<^  II  dr/df  I  -  O'  I  df/dr  \-\  (6^) 

6.  Thin  profile.  It  is  very  difficult  to  calculate  the  velocity  distribution  directly 
for  an  arbitrarily  given  profile  by  the  above-mentioned  procedure.  We  should 
rather  start  from  a  suitably  chosen  profile  P«  and  find  the  velocity  on  the  profile 
derived  from  P«  by  means  of  (4.7).  Such  a  defect  is  well  known  to  be  inherent  in 
the  hodograph  method.  For  a  moderately  thin  aerofoil,  however,  the  numerical 
labour  is  considerably  reduced,  since  the  profiles  P  and  P«  are  then  nearly 
similar  to  each  other,  so  that  the  numerical  integration  (4.7)  can  be  dispensed 
with. 

(4.7)  can  be  written  in  the  form: 

dz  -  Xdf,  X(g)  «  q’^QK*.  (6.1) 

On  a  thin  profile  the  velocity  q  is  nearly  constant:  qHqi  (we  may  take  qi  as  the 
undisturbed  flow  velocity  g.),  so  that  X  ^  X(9t)  —  Xi .  Thus 

X  -  Xi  -  0(c), 

•  being  a  small  quantity  representing  the  order  of  magnitu  de  of  the  thickness 
of  the  profile.  From  (6.1)  we  have 

dz  -  X,df  -H  (X  -  Xi)df, 

whence 

*  -  Xif  +  I  (X  -  X,)d€  +  »■/  (X  -  Xi)di,.  (6.2) 

For  a  thin  profile  >-  0(<),  and  hence 

/  (X  -  X,)di,  -  0(c‘). 

Separating  real  and  imaginary  parts  of  (6.2),  we  have 

X  -  X,{  +  0(c),  y  -  Xin  +  0(c‘).  (6.3) 

Let  the  profile  Pc  in  the  f-plane  be  given  by 

*?  -  y(f),  y(0  -  0(c).  (6.4) 

Then,  by  (6.3),  we  get 

yAi  “  »?  +  0(c*)  *  y({)  -1-  0(c*)  -  y(x/Xi  -}-  0(c)]  +  0(c*) 

“  y(x/Xi)  +  y'(x/Xx)0(c)  ^  0(c*). 

Since  y'({)  is  0(c)  just  as  —  y({),  we  get  finally 

y/Xi  -  y(x/X,)  -f  0(c*).  (6.5) 
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Hence  it  will  be  obvious  that,  neglecting  small  quantities  oi  order  0(t),  the 
profile  P  in  the  z-plane  and  the  profile  P*  in  the  f-plane  are  similar  to  each  other 
and  in  the  ratio  Xi:  1.  Therefore  the  velocity  9  on  a  thin  profile  in  a  compressible 
flow  can  be  directly  obtained  from  the  velocity  on  the  same  profile  in  an  incom¬ 
pressible  flow,  by  using  a  numerical  table  q  vs.  Q. 

It  will  be  of  interest  to  remark  that  such  an  approximate  method  of  calculating 
velocity  distribution  is  just  the  one  put  forward  by  the  present  author  from 
quite  a  different  standpoint*. 

7.  Adiabatic  gas  flow.  We  are,  in  general,  concerned  >vith  the  flow  of  gas 
obeying  the  adiabatic  law: 


where  7  is  the  ratio  of  the  specific  heats.  In  this  case  we  have 

p/p,  -  (1  -  oV)’'*’-",  a’  -  (t  -  1)/(t  +  1)  (7.2) 

p/«  -  (1  -  aWf"'",  (7.3) 

«■  -  i(7  +  1)  -  i(7  -  !)«’  =  Kt  +  1)(1  -  oV),  (7.4) 

where  the  critical  velocity  c*,  at  which  the  fluid  velocity  is  equal  to  the  local 
velocity  of  sound,  is  taken  as  the  unit  of  velocity,  and  po  and  pt  are  respectively 
the  pressure  and  the  density  at  the  stagnation  point:  9  »  0.  Also  we  have 

K  =  M*(po/p)*  =  (1  -  9*)(1  -  ,  (7.6) 

»  tanh”V  —  oT^  tanh~‘  ap.  (7.7) 


-  Cqil  -  aV)“-’'*‘(l  +  aM)‘'*(l  +  m)'*,  (7.8) 

where  C  is  an  arbitrary  constant,  which  can  be  conveniently  determined  by  the 
requirement  that  Q  — » 9  as  9  — ►  0.  Thus 

C  -  2(1  -H  a)"*".  (7.9) 

Finally  (3.6)  can  be  vnitten  as 

^1/4  1  -  a*  4  8  -  2(1  +  3a*)9*  -  (1  -  a*)9' 


kiq)  -  /r"*  ^  (/C*'*)  =  - 


(1  -  9*)*(1  -  aV) 


-  TTl  ’*{ 


,  ,  fiy  -1-  5  ,  247*  +  39y  +  19  ^4 

*+217  +  1?’+  4(-,  +  l)—  ’  + 
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It  will  be  seen  that  k(q)  is  very  small  if  9  is  small.  In  fact,  if  the  Mach  number 
of  the  undisturbed  flow  is  denoted  by  Af  »  qm/cm,  we  have,  from  (7.4), 


-  }(t  +  Dilfll  +  J(t  -  l)A^*r'. 


80  that 


*(«)  ~  (^)  ~  -(r  +  l)  W‘  (^)  • 

Thus,  if  0{M*)  can  be  neglected,  k{q)  may  be  safely  taken  to  be  sero,  as  men¬ 
tioned  in  §4,  (i). 

k{q)  has  a  pole  at  9  ~  1,  and  therefore  the  method  of  approximation  developed 
in  this  paper  will  be  inaccurate  near  the  transonic  region:  9  »  1. 

8.  Supersonic  flow.  The  above  discussion  is,  in  principle,  applicable  to  the 
supersonic  flow  as  well  as  the  subsonic  flow,  but,  in  view  of  the  appearance  of 
imaginary  quantities,  it  will  be  convenient  to  treat  the  supersonic  case  separately. 
For  the  supersonic  flow  9  >  c,  and  taking 


we  have 


1  -  (9/c)  -  s-'’I(9/c)  -  1), 


.-U-ta/O’l'-e-*"!!* 


From  (3.2)  we  have  (c*  —  1) 


^  ttdq/q  -  e  ^  i  |  dq/q  -  t  * 


From  (2.9)  we  have 

K  -  <.*(p./p)‘  -  r*  I  M  l*(p./p)‘  •X^'\K  |.  (8.4) 

Also  (3.8)  can  be  written 

♦  r'lJtl'#  -  (8.6) 

♦  _  irV  -  i*|K|-V  -  |Kr*l*l.  (8.6) 

where 

(8.7) 

Substituting  (8.3),  (8.4),  and  (8.7)  into  (3.9)  and  (3.10),  we  get 

d^/dr  -  d^/de  -  -Kr\dK>/dr)4»,  (8.8) 

d^/dB  —  d^fjdr  “  K^{dK~^/dT)tff,  (8.9) 

where  the  symbol  |  |  ,  for  the  absolute  value,  has  been  dropped  for  simplicity. 

Also  we  have,  in  place  of  (3.11)  and  (3.12), 

dV/dr  -  dVa«*  -  K  *(d*/r*/dT*)^,  (8.10) 

dV/ar*  -  dV/aa*  -  iir*(d*x*/dT*)^.  (8.11) 
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It  will  readily  be  seen  that  the  characteristics  of  the  simultaneous  equations 
(8.8)  and  (8.9)  are  the  same  as  those  of 

d^/dr  -  d^/de  -  0,  d^/ae  -  -  o.  (8.12) 

Thus  the  characteristics  are  given  by 

T  ±  «  const.  (8.13) 

Now  (3.13)  is  replaced  by 

»/dT  «  K^d*/ae,  a*/ae  -  K*a*/aT.  (8.14) 

Putting 

we  have,  from  (8.14), 

a*/d|  -  -xW/d^  d*/dn  -  K*a*/aii.  (8.15) 

Hence  (2.5)  can  be  written  as: 

dz  -  +  i(pt/p)d'*] 

.  Le- 1 -(M  -  i)  5!  <«  +  (m  +  •■)  ^  d.)  . 

9  I  P  P  dij  J 


Now  we  have 


±  •  -  (1  +  -  (j/c)«*‘*. 


where  a  »  cot  V  is  the  Mach  angle.  Thus 


The  two  families  of  characteristics  |  —  const  and  9  «  const  are  reflectively 
pven  by 

*  _  £!  .««•>  ^d,,  ds-  e‘"->  ^  d£, 
pc  art  pc  di 

SO  that  the  angle  between  the  velocity  vector  and  each  one  of  the  characteristics 
is  equal  to  the  Mach  angle  a  ■■  cot~V>  ss  should  be  expected. 

In  the  case  of  adiabatic  gas  flow  p/po ,  p/pi  ,  and  e*  are  given  by  (7.2),  (7.3), 
and  (7.4)  respectively.  Remembering  that  we  have  simply  written  p,  K,  r  for 
the  quantities  |  /i  |,  |  £  | ,  |  r  | ,  we  have 


v  -  ov/  ■ 


K-ii-  1)(1  -  aVr"*’, 
T  «■  o~*  tan^^o^  —  tan~V« 


I 
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Substituting  (8.19)  into  (8.13),  we  may  at  once  recognise  the  well-known  equa¬ 
tion  for  the  characteristic  curves  in  the  hodograph  plane  for  the  case  of  adiabatic 
flow. 
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PROPERTIES  OF  THE  CONFLUENT  HYPERGEOMETRIC  FUNCTION* 

Bt  a.  D.  MacDonald 


The  confluent  hypergeometric  functions  have  proved  useful  in  many  branches 
of  physics.  They  have  been  used  in  such  problems  involving  diffusion  and 
sedimentation,  as  isotope  separation  and  protein  molecular  weight  determinations 
in  the  ultracentrifuge.  The  solution  of  the  equation  for  the  velocity  distribution 
of  electrons  in  high  frequency  gas  discharges  may  frequently  be  expressed  in 
terms  of  these  functions.  The  high  frequency  breakdown  electric  field  may  then 
be  predicted  theoretically  for  gases  by  the  use  of  such  solutions  together  with 
kinetic  theory. 

This  report  presents  some  of  the  properties  of  the  confluent  hypergeometric 
functions  together  with  six-figure  tables  of  the  functions  for  the  parameter  values 
y  -  0.5,  1.0,  1.6,  and  2.0  and  a  -  0.001,  0.01,  0.05,  0.1,  0.2,  0.26,  0.3,  0.4,  0.5, 
0.6,  0.7,  0.75,  0.8,  0.9,  and  1.0.  Tables  of  the  second  solution  of  the  differential 
equation  for  7  «  1,  2,  and  3  at  the  same  values  of  a  are  also  included.f  The 
tables  give  values  for  arguments  up  to  8  by  steps  of  0.5.  For  values  of  the  argu¬ 
ment  above  8,  the  asymptotic  expansions  suffice. 

1.  Definitions.  The  confluent  h3rpergeometric  function  Mia;  7;  z)i8  defined 
as  the  solution,  bounded  at  the  origin,  of  the  second  order  linear  homogeneous 
differential  equation 

« <fM/di  +  iy  -  z)  dM/dz  -  oAf  -  0  (1) 

where  7,  a,  and  z  are  unrestricted.  Equation  (1)  has  a  r^ular  singularity  at  the 
origin  and  an  irregular  singularity  at  infinity. 

If  7  is  not  integral,  a  second  solution  of  Eq.  (1)  is  given  by 

Wia;y;z)^  /-^Mia  -  7  -f-  1 ;  2  -  7;  *)•  (2) 

If  7  is  integral,  a  second  solution  is  given  byt 

rCa;-,;*)  +  -a)  -|Klf)  +C|  +  S 

+  (-ir  £'  -  T  I  fjlr  "  -  (3) 

n-0  r(a)n! 

where 

^(a)  »  r'(a)/r(a),  C  -  .577216 

*  This  work  has  been  supported  in  part  by  the  Signal  Corps,  the  Air  Materiel  Command, 
and  O.N.R. 

t  The  notation  used  in  this  report  is  that  of  E.  Jahnke  and  F.  Elmde,  "Tables  of  Func¬ 
tions",  Teubner,  Leipsig,  193^ 

t  W.  J.  Archibald,  Phil.  Mag.  (London)  7,  86,  419  (1938). 
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TABLE  I:  Af(a;  i;  f) 


04)01 

04)1 

0.05 

0.1 

OJ 

0J5 

OJ 

0.4 

|Q||| 

1.12121 

1.24661 

1.37626 

1.61027 

1.0 

1.20930 

■  WjJjTji 

1.78860 

1.06279 

2.32866 

1.6 

■wit's?!! 

1.27626 

1.66642 

2.88476 

3.64646 

2.0 

1.00901 

Bwffr!?? 

1.46683 

1.06791 

4.34381 

6.77622 

2.6 

1.01447 

1.14603 

1.76670 

2.68360 

4.46186 

6.66544 

9.22724 

3.0 

1.02275 

1.22976 

2.20028 

6.63681 

8.42141 

14.8313 

3.6 

1.03541 

1.36822 

2.88462 

16.3274 

23.9477 

4.0 

1.56666 

3.94789 

16.6257 

25.9018 

38.7987 

4.6 

1.86528 

24.2181 

32.2661 

41.3421 

6.0 

1.13269 

2.34797 

38.1163 

66.2936 

6.6 

3.10664 

12.3483 

25.8697 

60.3930 

81.9241 

167.182 

6.0 

1.32444 

18.8825 

131.388 

172.166 

272.838 

6.6 

6.19806 

29.2666 

63.6416 

153.822 

211.364 

278.467 

7.0 

46.8130 

246.763 

451.182 

728.603 

7.6 

2.27348 

72.2444 

396.873 

732.133 

1102.16 

8.0 

21.6636 

114.648 

266.061 

630.632 

801.119 

1180.61 

1M1.63 

.\- 

OA  1 

OA 

0.7 

0.75 

OJ 

0.9 

IS 

0.6 

1.64872 

1.79170 

1.93020 

2.01486 

2.00160 

2.2^60 

2.41060 

1.0 

2.71828 

3.13280 

3.67336 

4.04071 

4.68606 

5.06016 

1.6 

4.48160 

6.39476 

7.47272 

8.64722 

9.01880 

2.0 

M  r  ■ 

0.19636 

11.2120 

13.4544 

16.0372 

18.6789 

2.6 

12.1826 

15.5689 

10.4269 

21.5461 

23.7905 

28.7328 

34.2760 

3.0 

26.2291 

37.3286  1 

41.5843 

61.0166 

61.7801 

3.6 

33.1165 

44.0320 

56.9170 

64.1737 

72.0140 

89.5838 

109.914 

4.0 

64.6082 

73.7236 

96.6443 

123.879 

166.001 

193.640 

4.6 

90.0171 

123.188 

163.492 

186.649 

212.001 

260.009 

338.646 

6.0 

148.413 

205.616 

276.772 

316.494 

361.320 

464.508 

588.290 

6.6 

244.602 

342.432 

464.078 

535.162 

613.814 

796.395 

1017.20 

6.0 

403.420 

569.984 

779.473 

1030.01 

1360.45 

1761.60 

6.6 

666.142 

947.940 

1307.14 

1767.79 

2317.32 

3006.76 

7.0 

1006.63 

1575.44 

2180.06 

2666.04 

2066.66 

3937.50 

6142.60 

7.6 

1808.04 

2616.72 

3661.88 

4288.89 

4994.97 

6676.33 

8776.41 

8.0 

2080.96 

4343.0^ 

6110.63 

|7190.61 

8401.17 

11290.4 

14944.4 

and 


“  (t  -rr i  ■■■  7 + n  - 1)  “  ( 

Extensive  tables  of  the  ^  function  are  available.* 


0 


*  H.  T.  Davis,  “Tables  of  the  Higher  Mathematical  Fui^^oiis’’,  Vol.  I,  The  Prinoipia 
Press,  Bloomington,  Indiana,  1933. 


0.6 

1.30417 

1.36974 

1.43^ 

1.47118 

1.60^ 

1.67642 

1.64872 

1.0 

1.76339 

1.92832 

2.11198 

2.20717 

2.30466 

2.60666 

2.71828 

1.6 

2.42633 

2.78110 

3.16^ 

3.36469 

3.67319 

4.01210 

4.48169 

2.0 

3.44162 

4.09470 

4.81173 

5.19^ 

6.^683 

6.464^ 

7.38906 

2.6 

4.90283 

6.13341 

7.41115 

8.10491 

8.837a> 

10.4235 

12.18249 

3.0 

7.38010 

9.31770 

11.6206 

12.7466 

14.0421 

16.8839 

20.0855 

3.6 

11.0791 

14.3181 

18.0806 

20.1769 

22.4244 

27.4133 

33.1165 

4.0 

16.8440 

22.2066 

28.6360 

32.1007 

35.9635 

44.5024 

54.6082 

4.6 

26.8738 

34.6994 

46.2706 

51.2857 

67.8302 

72.6467 

90.0171 

6.0 

40.0784 

64.6608 

72.1216 

82.2137 

93.2612 

118.406 

148.413 

6.6 

62.6213 

86.1861 

116.294 

132.169 

160.723 

193.479 

244.692 

6.0 

98.0333 

136.727 

184.838 

212.936 

244.026 

316.176 

403.429 

6.6 

164.467 

217.647 

297.040 

343.748 

396.682 

617.065 

665.142 

7.0 

244.333 

347.466 

478.319 

656.836 

642.410 

846.076 

1096.63 

7.6 

387.747 

656.046 

771.567 

900.045 

1044.14 

1386.20 

1806.04 

8.0 

617.064 

891.736 

1246.47 

1460.19 

1698.70 

2^.89 

2930.96 

A  more  general  differential  equation  whose  solution  may  be  expressed  in 
terms  of  confluent  hypergeometric  functions  is 

dty  _  +  c 

(2/k)V 


0 


1  ±  ^ ^ 


where 
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TABLE  III;  Af(a;  i;  ir) 


0.001 

0.01 

0.05 

0.1 

OJ 

OJS 

OJ 

0.4 

0.6 

1.00037 

1.00371 

1.01860 

Hn 

1.CS483 

1.1145? 

1.16436 

1.0 

1.04197 

1.17344 

1.21916 

1.6 

1.00141 

1.01418 

1.07186 

1.14516 

l.^)23S 

■wKini: 

1.46911 

1.64683 

2.0 

1.00216 

1.02174 

1.11076 

1.22377 

1.47622 

1.60769 

1.74359 

2.6 

1.00316 

1.03168 

1.16231 

1.834S0 

1.91537 

2.13166 

3.0 

1.00447 

1.04498 

1.23176 

1.48119 

2.344^ 

2.67326 

3.6 

1.00626 

1.32681 

1.6S3^ 

2.40378 

2.950SS 

3.44619 

4.66366 

4.0 

1.00671 

1.06798 

1.46884 

3.14.379 

3.81957 

4.^9 

6.24162 

4.6 

1.01216 

1.12287 

1.64472 

4.07878 

6.18124 

6.0 

1.01702 

1.17232 

2.94540 

6.43784 

6.91746 

12.4421 

6.6 

1.24321 

2.20139 

3.7S163 

7.43214 

9.68277 

12.1126 

6.0 

02^ 

2.84697 

6.CS^ 

10.3832 

13.6719 

6.6 

3.66268 

6.81170 

14.7830 

19.7229 

26.3861 

39.1642 

1.71729 

4.86981 

9.49774 

21.3863 

28.8462 

37.4666 

68.6466 

7.6 

6.66877 

13.6186 

66.8392 

88.6366 

8.0 

9.36667 

19.6732 

134.684 

0.5 

0.6 

0.7 

0.75 

OA  ' 

0.9 

1.0 

0.6 

1.19496 

1.23639 

1.27S67 

1.^13 

1.32181 

1.36581 

1.41060 

1.0 

1.46266 

1.66727 

1.67619 

1.73231 

1.7S055 

1.90747 

2.03008 

1.6 

1.83603 

2.03724 

2.2.5C0S 

2.36271 

2.47779 

2.71S25 

2.07293 

2.0 

2.36446 

2.71379 

3.(^225 

3.^293 

3.50163 

3.94310 

4.41972 

2.6 

3.12228 

3.69968 

4.33701 

4.67964 

6.(^36 

6.81C08 

6.65520 

4.22221 

6.16156 

6.19657 

6.76658 

7.^734 

8.67465 

10.1300 

3.6 

6.83696 

7.31086 

8.996^ 

9.9^23 

10.9196 

13.0983 

16.5502 

8.22631 

10.5494 

13.2609 

14.7669 

16.3741 

19.9666 

24.0800 

4.6 

11.7973 

16.4434 

19.7483 

22.1740 

24.7967 

30.6816 

37.6061 

6.0 

17.1722 

22.8880 

29.7330 

33.6282 

37.8660 

47.4668 

68.7200 

6.6 

26.3164 

34.2789 

45.1646 

51.4006 

68.2376 

73.8673 

92.3820 

6.0 

37.7301 

61.7986 

69.0807 

79.0906 

90.1086 

116.483 

146.883 

6.6 

66.7604 

78.8684 

106.349 

122.392 

140.141 

181.327 

231.213 

86.0296 

120.865 

164.606 

190.328 

218.923 

285.742 

367.264 

7.6 

131.289 

186.266 

266.055 

297.224 

343.307 

461.606 

586.027 

8.0 

201.610 

288.4Q8 

399.605 

465.867 

640.166 

715.996 

033.060 

2.  Series  Representation.  The  following  series  converges  absolutely  for  all 
values  of  z. 


Jlf(a;7;z)  =  1  +  -  z  + 


o(a  +  1)  z* 
y{y  +  1)  2 


y  r(7)r(a  +  n)  z" 
ia)r(a)r(7  +  n)n!' 


(5) 


Recurrence  relations  for  M  have  been  tabulated  by  Jahnke  and  Emde.f 

3.  Indefinite  Integrals.  The  confluent  hypergeometric  function  has  been  used 
in  this  laboratory  most  often  as  a  solution  of  the  differential  equation  for  the 


t  E.  Jahnke  and  F.  Emde,  “Tables  of  Functions*’,  p.  276,  Teubner,  Leipzig,  1933. 
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TABLE  IV;  Af(a;  2;  z) 


0.05. 

0.1 

0.2 

0.25 

0.3 

0.4 

0.5 

1.00027 

1.00273 

1.01369 

1.02751 

1.06067 

1.08397 

1.11294 

1.0 

1.00060 

1.00601 

1.03025 

1.06106 

1.12435 

1.15685 

1.18993 

1.25785 

1.5 

1.00100 

1.01000 

1.05059 

1.10261 

1.21111 

1.36764 

1.32572 

1.44671 

2.0 

1.00149 

1.01495 

1.07595 

1.15490 

1.33218 

1.41067 

1.50252 

1.69663 

2.5 

1.00211 

1.02118 

1.10809 

1.22176 

1.46662 

1.50822 

1.73622 

2.03229 

3.0 

1.00290 

1.02915 

1.14949 

1.30860 

1.65736 

1.84788 

2.04977 

2.48953 

3.5 

1.00392 

1.03950 

1.20364 

1.42314 

1.91298 

2.18504 

2.47638 

3.12071 

4.0 

1.00527 

1.05316 

1.27558 

1.57649 

2.26041 

2.64661 

3.06456 

4.00292 

4.5 

1.00708 

1.07145 

1.37251 

1.78469 

2.73886 

3.28662 

3.88557 

5.25020 

5.0 

1.00953 

1.09630 

1.50493 

2.07106 

3.40586 

4.18456 

5.04464 

7.03226 

5.5 

1.01289 

1.13049 

1.68812 

2.46988 

4.34628 

5.45813 

6.69810 

9.60289 

6.0 

1.01758 

1.17811 

1.94452 

3.03145 

5.68602 

7.28240 

9.07932 

13.3435 

6.5 

1.02416 

1.24516 

2.30725 

3.83038 

7.61228 

9.91915 

12.5383 

18.8295 

7.0 

1.03352 

1.34055 

2.82543 

4.97762 

10.4061 

13.7614 

17.6020 

26.9329 

7.5 

1.04695 

1.47747 

3.57224 

6.63900 

14.4892 

19.4018 

25.0677 

38.9800 

8.0 

1.06636 

1.67568 

4.65722 

9.06341 

20.4987 

27.7373 

36.1450 

56.9945 

.V 

o.s 

0.6 

0.7 

0.75 

0.8 

0.9 

1.0 

0.5 

1.14241 

1.17238 

1.20286 

1.21830 

1.23386 

1.26539 

1.29744 

1.0 

1.32819 

1.40100 

1.47635 

1.51500 

1.55430 

1.63493 

1.71828 

1.5 

1.57432 

1.70881 

1.85045 

1.92404 

1.00953 

2.15632 

2.32113 

2.0 

1.00526 

2.12919 

2.369‘22 

2.49554 

2.62620 

2.90100 

3.19453 

2.5 

2.35664 

2.71117 

3.00790 

3.8Q4CX) 

3.51804 

3.07653 

4.47300 

3.0 

2.98058 

3.52742 

4.13363 

4.46CS1 

4.80484 

5.54570 

6.36185 

3.5 

3.85394 

4.68461 

5.62191 

6.1^ 

6.67570 

7.85657 

9.17584 

4.0 

5.09068 

6.34434 

7.78181 

8.57540 

9.42253 

11.2875 

13.3995 

4.5 

6.86068 

8.74766 

10.9447 

12.1700 

13.4887 

16.4196 

19.7816 

5.0 

0.41857 

12.2588 

15.6142 

17.5050 

19.5523 

24.1478 

29.4826 

5.5 

13.1508 

17.4299 

22.5586 

25.4778 

28.6551 

35.8547 

44.3076 

6.0 

18.6278 

25.1013 

32.9545 

37.4645 

42.4019 

53.6843 

67.0715 

6.5 

26.7392 

36.5564 

48.6100 

55.5004 

63.2735 

80.0606 

102.176 

7.0 

38.8235 

53.7630 

72.3129 

83.1393 

95.1162 

122.906 

156.519 

7.5 

56.9328 

79.7471 

108.373 

125.203 

143.909 

187.615 

240.939 

8.0 

84.2153 

119.176 

163.475 

189.695 

218.969 

287.813 

372.495 

electron  velocity  distribution  function,  and  in  this  application  the  following 
integrals  have  been  found  useful: 


s|lilf(a;7;s)]  +  (7  -  l)M(a 


(6) 


+  (7  —  l)M(a’,  7;  2)^1  —  zAf(o;  7;  2)| .  (7) 


— 0.^3So6 
0.4^451 
1.54433 
2.92706 
4.82566 
7.66704 
11.6042 
17.6644 
26.9006 
41.0782 
62.9906 
97.0456 
160.216 
m.5575 
^.631 
571.384 


0.4SS1^ 

1.86292 

3.26973 

4.92945 

7.06474 

9.95435 

13.9970 

19.7877 


1.23141 

0.386811 

0.387540 


0.4514^ 

1.89194 

3.29819 

4.96185 

7.07300 


2.35376 

3.96186 

6.13735 

9.21692 

13.6979 


2.69878 

4.44092 

7.18799 

11.3621 

17.7816 

27.7380 

43.2763 

67.6449 

106.014 

166.629 

262.661 

415.179 


6.99538 

9.98798 

14.2141 

20.3161 

29.2731 

42.5895 

62.6895 

92.8790 

139.072 

209.934 


-16.2842 

-24.9312 

-39.3270 

-62.8442 

-101.166 

-163.674 

-265.344 

-431.418 

-702.648 

-1145.94 

-1870.92 

-3057.25 

-4999.49 

-8180.73 

13393.4 

21937.6 


-3.17545 

-3.83668 

-5.04445 

-7.03262 

-10.2132 

-15.2625 

-23.2700 

-35.9862 

-56.2172 

-88.4821 

140.048 

222.628 

356.114 

668.019 

916.663 


1.14446 

1.03874 

0.958210= 


0.84156* 

0.79738* 

0.75958* 

0.71351* 

0.69780* 


0.6 

-1.97934* 

1.0 

-1.52411* 
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TABLE  VI*:  W(a;  2;  ») 


0.001 

0.01 

0.05 

0.1 

0.2 

0.3 

-2.84756 

-2.88691 

-3.06956 

-3.31745 

-3.89302 

-4.61032 

-0.826838 

-0.860261 

-1.01606 

-1.22869 

-1.72682 

-2.35223 

0.309981 

0.277996 

0.127300 

-0.082485 

-0.587796 

-1.24219 

1.26637 

1.22589 

1.07957 

0.869404 

0.339596 

-0.381060 

2.19777 

2.17015 

2.03335 

1.82680 

1.26970 

0.441461 

3.23626 

3.21386 

3.09601 

2.90197 

2.32212 

1.39899 

4.46240 

4.44881 

4.36451 

4.19757 

3.60667 

2.54611 

5.98155 

5.98207 

5.95323 

5.83603 

5.25551 

4.02755 

7.93257 

7.95605 

8.01442 

7.98143 

7.44767 

6.01544 

10.5091 

10.5652 

10.7616 

10.8654 

10.4376 

8.75589 

13.9883 

14.0953 

14.5021 

14.8225 

14.5963 

12.6095 

18.7725 

18.9563 

19.6836 

20.3426 

20.4708 

18.1113 

26.4515 

25.7511 

26.9652 

28.1487 

28.8737 

26.0617 

34.8962 

35.3699 

37.3226 

39.3153 

41.0201 

37.6650 

48.3988 

49.1353 

52.2086 

56.4468 

58.7361 

54.7409 

67.8872 

69.0208 

73.7968 

78.9507 

84.7765 

80.0613 

0.73 

OJ 

0.9 

13.8519 

-17.2505 

-33.9886 

10.3010 

-13.1713 

-27.1052 

10.0042 

-13.1876 

-28.6827 

10.9730 

-14.9069 

-33.9700 

12.9983 

-18.1586 

-43.2658 

16.2786 

-23.3013 

-57.6938 

21.2736 

-31.0861 

-79.4984 

28.7451 

-42.7308 

-112.264 

39.8812 

-60.1276 

-161.566 

56.5119 

-86.1970 

-236.030 

-126.433 

-184.760 

-274.928 

-412.539 

-623.450 

-947.952 


-349.011 

-521.224 

-784.887 

-1190.24 

-1815.78 

-2784.47 


*  This  table  has  been  computed  by  the  recurrence  formula  from  tables  V  and  VII, 
therefore  there  is  a  possibility  that  the  last  number  may  be  off  by  ±  1. 


These  integrals  are  worked  out  by  setting  M(a;  y;  t)  —  where 

f{t)M{a]  y]  z)  is  the  integrand  of  the  required  integral.  The  expression  is  then 
differentiated,  put  into  Eq.  (1)  and  the  resulting  terms  int^rated  by  parts. 
The  results  may  be  checked  by  differentiation  and  the  application  of  the  defining 
equation  in  the  rif^t  hand  side  of  Eqs.  (6)  to  (9). 
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TABLE  VII*:  W(a;  3;  •) 


.V 

omi 

ODl 

OAS 

0.1 

OJ 

OA 

0.5 

-9.45028 

-9.56093 

-10.0789 

-10.7032 

-12.4902 

-14.7097 

1.0 

-3.54739 

-3.60145 

-3.85360 

-4.19907 

-5.01404 

-6.05166 

1.5 

-1.68300 

-1.72512 

-1.92197 

-2.19238 

-2.83203 

-3.64691 

2.0 

-0.591663 

-0.629037 

-0.804794 

-1.04882 

-1.63504 

-2.39427 

2.5 

0.247797 

0.213384 

0.049734 

-0.181573 

-0.753616 

-1.54374 

3.0 

1.00348 

0.971889 

0.819161 

0.507061 

0.(^^ 

-0.760050 

3.5 

1.75745 

1.72940 

1.50010 

1.37873 

0.823317 

-0.045053 

4.0 

2.56647 

2.54338 

1  2.42309 

2.22756 

1.64062 

0.727450 

4.5 

3.48293 

3.46697 

3.37463 

3.20380 

2.62951 

1.61682 

5.0 

4.56562 

4.55999 

4.50878 

4.37634 

3.81880 

2.60580 

5.5 

5.88826 

5.89753 

5.90655 

5.83280 

5.31382 

4.05706 

6.0 

7.54887 

7.57955 

7.67629 

7.60004 

7.24401 

5.83007 

6.5 

9.68179 

9.74321 

9.96723 

10.1137 

9.70362 

8.18944 

7.0 

12.4746 

12.5801 

12.9885 

13.3303 

13.2170 

11.3886 

7.5 

16.1922 

16.3612 

17.0366 

17.6666 

17.8820 

15.7006 

8.0 

21.2120 

21.4724  1 

22.5352 

23.6000 

24.3217 

21.9232 

.v 

0.4 

0.5 

0.6 

0.7 

0.75 

OJ 

0.9 

0.5 

-17.6828 

-21.8842 

-28.2497 

-38.9690 

-47.6065 

-60.6233 

-126.177 

1.0 

-7.42028 

-9.31483 

-12.1244 

-16.7568 

-20.4347 

-25.e«4 

-53.2348 

1.5 

-4.71794 

-6.19072 

-8.35310 

-11.8733 

-14.6422 

-18.74-53 

-38.9453 

2.0 

-3.40247 

-4.79627 

-6.85123 

-10.1849 

-12.7967 

-16.6553 

-35.5145 

•  2.5 

-2.54857 

-4.00404 

-6.17115 

-9.7(«37 

-12.4851 

-16.5846 

-36.6632 

3.0 

-1.88050 

-3.48760 

-5.02222 

-9.94727 

-13.1216 

-17.8191 

-40.7281 

3.5 

-1.27858 

-3.12066 

-5.97664 

-10.7772 

-14.6638 

-20.2^ 

-47.9994 

4.0 

-0.671740 

-2.84455 

-6.30605 

-12.2350 

-16.9962 

-24.1(35 

-56.0470 

4.5 

-0.C02933 

-2.62812 

-6.93220 

-14.4631 

-20.6766 

-20.7530 

-76.1382 

5.0 

0.78SC24 

-2.45301 

-7.92701 

-17.7129 

-26.7467 

-37.8760 

-98.2701 

5.5 

1.76826 

-2.30666 

-9.40754 

-22.3736 

-33.1366 

-49.46S3 

-131.455 

6.0 

3.03656 

-2.18500 

-11.5660 

-29.0284 

-43.6911 

-66.(379 

-179.187 

6.5 

4.72289 

-2.07949 

-14.6452 

-38.5414 

-58.8040 

-89.94^ 

-248.158 

7.0 

7.01412 

-1.96760 

-19.0790 

-52.1914 

-80.5442 

-124.352 

-348.355 

7.5 

10.1798 

-1.00670 

-25.4551 

-71.8746 

-111.086 

-174.276 

-494.721 

8.0 

14.6125 

-1.^75 

-34.6501 

-100.411 

-157.710 

-247.113 

-709.607 

*  The  ImI  figure  in  those  values  near  sero  may  be  in  doubt  because  of  the  rapid  rate  of 
change  of  the  function  in  this  region. 
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Section  A,  Leeds,  1927,  gives  6-plaee  tables  for  y  —  — 4(i)4,  a  —  —4(1)4  and 
s  -  0(0.08)0.10(0.06)1.0(0.1)2(0.2)8(0.6)8. 

7.  R.  Gban  Olsson,  Ingenieur  Archiv,  8,  99  (1937),  pves  4-place  tables  for  s  — 

with  p  ~  0.1  to  1.0,  n  2  or  4,  a  between  —  0.076  and  1.66  and  y  between  0.6 
and  8.0. 

8.  A.  H.  Hbatlbt,  "Transactions  of  Royal  Society  of  Canada",  1943,  defines  a  function 

which  is  a  confluent  hypergeonratric  function  in  s*  multiplied  by  a  power  of  s, 
and  gives  a  short  6-figure  table. 

9.  A.  N.  Lowan  and  W.  Hounstbin,  Journal  of  Mathematics  and  Physics,  81,  364, 1942, 

defines  a  function  H(,m,  a,  x)  ~  exp(— tx)ilf  (m  -f  1  —  »a;  2in  -I-  2;  2tx),  calculates 
its  recurrence  relations  and  gives  a  7-figure  table  for  a  —  0(1)10,  m  —  0(1)3  and 

X  -  0(1)10. 

10.  Applied  Mathematics  Series  8,  (1948),  National  Bureau  of  Standards,  "Tables  of 
Confluent  Hypergeometric  Functions  F(in;  x)  and  Related  Functions", 
give  7-figure  tables  for  x  —  0(0.01)0.10,  s  -  3(2)201,  and  tables  of  log,F(in;  x)/ 
V3nx  for  x  -  0.10(0.01)0.60(0.06)2(0.2)7(1)46(6)100  with  n  -  3(2)301,  and  x  - 
0.6(0.1)3(0J)7  with  n  —  23(2)301.  This  report  also  contains  an  expansion  of  the 
ooi^uent  hypergeometHc  function  in  terms  of  Bessel  functions  of  integral  order. 
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The  symbol  a  »  — 4(i)4  indicates  that  o-ranges  from  —4  to  4  at  intervals  of  1/3. 


EVALUATION  OF  AN  INTEGRAL  OF  A  BESSEL  FUNCTION 

Bt  Wilton  R.  Abbott 


Discussing  the  response  to  a  unit  step  function  of  a  semi-infinite  artificial  trans¬ 
mission  line  which  is  mid-series  terminated,  Gardner  and  Barnes^  show  that  at 
the  n'th  terminal  the  voltage  as  a  function  of  time  is  given  by  the  following 
integral  of  a  Bessel  fimction. 

«;(/,  n)  -  2n  [^j»(70]  ^1^  (1) 

In  this  relationship  7  =  2/(L(7)*^,  L  being  the  series  inductance  and  C  the  shunt 
capacitance  of  the  line. 

Values  of  this  integral  do  not  seem  to  have  been  tabulated.  It  is  possible, 
however,  to  expand  the  integral  into  a  finite  series  of  Bessel  functions.  Succes¬ 
sive  int^ration  by  parts,  for  instance,  will  eventually  remove  all  integral  signs 
from  the  expression.  However,  the  expansion  so  obtained  is  not  in  general  con¬ 
venient  for  computation.  It  is  the  purpose  of  this  paper  to  develop  two  expan¬ 
sions  of  the  integral  which  will  be  convenient  for  computation. 

The  Lebesgue  form  of  the  Laplace  Transformatimi  is  a  convenient  medium  for 
carrying  out  the  expansion.  The  following  notation  vrill  be  used  throughout, 
other  notati(Hi  being  introduced  as  needed.  Lower  case  letters  will  represent 
functicms  of  time  with  the  corresponding  upper  case  letters  representing  the 
corresponding  Laplace  Transforms.  The  complex  variable  of  the  Laplace  Trans¬ 
formation  will  be  denoted  by  “I*’  will  represent  time,  and  “n”  the  number  of 
the  terminal  at  which  the  voltage  is  being  measured.  The  symbol  i^(0]  is  to  be 
read  “the  Laplace  Transform  of  fit).*’ 

It  is  well  known  that 

W.(t<)/<1  -  77n[.  +  (^  +  (2> 

It  follows  directly  from  (1)  and  (2)  that 

n.,  n)  -  +  (»■  +  tW-  (3) 

For  convenieDce  let  , 

H  -  y/[B  +  («*  +  7*)*'*]  then  «  -  7(1  -  (4) 

Then 

^^,(70/<l  -  Hyn  (5) 

and 

F(.,n)  - /?*•/..  (6) 

Now  using  (4)  equation  (6)  can  be  expanded  into  the  form  (7). 

7(«.  n)  -  (l/«)  -  2iH/y)il  +  H* -{■  H* +  H*-’).  (7) 

>  M.  F.  Gardner  and  J.  L.  Barnes,  TrantimU  in  Linear  Syeteme,  Vol.  I  (John  Wiley  and 
Son*,  Ino.,  New  York,  1942),  pp.  310  to  317. 
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1 

Making  use  of  (5)  and  the  known  inverse  ot  l/a,  the  inverse  transform  of  (7)  is 

seen  to  be 

vit,  n)  -  1  -  (2/7<)Z1,  (2k  - 

(8) 

A^iother  expansion  may  be  found,  this  time  making  use  of  the  A  functions  t 

which  are  tabulated  in  Jahnke  and  Emde*  through  the  eighth  order,  and  in 

reference  4  through  the  twentieth  order. 

A,{yt)  =  2’'plJ,iyt)/iyty. 

(9) 

The  expansion  is  facilitated  by  use  of  equation  1,  section  5:21  of  Watson.* 
p  an  int^er  and  n  =  1,  this  equation  becomes 

With 

(10) 

Using  definition  (9),  equation  (11)  is  obtained  from  (10). 

A,(tI)  =  P'(P  -  S  (p  _  J  ^ 

(11) 

^A,iyt)]  =  p!(p  -  1)!  ^  ^  _  i)j(p  ^  ;j.)l' 

(12) 

Since  the  transform  of  A  is  a  series  of  odd  powers  of  H,  it  is  evident  that  (1)  may 

be  expanded  as  a  linear  fimction  of  the  A’s.  To  do  this  V(«,  n)  may  be  expanded  * 

in  the  following  form  where  the  A’s  are  to  be  determined. 

V(.,n)  -  (1/.)  -  E;:;.4,(n)£IA.-,(7l)l. 

(13)  « 

'  From  (7)  r(.,  n)  -  (i/.)  -  (2H/y)T.'^ 

(14) 

Equating  (13)  and  (14)  leads  to  the  following  identity  in  H. 

ZA.(»)(«  p)l(n  p  l)![g  t,(2„  _  2p  -  t  -  I)|J 

* 

(15) 

n— 1 

#-0 

Equating  like  powers  of  H  and  solving  for  the  A’s  leads  to  the  following  value  of  I 

,  (.)  _  (-D’eo  -  P  -  1)! 

'  pl(n  —  p  —  l)!(n  —  p)! 

(16) 

Substituting  this  result  into  (15)  it  can  be  shown  that  corresponding  powers  of 

H  on  the  two  sides  of  the  equation  are  equal  thus  establishing  the  result  that 

N  1  V  (-l)'(2n-p-l)!  .  ,  ,, 

v{t,  n)  1  Z  _  p  _  i)i(^  _  p)I  A-,(70 

(17) 

*  Jahnke-Emde,  Tabltt  of  Funetiont  (Dover  Publications,  New  York,  1943),  pp.  128  and  1 

180  to  180. 

'  G.  N.  Watson,  A  Tnalite  on  the  Theory  of  Beeeel  Funcliona  (The  MacMillan  Company,  I 

New  York,  1944),  p.  139. 

_ 
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The  following  gives  this  expansion  for  values  of  n  up  to  9. 

vit,  1)  -  1  -  AiCyO 

v(t,  2)  -  1+  2Ai(yt)  -  3A,(70 

vit,3)  -  1  -  3A,(70  +  12A,(70  -  10A,(70 

vit,  4)  -  1+  4A,(70  -  30A,(70  +  60A,(70  -  35A4(7<) 

»(<,  6)  -  1  -  5Ai(70  +  60A,(70  -  210A,(70  +  28OA4(70  ~  126A,(70 

v{t,  6)  -  1  +  6Ai(70  -  105A,(70  +  560A,(70  -  1260A4(70  +  126A»(70 

—  462A«(70 

v{t,  7)  -  1  -  7Ai(70  +  168A,(70  -  1260A,(70  +  4200A4(70  -  6930A*(70 
+  5544A4(70  -  1716At(70 

vit,  8)  -  1  4-  8Ax(70  -  252A,(70  +  252OA,(70  -  11550A4(70  +  27720A,(70 

-  36036A4(70  +  24024A7(70  -  6435A,(70 

vit,  9)  -  1  -  9Ai(7<)  +  360A,(70  -  4620A,(70  4*  27720A4iyt)  -  90090A,(70 
4-  168168A«(70  -  180180At(70  4-  1O290OA,(7O  -  2431QA#(70- 

Values  of  V  of  the  order  of  magnitude  of  unity  are  found  from  these  equations. 
With  the  tables  available  in  footnote  *  the  results  will  be  accurate  at  least  to  the 
third  place  for  n  <  9. 

Two  expansicms,  equations  (8)  and  (17),  have  been  developed  for  equation  (1). 
Of  these,  equation  (17)  is  useful  for  values  of  n  up  to  nine.  Equation  (8)  which 
may  involve  a  little  more  labor  in  calculation  is  useful  for  values  of  n  up  to 
iN  4~  l)/2  where  N  is  the  largest  order  of  Bessel  functions  for  which  adequate 
tables  are  available.  Since  the  terms  in  (8)  are  all  of  the  same  sign  (except  for 
the  first)  expansion  (8)  will  be  the  easier  to  use  for  the  higher  orders. 

The  author  is  indebted  to  Dr.  Samuel  Silver  of  the  Electrical  Engineering 
Division  of  the  University  of  California  who  helped  to  woric  out  the  proof  of 
equation  (16). 

UNITBBSITT  OF  CAUFOBNIA,  BBaKBLBT,  CAUFOBNIA. 

(Received  October  4, 1948) 
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ASYMPTOTIC  EXPANSIONS  OF  SPHEROIDAL  WAVE  FUNCTIONS 

Bt  Milton  Abbamowitx 


The  Computation  Laboratory  of  the  National  Bureau  of  Standards  is  now 
engaged  in  the  computation  of  the  characteristic  values  b  of  the  spheroidal  wave 
equation 

(1)  (1  —  —  2(m  -I-  l)zj/  +  (b  —  c'z*)y  »  0 


for  m  «  0(1)4  and  orders  I  ~  0(1)4,  the  parameter  c*  ranging  from  0  to  the  point 
where  the  expansion 


b  ^  nc 


n*  +  5  +  8  m 

2* 


n  (n*  -1-  11  —  32m*) 
M  c 


21  +  1) 


will  yield  satisfactory  results.*  The  solutions  have  been  expressed  in  terms  of  the 
Associated  Legendre  functions  for  c  small  and  0  <  z  <  1.**  When  z  >  1  and  c 
small,  satisfactory  expansions  have  been  obtained  in  terms  of  spherical  Bessel 
fimctions.**  When  c  is  large  the  solution  has  been  expressed  in  terms  of  parabolic 
cylinder  functions.!  The  present  article  concerns  itself  with  the  problem  of 
determining  a  solution  of  (1)  for  the  cases  when  m  is  large  with  respect  to  c  and 
when  m  and  c  are  both  large.  If  we  make  the  substitution 

(2)  z  =■  \/2(m  +  1)* 


equation  (1)  becomes 

If  m  — »  oo ,  but  the  ratio  X  »  b/2(m  +  1)  remains  finite  then  (3)  reduces  to 

(4)  y"  -  zy'  +  Xy  -  0 

The  solutions  of  this  equation  for  X  —  1  (a  positive  integer)  are  the  well-known 
Hermite  polynomials. 

(5)  H,ix)  -  (-l)‘e-*/*d‘(e-**'*)/<i*‘ 


The  foregoing  suggests  the  possibility  oi  obtaining  a  solution  of  (3)  in  terms  of 
Hermite  polynomials.  In  the  subsequent  developments  we  shall  make  use  of  the 
following  functional  relations  satisfied  by  the  Hermite  polynomials. 

*  This  expansion  was  obtained  up  to  the  term  by  J.  Meixner,  Neuere  Ergebnisae 
Qber  Sphiroid-Funktionen,  2^it8chrift  fur  Angewandte  Mathematik  und  Mechanik,  Bd. 
25/27,  Heft  5/6,  August  1947;  the  same  result  was  obtained  independently  by  Dr.  W.  F. 
Eberlein  and  communicated  to  the  Computation  Labroatory. 

**  Stratton,  Morse,  Chu,  Hutner;  Elliptic  Cylinder  and  Spheroidal  Wave  Functions, 
John  Wiley  St  Sons,  Inc.,  New  York. 

t  This  solution  was  obtained  by  R.  Sips  of  Belgium  and  independently  by  Eberlein. 
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(6a)  xHi  -  +  lH^.x 

(6b)  x'Hi  -  +(21+  1)H,  +  l(l  -  1)H^ 

(6c)  ITI  =  l(l  -  !)//,_, 

(6d)  ft!  -  xHl  +  0 

If  we  put  n  =  l/2(m  +  1)  equation  (3)  may  be  rewritten  in  the  form 

(7)  (1  -  —  xy'  +  (X  -  mVx*)  y  «  0 

Now  assume  that  y  and  X  may  be  expanded  in  the  following  maimer: 

(8)  ,  y  “  y«  +  m  +  M*yi  +  •  •  • 

(8b)  X  =  Z  +  mXx  +  M*Xj  +  •  •  • 

Substituting  (8)  into  (7)  and  setting  the  various  powers  of  m  equal  to  zero,  we 
get  the  following  system  of  equations: 

(9a)  yo  —  xy'o  +  Zy»  =  0 

(9b)  yl  -  xy[  +  lyi  +  Xiyp  -  x^o  *  0 

(9c)  y't  —  xy'i  +  lyt  +  Xjy#  +  Xyx  —  xV/  —  cVyo  =  0 

(9d)  y»  -  xyi  +  Zy»  +  Xayo  +  Xjyi  +  Xiyi  -  x'y"  —  cVyi  =«  0 

The  form  of  the  further  equations  is  apparent  from  the  above.  The  solution  of 
(9a)  is 

(10)  y»  »  Hi(x) 

Equation  (9b)  now  becomes 

(11)  yi  ~  xyi  +  lyi  +  XiHi  —  x^H'i  =  0 
However,  with  the  aid  of  (6c)  and  (6b),  equation  (11)  becomes 

(12)  yi  -  xy(  +  Zyi  +  {Xx  -  l(l  -  1)}  H,  -  l(l  -  l)(2l  -  3)Hw 

-  -1(1  -  l)(l  -  2)(l  -  -  0 

In  order  to  determine  the  value  of  Xx  and  solve  equation  (12)  we  make  the 
following  observations.  The  solution  of  (12)  may  be  assumed  to  be  of  the  form 
yx  B  2 ah^Uk(x).  In  this  expansion  if  k  ^  I,  Hi(x)  will  be  annihilated  by  the 
first  three  terms  in  (12).  Therefore  the  solution  will  not  contain  ai^Hi(x). 
Furthermore  since  in  (12)  the  coefficients  of  Hk(x)  must  be  set  equal  to  zero  for 
each  k  this  will  require  that  the  coefficient  of  Hi(x)  be  zero  and  therefore  we 
get  (13)  Xx  -  l(l  -  1). 

IfA;;^!  —  2orZ  —  4,  substitution  of  <it^Hi,(x)  in  (12)  will  produce  a  term  of  the 
form  (I  —  k)ak^Hi,(x)  and  therefore  since  (I  —  k)  0,  it  follows  that  »  0. 
Thus  the  expression  for  yi  must  be  of  the  form 

(14)  yx  -  a)LWi-.(x)  +  a^^Ux). 
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Substituting  in  (12)  and  setting  the  coefficients  of  and  Ht-t  equal  to  lero 
we  find 

(15)  =  m  -  l)i2l  -  3);  -  m  -  !)(/  -  2)(Z  -  3) 

The  method  just  described  may  be  employed  to  determine  the  solutions  ol 
(9c),  (9d),  •  •  •  It  is  then  found  that 

(16)  X,  -  (2/  +  l)c* 
and 

(17)  yt  =  aiVi^i+s  +  0,^1-iHi-i  +  +  a {-•&!-«  -|- 

where 

a  ‘,V.»  -cV2,  a)!-',  -  mi  -  l)c*  -  2(2Z  -  3)aiL',l 

-  m  -  2)(Z  -  3)(2Z  -  7)o)L>,  -  4(2Z  -  5)a‘,i!.] 

a)!^,  -  m  -  4)(Z  -  5)(2Z  -  ll)o)i^«  -|-  (Z  -  2)(Z  -  3)(Z  -  4)(Z  -  5)a‘4’il 

-  m  -  4)(Z  -  5)(Z  -  6)(Z  -  7)a)LM 

Further  X|  =  —  c*(6Z*  +  2Z  +  1);  the  corresponding  expression  for  y*  can  be 
obtained  in  a  similar  way  but  will  not  be  given  here.  With  the  value  Xi ,  Xt 
and  Xt  above  obtained  we  get 


b 


(18) 


2(m  +  1)X 

=  2(m  +  l)i-+(((-l)+^j±^ 


c*(6Z*  +  2Z  +  1) 
2(m  +  1)* 


The  accuracy  of  (18)  may  be  judged  from  the  following  two  examples: 


(1)  m  =  3,  Z  =  0,  c*  =  1  From  (18)  h  =  .1094 

True  value  h  =  .11013 

(2)  m  =  100,  Z  =  2,  c*  =  1  From  (18)  b  -  406.02475 

True  value  b  *■  406.02406 


An  alternative  derivation  of  (18)  is  as  follows:  If  we  assume  that  the  solution  of 
(7)  may  be  expressed  in  the  form 

(19)  y  *  2  AuHkix) 

and  substitute  in  (7)  we  obtain  the  following  four-term  recursion  formula 
oAk  —  PAk^t  —  6Ak+t  —  <^itAk-a  —  0 

(20)  «  =\  -  k-  yk(k  -  1)  -  (2fc  +  l)cV 

=  M(fc  +  1)(*  +  2)(2fc  +  1)  -H  c*M*(fc  +  1)(*  +  2) 

S  -  m(*  +  1)(*  +  2)(*  +  3){k  +  4) 

If  we  now  assume  that 


X  "  Z  -|-  Xu*  -}-  Xjji*  “h  *  * 
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and  that  the  coefficients  Ak  are  such  that 

a  k  ^  I,  il*  —  1 

if  k  ^  I,  Ak  ^  Oi‘V  +  Ot*V  + 

substitution  in  (20)  will  ultimately  yield  the  values  of  Xi ,  Xj ,  •  •  •  and  the  values 
_(*)  _(k) 

OI  Oj  fOt  ,  •  •  • 

Let  us  assume  now  that  both  m  and  c  become  large  in  such  a  manner  [e/2(m+l)]* 
—  S  remains  finite,  equation  (7)  then  becomes  in  the  limit 


(21) 


y"  -  xy'  +  (X  -  Sx*)y  -  0 


This  equation  may  be  reduced  to  Weber’s  equation  by  the  transformations 
y  “  e*  2kx  *  s  where  k*  »  J(i  +  J).  This  procedure  suggests  that  we 
make  a  similar  transformation  in  equation  (7)  and  obtain 

(22)  (1  -  ^')f"  -  MX*/'  +  {(X  +  i)  -  (a  +  i)x*  -  M(ix*  +  ix*)}  y  -  0 

In  this  last  equation  we  again  put  2kx  »  «  and  obtain 


X  +  i  s*  f 

- — —  —  ^  «  I 


4]fc* 


\32Jfc* 


^ 

Ufc*  256ifc«/J 


/ 


(23)  0  -  jp)/"  -  4 /' +  { 

To  solve  equation  (23)  we  now  assume 

(24a)  /  -  /o  +  m/i  +  mVi  +  •  •  • 

(24b)  (X  +  i)/4fc*  -  X,  +  mXi  +  M*X,  +  •  •  • 

Substituting  in  (23)  we  get  a  system  of  equations  to  be  solved  successively. 
We  write  only  the  first  and  second  equations  of  the  system,  namely 


(25a) 

(256) 


0 


+  |x.  -  j-|a  -  jf,/.'  -  +  V.  -  ^  ® 


It  is  well  known  that  (25a)  has  a  solution  which  is  finite  over  the  entire  range  of  t 
if  X«  «■  f  +  §  in  which  case 

(26)  Ms)  =  D,(s)  -  (-l)V*'‘d‘(«-**'*)/d«'  -  2-‘V*'*^,(s/V2) 


The  functions  Di(s)  are  the  parabolic  cylinder  functions. 

We  shall  not  give  the  solution  of  (25b)  here  but  shall  determine  the  value  of 
X|  in  a  similar  manner  to  that  employed  for  equation  (9b).  For  this  purpose 
the  following  relations  are  useful. 

(27a)  DV  +  {i  +  i  -  s*/4]  D,  -  0 

(27b)  D\  -  Dw  -  (s/2)Di 


(27c)  sDi  «  Di+i  +  IDt-i 

(27d)  s'Di  -  D,+,  +  (21+  1)D|  +  1(1  -  1)Dm4 
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(27e)  $*Di  -  D^^,  +  3(1  +  l)Di+i  +  3/*/)^  +  1(1  -  1)(1  -  2)D^ 

(27f)  s*Di  -  +  (41  +  6)Z)w  4-  (61*  +  61  +  3)2)|  +  21(1  -  1)(21  -  l)Dw 

+  1(1  -  1)(1  -  2)(1  -  Z)Dt^ 

To  determine  the  value  of  Xi  we  need  only  find  the  coefiKcient  of  iD|  in  (25b) 
and  set  it  equal  to  lero.  We  then  find 


(28) 


(21+1)  61*  +  61  +  3 

16**  “*■  256** 


The  approximation  for  b  in  terms  of  the  origin  ol  parameters  thus  becomes 
6  -  (21  +  1)  Vc*  +  (m  +  1)*  -  (m  +  1)  +  4(1  -  21  -  2f) 

(29) 

The  accuracy  oi  (29)  may  be  judged  by  the  following  example.  For  the  case 
100, 1  ■■  2,  c  *•  100  the  true  value  of  b  obtained  by  the  continued  fraction 
method  is  5  »  608.2993;  the  value  obtained  by  (29)  is  6  >■  608.2715  while  (18) 
yields  646.4. 

It  should  be  noted  that  (29)  may  also  be  used  for  small  values  of  e.  Thus  in  the 
example  cited  previously  for  m  >■  100, 1  «  2,  e*  >■  1,  we  find  b  *  406.0237  as 
compared  with  the  true  value  b  »  406.02406  obtained  by  the  continued  fraction 
method. 


(21  +  l)(m  +  1)  ,  (61»  +  61  +  3)(m  +  1)«  ^ 

Vc*  -h  (m  +  1)»  4[C*  +  (m  +  1)*1  *’* 


Thk  Computation  Laboratobt 
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FORMULAS  FOR  COMPLEX  CARTESIAN  INTERPOLATION  OF 
HIGHER  DEGREE 

Br  Herbert  E.  Salzer 

In  interpolating  for  an  analytic  function  tabulated  over  a  square  grid  in  the 
complex  plane,  according  to  Lagrange’s  formula,  the  use  of  explicit  Lagrangian 
coefficients  is  feasible  when  the  interpolation  pol3rnomial  is  based  upon  no  more 
than  seven  points  and  in  the  interval  P  *=  p  -f  tg  (where  /(«)  =  /(z»  +  Ph) 
and  h  is  the  length  of  the  sides  of  the  squares),  neither  p  nor  q  is  finer  than  0.1. 
The  reason  is  that  Lagrangian  coefficients  for  that  purpose  have  already  been 
tabulated.*  But  for  the  cases  where  /(z)  is  required  when  p  or  q  has  more  than 
one  decimal  place,  or  where  the  interpolation  polynomial  must  be  based  upon 
eight  or  nine  points  (i.e.  7th  or  8th  degree  interpolation),  the  calculation  of  the 
separate  Lagrangian  coefficients,  which  are  pol}momials  in  the  complex  argument 
P,  involves  a  prohibitive  amount  of  labor.  Fortunately  a  much  shorter  method  of 
interpolation  is  available,  because  the  scheme  which  was  originated  by  W.  J. 
Taylor**  for  real  Lagrangian  interpolation  where  the  argument  is  at  equal 
intervals,  can  be  generalized  for  complex  Lagrangian  interpolation  based  upon 
any  set  of  fixed  points.  If  At  denotes  llr'ixk  —  Zy),  where  r'  means  the  product 
for  each  of  the  fixed  points  zy  besides  z* ,  then  the  Lagrangian  interpolation 
polynomial  is  given  by  2  at/*/S  a*  ,  where  at  *  A*/(z  —  z*),/*  *  /(z*),  and  the 
summation  is  over  all  points  z*  . 

In  complex  Cartesian  interpolation  for  anal3rtic  functions  it  is  simplest  to 
make  P  the  variable,  so  that  A*  *  l/r'(k  —  j)  and  a*  ■  A*/(P  —  k)  where  k 
(alsoj)  is  now  a  small  complex  integer.  Thus  k  0  corresponds  to  za  ,k  ^  1  + 
corresponds  to  zo  +  h  +  2ih,  etc.  For  different  configurations  of  the  fixed  points, 
as  well  as  different  numbers  of  points,  the  quantities  A*  and  Ok  will  vary,  but 
for  the  sake  of  avoiding  too  much  notation,  the  particular  degree  and  configura¬ 
tion  will  be  imderstood  wherever  A*  is  given.  The  coefficients  Ak  are  given  here 
for  configurations  in  the  z*’s  based  upon  three  points  through  nine  points  (i.e. 
complex  quadratic  through  octic  interpolation).  Corresponding  to  each  of  the 
first  configurations  for  the<  five-  to  nine-point  cases  (the  first  configuration  is 
applicable  anywhere  in  a  table,  including  the  beginning,  end,  or  comers)  a 
second  alternative  configuration,  also  applicable  anywhere  in  a  Cartesian  table, 
is  given  for  checking  purposes.  Furthermore,  in  the  five-through  nine-point  cases 
there  are  given  additional  configurations  which  have  the  property  of  making  the 
location  of  P  (or  z)  considerably  more  central  with  regard  to  the  points  k  (or  z*), 
and  hence  would  be  expected  to  yield  greater  accuracy.  The  number  of  these 

*  A.  N.  Lowrd,  H.  E.  Salzer,  “Coefficienta  for  Interpolation  within  a  Square  Grid  in  the 
Complex  Plane”,  Jour,  of  Math.  &  Phy$.  tS,  pp.  16&-166;  H.  E.  Salzer  “Coefficienta  for 
Complex  Quartio,  Quintio,  and  Sextic  Interpolation  within  a  Square  Grid,”  ibid.  S7, 1048 

pp.  186-166. 

**  “Method  of  Lagrangian  Curvilinear  Interpolation,”  Jour.  Rea.  Nat.  Bur.  Stand 
S5. 1946,  RP  1667,  pp.  161-166. 
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more  central  configurations  which  are  given  are:  for  five-point — one,  for  six-  and 
seven-point — two,  for  eight-  and  nine-point — three.  Thus  the  user  has  a  great 
latitude  of  choice  in  available  formulas  for  complex  interpolation,  for  checking 
that  interpolation,  and  for  central  choice  of  the  argument  P. 

In  addition  to  their  use  in  interpolation,  the  quantities  At,  which  are  given 
below,  have  two  other  important  applications: 

a)  For  checking  of  complex  functions  tabulated  at  the  n-points  in  any  particular 
configuration,  since,  except  for  a  trivial  factor  of  Ah  is  also  the  coefficient 
of /*  in  the  complex  divided  difference  of  the  (n  —  l)th  order,  which  is  vanishingly 
small  for  a  function  behaving  as  a  polynomial  in  z  (or  P)  of  the  (n  —  2)th  degree. 
As  a  special  application  of  a),  one  may  accomplish 

b)  Complex  extrapolation,  so  that  for  any  n-point  configuration,  if  a  function 
behaves  as  a  polynomial  in  z  (or  P)  of  the  (n  —  2)th  degree  and  is  known  at  any 
(n  —  1)  of  those  points,  its  value  at  the  nth  point  can  be  obtained  readily. 

Thanks  are  due  to  Mr.  Samuel  Zuckerman  for  assistance  in  the  checking 
of  the  A*’s. 


TABLE  OF  COEFFICIENTS  A» 


Three-Point  Interpolation  (Quadratic) 


Con/i$WQii0n 

CrtPteUnU 

i 

b  1 

A.  -  -1,  Ai  -  id  +  »•),  Ai  -  i(-l  +  t). 

Four-Point  Interpolation  (Cubic) 

ConM^uHon 

CmJIcmiU* 

i  1  -1-  » 

A*  -  id  +  »•),  At  -  i(-l  +  »•).  At  -  id  -  »), 

b  i 

.  Ai^i  -  i(-l  -  t). 

Five-Point  Interpolation  (Quartic) 

C'oMfwratwn 

CotZtdtnlt 

i 

1  +  i 

A,  -  J(-l  -  »•).  A,  -  id  -  t).  A,  -  Ad  +  8»), 

b 

1  2 

Ai  -  iV(~8  +  »■),  Ai+i  -  i». 

i 

1  -1-  *  2  +  1 

A*  ■■  i\i(~8  —  t),  Ai  “  — ii,  At  i(— 1  +  »'), 

b 

1 

Ai+<  “  id  +  »),  ■>  A(1  ~  3»). 

2  +  2» 

A.  -  -i.  A,  -  A(-l  -  3*).  Ai  -  A(-l  +  W). 

i 

1  -1-  i 

b 

1  ‘ 

At^t  —  i,  At.,.t<  "  —A"  »' 

Six-Point  Interpolation  (Quintic) 

CenPt^aUcn 

Cet^eimU 

Ah  “  id  ~  •),  At  ™  A(3  +  »’),  At  A(~I  +  2»), 

i 

i  + 1 

At  -  A(“l  ~  3i),  Ai+<  -  i(— 1  +  »’),  Ah  ••  A(~2  +  i). 

b 

i  2 

i 

i  +  *  2  + 1 

A«  —  A(3  +  •’),  Ai  -  i»,  At  “  A(“3  +  *), 

b 

1  2 

At  —  A(3  —  *'),  Ai+<  “  — i»,  At+<  “  A(~3  ~  ♦)• 

•  1  + » 

A.,  -  A(-l  +  8t),  A,  -  i(-l  -  »).  At  -  id  -  0, 

-1 

b  i 

2  A,-A(l  +  *»),  A<-A(-1+2»),  A,+i-A0  +  2i). 

-i  +  t 

i  i  ,  l+i 

A#  —  — Ai  “  A(3  ~  »)f  At  *  A*, 

b  i 

2  A_it^  «  —A*,  Ai  —  A(~3  +  »),  Ath4  “  i*’, 
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CmfeertHon 

A%  “ 

t 

1  +  »  2  +  t 

A{  ■■ 

b 

1  ■  2 

Au  “ 

2  +  2t 

A$  “ 

i 

1  +  » 

Ai  » 

b 

1  ■  2  * 

At^u  ' 

2* 

»  1  +  t 

A-4  * 

At  -  • 

-i 

6  12 

Ati  - 

-1 

i  1  +  •  2  +  • 

A-i 

6  1  "  2  * 

Ai  ■■  , 

a 

CmMetttiem 

1  +  2i 

At-^i  “ 

Bigkt-Pc 

At  ••  : 

t 

% 

1  +  »  2  +  »• 

A(  «  ' 

b 

1  ■  2  ■ 

Au 

2  +  2* 

A#  -  1 

i 

1  +  »  2  +  * 

A{  «  1 

b 

1  ■  2 

Am  “ 

TABLE  OF  COEFFICIENTS  At-Coniinusd 
Snen-Point  Interpolation  (S«ae<te) 

CttMeOeU 


Cot/kitnU 


-i  +  i 

t 

i  + 

t  2  -i*  • 

A-i  "  iV»  A»  ■■  A(1  +  20»  A|  *  A(“l  +  2*')i 

-1 

6 

i 

2  ■ 

At  "  A_i+i  “A,  Ai  —  A(1  —  2i), 

Ai+i  “  A(“*I  “  2»’)»  At+i  “  — A- 

-1 

t 

i  + 

i 

A_<  “  Ai_<  ■■  A*,  A_i  —  “A» 

6 

i 

2 

-e 

1 

1 

1 

— » 

1  - 

• 

A<  ■■  —■iti,  Ai+i  —  — At*. 

-i  +  2i 

i 

1  + 

2  +  2* 
i 

A-i-<  “  TAt(”"^  ”  Ai_<  “  tAiO  “  Ot  A»  * 

-1  -i 

b 

1 

2  -  i 

Ai  “  A(~^  *)i  At  “  jfs(\  •)»  Ai+<  "  A(“*^  ~  0i 

A-1+m  *')»  Ai+m  “  tAv(^  "I" 

Nine-Point  Interpolation  (Oetic) 


CenPeereHm 

CttUdmit 

¥ 

1  +  2t  i  +  2t 

At  —  1^,  Ai  A.  At 

“  A» 

i 

1  + »  i  +  t 

At  A.  Ai+t  “  —1, 

At+t  Ai 

b 

1  '  i 

Att  “  Ai  A|+tt  “  Ai 

At+tt  “  A* 

2i 

i  +  2t 

At  "  iA(l  +  Oi  Ai  - 

A(I  "t"  2i),  At  "  A*'i 

t 

% 

i  +  »■  2  + » 

At  “  rAi^“® 

“  A(1  +  0,  Ai+t  “  A(“l  “  8»), 

0 

i  2  3 

At+t  “  A(~l  +  *)i 

“  ili(®  +  2»),  Ai+m  ■■  AO  +  *’). 

rORlfUIiAS  FOR  COMPLEX  CARTESIAN  INTERPOLATION 


203 


2t 

•d-i  “  iJ»(”  1  2i),  At  “  +  *")» 

-1  +  • 

i  +  t 

2  +  t 

1 

1 

* 

“  liuC”!  •“*)f  A-i4.t  "  ^  *")» 

-1 

1 

A<  “  Av2  +  t). 

6 

2 

Ait4  ™  j^(l  —  8<)»  Ai+<  “  ”  Oi 

Am  ■■  ~  3»). 

3« 

A-»  +  8»),  At  x4ti( — 3  "!■  *)» 

it 

1  4-  ai 

1 

1 

At  ™  TiV»(“a  —  3t),  A<  "  "t"  3*), 

1  +  t 

t 

Am  “  At^  ■■  1^(1  —  *), 

6 

1  ‘ 

2 

Ah  "  3  “  llt)« 

2j 

l+< 

A-<  "  ~»\n  Ai_<  “  i4i(~3  +  i). 

-i 

i 

1 

m 

7 

6 

1  ’ 

2 

At  "  Ai  «  A(~l  ~  2»),  At  ■■  +  0. 

— t 

1  -  t 

A<  “  A,  Ai^i  "  AO  ~  *),  Am  “  “  H)- 
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APPLICATION  OF  THE  W.K.B.  METHOD  TO  THE  FLOW  OF  A 
COMPRESSIBLE  FLUID,  II 

Bt  Isao  Imai  and  Hidenobi  Hasimoto 

1.  Introduction.  In  a  previous  paper  [9]  one  of  the  present  authors  has  ex¬ 
pressed  the  fundamental  equations  of  motion  for  a  two-dimensional  compressible 
fluid  flow  in  terms  of  new  variables  suggested  by  the  W.K.B.  method,  and  ob¬ 
tained  a  new  method  of  approximation  for  treating  the  subsonic  flow  past  ar¬ 
bitrary  profiles.  In  this  paper  the  method  will  be  applied  to  some  typical  cases 
of  interest  in  order  to  test  its  usefulness. 

2.  Outline  of  the  new  method.  For  convenience  a  brief  accoimt  will  be  given 
of  the  method  of  approximation  put  forward  in  the  previous  paper. 

The  flow  of  an  incompressible  fluid  past  a  profile  P«  in  the  f-plane  corresponds 
to  the  flow  of  a  compressible  fluid  past  a  profile  P  in  the  z-plane,  where  the  com¬ 
plex  coordinates  Zr  and  fp  of  the  profiles  P  and  Po  are  related  by  the  equation: 

dzr^Q/qK*d^r,  (2.1) 

and  q  and  Q  denote  the  magnitudes  of  velocity  at  corresponding  points  in  the 
z-  and  f-plane  respectively.  Also  Q  and  K  are  functions  of  q  defined  as  follows: 

Q  -  Ce^;  K  -  M*(po/p)*,  (2.2,3) 

with 

T  •  -  It  dq/q,  M  =  [1  -  (?/«)*!*»  (2.4,6) 

where  C  is  a  certain  constant,  p  the  density,  po  the  stagnation  density,  and  c 
is  the  local  velocity  of  sound.  For  a  gas  obeying  the  adiabatic  law  we  have 


JC  -  (1  -  g*)(l  -  oV)”'"*,  (2.6) 


where  the  constant  C  has  been  determined  so  that  Q/q  — »las9— >0.  7isof 
course  the  ratio  of  the  specific  heats.  Taking  y  »  1.4  for  air  we  have  prepared 
the  numerical  tables  of  Q,  Qq~^K^,  which  are  given  in  Table  1. 
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Putting  zp  »  X  +  iy,  Tp  *■  (  +  in,  (2.1)  can  be  written  as 

dx  -  (Q/q)K^  d^,  dy  ~  {Q/g)K*  dr,.  (2.9) 

For  any  given  profile  Pe  in  the  {’-plane  the  velocity  Q  on  the  surface  may  be  as¬ 
sumed  to  be  known  (theoretically  or  experimentally).  Then  q  and  hence  Qq~^K^ 
will  be  found  with  the  aid  of  Table  1.  Next,  by  means  of  (2.9),  the  form  of  the 
profile  P  in  the  physical  z-plane  will  be  obtained  by  numerical  or  graphical  in¬ 
tegration. 

Further,  the  distribution  of  pressure  p  can  be  evaluated  by  the  formula 

p/po  -  (1  -  oV)"'^’"".  (2.10) 

It  may  be  remarked  that  the  numerical  tables  of  p/po ,  p/po ,  q/c,  p,  qp/po  have 
already  been  prepared  and  conveniently  employed  by  the  senior  author  [7]. 

8.  Flat  plate  accompanied  wiOi  dead  air.  The  discontinuous  flow  of  an  incom¬ 
pressible  fluid  impinging  normally  on  a  flat  plate,  leaving  a  dead  water  region 
behind  it,  is  well  known  as  Kirchhoff’s  problem.  We  can  easily  find  that  the 
velocity  Q  at  any  point  ((,  i;)  on  the  hoat  surface  of  the  flat  plate  is  given  by 


where 

{  0,  ^  2d  +  4  cos  «  —  2d  +  t).  (3.2) 

Here  k  is  the  width  of  the  plate  and  is  the  undisturbed  velocity  at  infinity. 

For  the  numerical  calculation,  it  proves  to  be  sufficiently  accurate  to  take 
only  11  values  for  d:  dn  Nir/20{N  —  0,  1,  2,  •  •  •,  10).  We  first  find  Q/Q«  by 
(3.1).  Given  the  Mach  number  of  the  undistrubed  stream  M  ^  qm/cm,  we 
can  find  q^  and  hence  by  the  use  of  numerical  tables.  Hence  Q  is  known  for 
each  value  of  On.  Then,  by  using  the  tables,  q  and  K^Qq~^  are  found.  Now,  from 
(2.9)  and  (3.2)  we  have 

x-0,  y~f^K*dv~f^K*^de.  (3.3) 

Jo  q  Jr/i  q  da 


The  int^p:ation  can  be  carried  out  most  conveniently  by  Simpson’s  rule,  the 
ordinate  y  of  the  flat  plate  in  the  physical  z-plane  being  thus  found  for  each  djr. 
In  particular,  the  width  I  of  the  plate  is  given  by 


I  -  2y{0) 


iQ/q)KHdn/d0) 


de. 


(3.4) 


Next,  remembering  that  the  pressure  acting  on  the  rear  surface  of  the  plate  is 
everywhere  equal  to  the  pressure  p«  at  infinity,  we  have  for  the  drag  of  the 
plate 

•  fUi 

X  -  2  I  (p  -  P-)  dy, 


(3.6) 
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where  p  is  the  pressure  on  the  front  surface  of  the  plate.  Hence  the  drag  coef¬ 
ficient  Cd  is  given  by 


_Lp»  hi 

yM*  Pm  I  I9 


r(p^P^)QK^pde. 

Jo  \Po  Po/  g  dB 


(3.6) 


Here  p/po,  p^/jh ,  M  are  found  from  the  tables,  l/k  given  by  (3.4),  and  the 
integration  is  performed  quite  similarly  to  (3.3).  The  results  of  calculaticm  are 
given  in  Table  2. 

In  a  previous  paper  [6]  the  senior  author  has  obtained  an  analytical  expression 
for  Cd  exact  to  M*,  which  for  7  »  1.4  becomes 


2t/Ci,  -  t  +  4  -  2ilf*  +  0.2898  M*  -  0.0028  M*  -  0.0044  M*.  (3.7) 

In  view  oS  the  smallness  of  the  coefficients  this  formula  is  believed  to  be  very 
accurate  up  to  Af  «  1.  Values  of  Cd/Cdo  as  calculated  by  the  use  of  (3.7)  are 
also  included  in  Table  2,  where  the  column  0(30  gives  the  values  calculated  by 
neglecting  0(M*)  and  the  cc^umn  0(M*)  those  calculated  by  employing  the  full 


TABLE  2 


if 

t/k 

B 

Ci) 

Pnmt 

mathod 

Demtehenko 

0(jr») 

0 

1.000 

0.3 

0.997 

0.899 

1.025 

0.6 

0.991 

0.994 

1.106 

1.112 

1.106 

0.7 

0.988 

0.997 

1.147 

1.132 

1.159 

1.146 

0.8 

0.985 

1.037 

1.196 

1.170 

1.218 

1.194 

0.9 

1.085 

1.255 

1.213 

1.293 

1.251 

1.0 

1  0.982 

1.161 

1.344 

1.258 

1.389 

1.317 

expression.  Further,  values  obtained  by  the  use  of  Demtchenko’s  approximate 
formula  [1]: 

2v/Cd  *  t  +  4(p«/po)  (3.8) 

are  also  given  for  comparison.  Curves  of  CafCon  vs.  3f  as  calculated  by  the 
various  methods  are  shown  in  Fig.  1.  It  will  be  seen  that  the  results  obtained 
by  the  present  method  of  approximation  are  very  accurate  even  near  the  ex¬ 
treme  case  3f  >  1. 


4.  Circular  cylinder.  Among  the  cases  of  subsonic  flow  past  obstacles  hitherto 
investigated  the  most  reliable  one  is  certainly  that  of  flow  past  a  circular  cyl¬ 
inder.  In  fact,  various  formulae  concerning  the  flow  have  been  obtained  by  the 
senior  author  [2]  exactly  to  M*,  and  also  T.  Simazaki,  in  an  unpublished  paper, 
obtained  the  formulae  correct  to  Af*.  Therefore  this  case  may  be  expected  to  be 
most  suitable  for  testing  the  accuracy  of  any  approximate  method  proposed. 
According  to  a  previous  investigation  as  yet  unpublished,  the  critical  Mach 
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number,  at  which  the  fluid  velocity  is  first  attained  by  the  local  velocity  of  sound, 
seems  to  be  about  0.39  for  the  case  of  a  circular  cylinder.  Therefore  it  will  be 
natural  to  expect  that  the  convergence  of  the  series  in  M  should  probably  be 
good  for  M  »  0.35.  Thus  we  have  considered  the  velocity  distribution  on  the 
surface  of  a  circular  cylinder  eXM  —  0.35. 

We  have  clearly  in  this  case 

f,  -  e",  Q  -  2Q«  sin  6,  (4.1) 

the  radius  oi  the  cylinder  being  taken  as  unity.  Hence,  by  (2.1) 

-*/*  f* 

*  “  J  iQ/Q)K^  8®  ®  dd,  ^  “  JL  ^  dtf.  (4.2) 

The  procedure  of  calculation  is  quite  similar  to  the  preceding  case.  Again,  it  is 
sufficient  to  consider  only  11  values  of  $:  Bk  «■  iV’r/20  (AT  0,  1,  •  •  •,  10).  It 


— 

pmcat  iw<fced 

OIAIV 

0(M*) 

DtMtdiciika 

• 

/ 

Fio.  1.  Variation  of  the  drag  coefficient  of  a  flat  plate  with  the  Mach  number. 

turns  out  that  the  circle  in  the  f’-plane  is  transformed  to  a  profile  P  in  the  phys¬ 
ical  s-plane  which  is  veiy  similar  to  an  ellipse  of  thickness  ratio  t  »  1.1208. 

It  may  be  natural  to  expect  that  a  nearly  circular  cylinder  in  the  s-plane  would 
be  obtained  from  a  certain  ellipse  in  the  I’-plane.  Accordingly  we  take  an  ellipse 
(rf  thickness  ratio  t  in  the  f-plane.  Now  we  have 

f ,  -  -I-  crV**,  (T*  -  (1  -  0/(1  +  0,  .  (4.3) 

Q  2  sin  0  .  . 

—  =  —  ...  -  (4  4) 

Qm  Vl  —  2<r*  cos  20  <r*’ 

Hence,  by  (2.1),  we  get 

X  ^  (1  +  tr*)  f  —  K*  Bin  0d0,  y  —  (1  —  <r*)  f  -  AT*  cos  0  dS.  (4.5) 

J*  q  q 
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After  some  trials  it  was  found  that  the  value  (  0.9165  is  suitable  for  the 

purpose.  In  Table  3  are  given  the  polar  coordinates  (r,  $o)  of  the  profile  P  in  the 
s-plane  which  corresponds  to  the  ellipse  of  thickness  ratio  t  »  0.9165  in  the 
f-plane.  Of  course,  we  have 

r  -  Vx*  +  yS  9o  “  tan“‘(y/a;).  (4.6) 

It  will  be  seen  that  the  deviation  of  the  profile  from  a  circle  is  less  than  about 
0.4  %.  The  magnitude  of  velocity  g  is  given  in  Table  3  and  graphically  shown  in 
Fig.  2.  Since  the  velocity  distribution  over  a  circular  cylinder  in  an  incompressi¬ 
ble  fluid  is  clearly  given  by 

(9/9-)  “  2  sin  do ,  (4.7) 

the  effect  of  compressibility  on  the  velocity  is  represented  by 

(«9/9«)  “  (9/9.)  -  2  sin  do ,  (4.8) 

which  is  also  given  in  Table  3  and  shown  in  Fig.  2. 


TABLE  3 

Circular  cylinder  at  M  ^  0.SS 
9.  -  0.3788,  re  -  0.0005 


« 

«!••.) 

r 

r/rt 

* 

(d*C.) 

9/l» 

*9/tm 

0 

1 

0 

0 

0 

9 

0.9997 

9.56 

0.3173 

-0.0149 

18 

0.8993 

0.9987 

19.11 

0.6283 

27 

0.8981 

0.9973 

28.63 

0.9272 

-0.0311 

36 

0.8972 

1.2083 

46 

0.8966 

0.9957 

47.44 

1.4673 

54 

0.8968 

0.9950 

56.58 

1.6994 

0.0301 

63 

0.8978 

0.9970 

65.45 

72 

0.8990 

0.9983 

78.96 

0.1381 

81 

0.9001 

0.9996 

82.11 

2.1674 

0.1863 

60 

0.9005 

1 

90.00 

2.2049 

0.2049 

In  the  above-mentioned  paper  [2],  the  senior  author  has  given  the  expression 
for  the  velocity  on  the  surface  of  a  circular  cylinder  which  is  correct  to  Af*. 
Employing  this  formula,  q/q^  as  well  as  6q/qm  were  calculated  for  M  »0.35. 
The  results  of  calculation  are  shown  in  Fig.  3  in  order  to  compare  with  those  ob¬ 
tained  by  the  present  method.  Curves  marked  by  Af*,  M*,  M*  represent  respec¬ 
tively  the  results  obtained  by  taking  terms  up  to  and  including  M',  M*,  M*  in 
the  above-mentioned  formula.  It  will  be  seen  that  the  present  method  gives  very 
good  approximation  to  the  true  solution  to  be  expected  with  sufficient  accuracy 
from  the  successive  approximations  of  the  method  of  Af’-expansion.  The  depar¬ 
ture  which  is  observed  in  the  region  40°  <  6  <  70°  is  probably  to  be  accounted 
for  by  considering  the  slight  deformation  of  the  profile  from  a  true  circle. 

Lastly,  the  dotted  line  in  Fig.  2  gives  the  velocity  distribution  as  calculated 
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by  a  simplified  procedure,  which  consists  in  entirely  neglecting  the  deformation 
of  the  profile.  Thus  the  value  of  q  corresponding  to  that  of  Q  as  given  by  (4.1)  is 
simply  taken  to  be  the  velocity  of  the  compressible  fluid  flow  over  the  circular 
cylinder.  It  will  be  observed  that  such  a  simple  procedure,  which  was  shown  in 
a  previous  paper  [8]  to  give  good  approximation  for  thin  profiles,  will  over¬ 
estimate  the  effect  of  compressibility  on  the  velocity  distribution  in  the  case  of 
thick  profiles. 

re 

I 


20 


IS 


1-0 


OS 


0 

0*  30*  60*  0  90’ 

Fio.  2.  Velocity  distribution  over  a  circular  cylinder  tX  M  ^  0.36. 

6.  Elliptic  cylinder.  As  the  last  example,  an  elliptic  cylinder  of  thickness  ratio 
1/10  0.7  will  be  considered.  The  procedure  of  calculation  is  quite  similar 

to  that  for  a  circular  cylinder. 

Taking  t  —  0.1  and  making  use  of  (4.3),  (4.4),  (4.5),  we  arrive  at  a  nearly 
elliptic  cylinder  of  thickness  ratio  t  «  0.1059  for  M  »  0.7. 

Next,  after  a  few  trials,  it  was  found  that  an  ellipse  of  thickness  ratio  t  — 
0.0940  in  the  f-plane  corresponds  to  a  profile  of  nearly  elliptic  form  of  thickness 
ratio  (  ■■  0.1.  Coordinates  of  the  profile  as  well  as  the  velocity  distribution  round 
it  are  given  in  Table  4. 
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It  will  be  seen  that  y/h  is  in  fairly  good  agreement  with  sin  0b ,  where 

X  —  a  cos  Bf) .  (5.1) 

This  shows  clearly  that  deviation  of  the  profile  from  a  true  ellipse  is  very  slight. 
Indeed,  the  numerical  value  of  the  difference  between  y/h  and  sin  69 ,  which 
may  be  regarded  as  a  measiu^  of  the  deviation  of  the  profile  from  a  true  ellipse, 
must  be  reduced  by  a  factor  10,  in  order  to  consider  the  deviaticm  in  absolute 
magnitude. 

As  is  well  known,  the  flow  of  a  compressible  fluid  past  elliptic  cylinders  have 
been  discussed  by  several  authors.  Thus,  by  the  Af*-expan8ion  method,  Kaplan 
[12],  Tomotika  and  Tamada  [13],  Imai  and  Aihara  [10],  and  Imai  [4]  obtained 
the  formula  giving  the  velocity  distribution  over  an  elliptic  cylinder  in  the  form: 

g/q-  -  9o(0)  +  Af*g,(0),  (5.2) 


TABLE  4 

Elliptic  cylinder  of  Ihicknete  ratio  t  ~  O.t  at  M  ^  0.7 
9.  -  0.7318,  a  -  13824,  b  -  0.13822,  (  -  6/a  -  0.00909 


« 

(dta) 

«/• 

CO***  »/•  —  H 

(dec.) 

eialii 

</f« 

0 

1 

0 

0 

0 

0 

9 

0.9851 

0.1879 

9.90 

0.1719 

0.9191 

18 

0.9452 

0.3416 

19.06 

0.3266 

1.0754 

27 

0.8832 

0.4886 

27.97 

0.4690 

1.1171 

36 

0.8006 

0.6119 

36.81 

0.5992 

1.1328 

45 

0.6988 

0.7298 

45.67 

0.7153 

1.1405 

54 

0.5804 

0.8209 

54.52 

0.8143 

1.1446 

63 

0.4480 

63.38 

0.8940 

1.1468 

72 

0.3048 

0.9542 

72.25 

0.9524 

1.1481 

81 

0.1542 

0.9933 

81.13 

1.1490 

90 

0 

1 

90 

1 

1.1492 

where  go(B)  is  given  by  the  right-hand  member  of  (4.4)  and  gi(B)  is  a  very  com¬ 
plicated  function  of  0.  Numerical  values  of  go(B)  and  9i(0)  for  t  —  1,  0.5,  0.1,  i 
being  the  thickness  ratios,  are  to  be  seen  in  a  paper  by  the  senior  author  and 
Kawada  [11].  On  the  other  hand,  the  senior  author  [5]  developed  a  so-called 
method  of  thin-wing-expansion  which  is  essentially  an  extension  of  the  linear 
theory  of  Prandtl  and  Glauert,  and  as  an  application  obtained  a  formula  for  the 
velocity  distribution  over  an  elliptic  cylinder  in  the  form  [3]: 


g 

9. 


t  f*  f  , 

.  M*  .  7  +  1  Jf*  ^  cos  20\ 
1  -  Jlf*  4  l-M*)fAa'df 


(5.3) 


Values  of  q/q^  calculated  by  (5.2)  and  (5.3)  as  well  as  by  the  present  method  are 
shown  in  Fig.  3.  Values  of  9/9.  obtained  by  the  use  of  the  simplified  theory 
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neglecting  the  defonnation  of  the  profile  are  also  shown  in  Fig.  3.  Contrary  to 
the  previous  case  of  a  circular  cylinder,  agreement  of  the  results  obtained  by 
the  simple  and  the  more  elaborate  method  is  now  fairly  good,  as  might  be  ex¬ 
pected  from  the  small  thickness  of  the  elliptic  cylinder  under  consideration. 

At  such  a  high  Mach  number  as  M  ->0.7  the  results  obtained  by  (5.2)  would 
naturally  be  unreliable,  since  quantities  of  the  order  M*  and  higher  powers  are 
n^ected.  However,  in  the  region  near  the  stagnation  point,  the  formula  would 
probably  give  a  good  approximation.  On  the  other  hand,  (5.3)  should  furnish  an 


Fio.  3.  Velocity  distribution  over  an  elliptic  cylinder  of  thickness  ratio  I  —  0.1  at  if  — 
0.7. 

excellent  approximation  in  view  of  the  small  thickness  of  the  profile,  though  it 
would  greatly  be  in  error  near  the  stagnation  point. 

The  agreement  of  the  result  obtained  by  the  present  method  with  that  by 
(5.2)  near  the  stagnation  point  and  with  that  by  (5.3)  in  the  r^on  of  maximum 
velocity  may  be  regarded  as  showing  the  accuracy  of  the  present  method. 

6.  Summary.  A  new  method  of  approximation  based  on  the  W.K.6.  method 
for  treating  the  subsonic  flow  of  a  compressible  fluid  past  a  profile  which  was 
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propoeed  in  a  previous  paper  [9]  is  applied  to  three  typical  cases  of  flow,  namely 
the  flow  past  a  flat  plate  accompanied  with  a  dead  air  region,  the  flow  past  a 
circular  cylinder  at  ilf  «  0.35,  and  the  flow  past  an  elliptic  cylinder  of  thickness 
ratio  <  0.1  at  M  0.7,  M  being  the  Mach  munber  of  the  undisturbed  flow. 

It  is  confirmed  that  the  method  furnishes  very  good  approximation,  although  the 
amoimt  of  the  necessary  computational  work  is  comparatively  small. 
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AN  ORDINARY  DIFFERENTIAL  EQUATION  WITH  AN  INTERVAL 
OF  STABILITY,  A  SEPARATION  POINT,  AND  AN  INTERVAL 
OF  INSTABILITY 

By  Norman  Lkvinbon* 

The  relationship  between  the  solutions  of 

(1.0)  «  d*n/(ii*  -}-  f(x,  u,  du/dx,  e)  =*  0. 

for  the  case  where  c  ^  0  is  small  and  the  case  c  ■>  0  has  been  considered  under 
various  hypotheses.  The  case  where  a  solution  exists  for  (1.0)  when  «  =*  0  is 
treated  in  [2].  However  a  problem  of  considerable  practical  interest  arises  when 
the  solution  of  (1.0)  in  the  case  c  »  0  cannot  be  continued  beyond  a  certain 
point.  Under  certain  h}rpothe8es,  stated  for  a  general  system  of  equations  [1], 
what  happens  in  this  case  is  that  the  solution,  n(z)  for  small  c  changes  rapidly 
near  the  value  of  x  where  the  solution  of  the  S3rstem  with  e  «  0  is  not  prolong¬ 
able.  As  c  — » 0,  the  solutions  for  the  case  €  pi  0,  tend  to  a  limiting  function  which 
actually  has  simple  discontinuities.  An  equation  where  this  happens  is 

(1.1)  c  d^u/dx*  -f-  (m*  —  1)  du/dx  -f  u  =  0. 

This  equation  is  of  interest  in  relaxation  oscillations. 

Here  we  shall  consider  quite  another  case.  For  simplicity  we  shall  discuss  a 
specific  equation  which  illustrates  the  case  but  the  result  can  be  formulated  as 
a  general  theorem  for  a  system  of  equations.  This  we  shall  do  subsequently. 
We  consider  now  the  equation 

(1.2)  eu"  —  [4m V (3  m'*)]  +  w  —  0  where  u'  =  du/dx. 

The  related  equation  with  e  »  0  is 

(1.3)  4zV(3  +  2^)  “  *  where  z'  ==  dz/dx. 

Suppose  we  consider  the  solution  of  (1.3)  which  at  z  =  0  satisfies  zo  »  8/19. 
Then  clearly  we  can  take  zo  2.  Since  zo  =  2  >  0,  z  in  (1.3)  increases  with  z. 
Clearly  4a/(3  +  a*)  is  a  decreasing  function  of  a  for  increasing  a  >  1  so  that 
when  z  in  (1.3)  increases,  z'  must  decrease.  Asz— ►!  —  0,  z'-+l+0.  Since 
dx  dz/z'  this  happens  for  a  finite  value  of  z  which  we  can  denote  by  Zi .  Clearly 

Zi  =»  J  dz  “  J  dz/ii  <  dz/1  —  H* 

This  solution  z(z)  of  (1.3)  cannot  be  prolonged  beyond  z  »>  Zi .  Indeed  since 
Zi  ■■  1  >  0,  if  z(z)  were  prolonged,  z  would  have  to  increase  beyond  z  »  1. 
However  since  4a/(3  4*  ^  1  for  all  real  a  this  is  impossible. 

For  small  <  >  0  we  shall  see  that  the  solution  of  (1.2)  m(z)  starting  at  z  »  0 

*  John  Simon  Onggenbeim  Fellow  on  leave  from  the  ManachuMtte  Institute  of  Tech¬ 
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with  i/«  “  8/19  and  Uo  *  2  will  remain  close  to  z(x)  until  z  — ►  Xi  —  0.  (Actually 
it  suffices  to  take  u«  in  some  such  range  as  1  ^  ^  but  for  simplicity 

we  choose  the  initial  values  of  u  and  u'  identical  with  those  of  z  and  s'.)  Obviously 
(1.1)  is  continuable  from  any  finite  values  of  u  and  u'.  What  happens  to  u(z) 
beyond  the  point  z  »  Zi ,  is  that  u(z)  goes  into  rapid  oscillation  of  amplitude 
approximately  1  and  period  2tc*.  The  graph  of  u(z)  is  shown  in  Fig.  1  where  the 
broken  curve  represents  z(z)  for  z  <  zi.  As  «  — ►  +0,  u(x)  -*  z(x),  0  ^  x  <  Xi, 
while  for  z  >  Zi ,  u(z)  oscillates  as  indicated  above  and  clearly  approaches  no 
limit  since  its  period  tends  to  zero  as  c  — »  +0  while  its  amplitude  tends  to  1. 

The  behavior  is  highly  interesting  from  the  viewpoint  of  analogy  with  a  prob¬ 
lem  in  fluid  mechanics.  For  u(x)  we  have  highly  stable  behavior  in  the  interval 
0  ^  z  ^  Zi .  At  Zi ,  or  more  precisely  in  an  interval  which  shrinks  to  the  point 
Zi  as  <  — » 0,  a  sudden  change  occurs.  For  z  >  Zi ,  we  have  a  situation  of  rapid 


oscillation  which  we  can  describe  as  unstable  since  small  changes  in  parameters 
affect  the  period  and  pha^e  in  this  oscillatory  interval  very  much  and  small 
changes  in  the  boundary  conditims  affect  the  phase.  The  point  Zi  can  be  regarded 
as  a  separation  point. 

In  fluid  mechanics  the  physical  situation  in  viscous  incompressible  flow  in  two 
dimensions  is  presumably  described  by  the  equati<m 

(1.4)  -  <AA^ 

where  A  is  the  Laplace  operator.  Experiment  for  cases  where  c  is  small  suggests 
that  in  the  case  of  flow  around  an  obstacle  there  is  a  stable  region  separated  from 
an  imstable  region  in  the  (z,  p)  plane.  Because  of  the  difficulty  of  dealing  with 
(1.4)  mathematically,  1  considered  analogous  problems  for  simpler  partial 
differential  equations  and  was  led  to  the  conclusion  that  the  occurrence  of  a 
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stable  zone  adjoining  an  unstable  one  can  arise  not  only  for  a  partial  differential 
equation  but  even  for  an  ordinary  differential  equation.  Thus  the  much  greater 
topological  possibilities  available  to  a  function  of  two  independent  variables 
(as  contrasted  with  a  function  of  one  independent  variable)  is  not  required  for 
the  general  situation  characterised  by  a  stable  sone  adjoining  an  unstable  zone 
as  •  — » 0.  The  equation  (1.2)  is  such  an  example.  It  should  be  observed  that  the 
equation  (1.4)  is  extremely  difficult  to  analyse  mathematically  and  that  the 
analogy  with  (1.2)  does  not  shed  any  new  light  on  (1.4). 

2.  It  remains  now  only  to  prove  the  statements  we  have  made  concerning  the 
behavior  of  the  solution  of  (1.2)  as  «  — *  +0.  We  shall  find  it  more  convenient  to 
replace  e  by  c*  getting  instead  of  (1.2) 

(2.0)  e*u^  -  [4uV(3  +  u^)]  +  t*  -  0. 


We  shall  study  (1.2)  in  the  Poincare  (u,  v)  plane  by  regarding  it  as  a  system 


(2.1) 

On  the  curve 
(2.2) 


du  2  dv  _ 

dx  *  dx  3  + 

tt  ■>  4t»/(3  +  »*) 


we  see  that  do/dx  »  0.  Let  Po  be  (8/19,  2)  in  the  (u,  v)  plane.  On  the  curve  (2.2) 
in  the  first  quadrant  of  the  (u,  v)  plane  the  solutions  of  (2.1)  have  du/dx  >  0, 
do/dx  0. 

Thus  the  arc  of  the  curve  (2.2),  PoPO  in  Fig.  2  is  cut  by  the  solutions  of  (2.1) 
from  left  to  right.  Moreover  to  the  right  of  PoPO,  do/dx  <  0.  Thus  the  solution 
of  (2.1)  starting  at  Pe  descends  with  v  decreasing  and  u  increasing  udtil  the 
point  Pt  on  V  0  is  reached.  Clearly  the  solution  of  (2.1),  PoPiPt  lies  to  the 
right  of  PoEF.  We  shall  now  show  that  when  €  — » 0,  PoPiPi  — ♦  PoEF.  To  do  this 
we  construct  the  curve  ABCD  as  follows.  AB  is  an  arc  of  the  curve 

(2.3)  tt  -  4(»  -  t)/[3  +  (v  -  €)*1 

where  at  A,  Ua  *  8/19  and  *  2  +*.  At  B,Ub^  1  — From  this  and  (2.3) 
we  find  easily  that  at  P,  1  -f  <  1  +  BC  is  a  horizontal  line  with 

the  u  coordinate  of  C,  lic  =  1.  CD  is  a  line  with  slope  —  Clearly  at  D,  ud  < 
1  +  €.  In  the  first  place  it  is  clear  that  as  €  — ♦  0,  ABCD  — ♦  PqEF.  In  the 

second  place  it  is  ea^  to  verify  that  the  solutions  of  (2.1)  cut  ABCD  from  above 
to  below.  This  is  self-evident  on  BC.  On  AB  we  have  for  the  solutions  of  (2.1) 


*  - 

du  t*o  \3  -f  / 

Replacing  u  above  by  its  value  in  (2.3)  we  find  since  >  1  + 

dv/du  <  -  If-*'* 

for  mnall  c.  On  the  other  hand  differentiating  (2.3)  we  find  that  in  the  range  of 
V  in  question  the  slope  of  (2.3)  satisfies 
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(to/du  >  - 

for  small  c.  Clearly  then  for  small  e  the  solutions  of  (2.1)  cut  AB  from  above  to 
below.  On  CD  we  find  similarly  that  the  slope  of  the  solutions  of  (2.1)  satisfy 

dv/du  <  — 1/10« 

For  small  t  the  above  is  certainly  <  —  e“^*.  Thus  PcPiPt  cannot  intersect  ABCD 
and  therefore  must  lie  below  ABCD. 

In  the  {x,  u)  plane  shown  in  Fig  1  we  have  from  (2.1)  dx  =  du/v.  As  «  — »  0, 
PoPi  — ►  PiE  which  is  given  by  (2.2).  The  relation  dx  «  ctr//  and  a  comparison 
of  (2.2)  with  (1.3)  shows  that  in  the  (*,  m)  plane  u{x)  — ►  z(x)  as  «  — »  0 
for  0  ^  X  <  *1 . 


In  proceeding  beyond  Pi  we  introduce  the  variables  r  and  B  given  by 
w  ■»  r  cos  —  (l/«)  r  sin 

Clearly  ■•  «*  +  «V,  tan  B  -■  «;/«.  From  these  and  (2.1)  we  have 


(2.4) 


dr*  8*'*  ^  ^ 

’  dx“7V"  r  3  +  »*/‘ 


Since  1 4t>/(3  +  »*)  |  ^  1,  we  see  that  if  r  >  1,  dB/dx  <  0.  Thus  for  r  >  1  the 
point  (it,  p)  moves  clockwise  in  the  (u,  v)  plane  with  r  increasing.  We  shall  ap¬ 
praise  the  change  in  r  when  (u,  v)  traverses  a  quadrant  of  the  (u,  v)  plane. 
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It  is  convenient  to  make  the  change  of  variables  u  «  y  +  1  and  v 
(2.1)  getting 


(2.6) 


dx 


to  +  1, 


u>*  +  4u>  +  6 
3  +  (to  +  1)* 


“  to  +  1  in 


Now  let  Pi  represent  the  same  point  as  shown  in  Fig.  2.  It  is  the  point  where  the 
trajectory  (u,  v)  first  reaches  u  »  1.  Its  (n,  v)  coordinates,  (ui ,  oi)  are  (1, 1  +  toi). 
Clearly  from  the  earlier  consideration  0  <  toi  <  We  shall  assume  here  that 
toi  >  The  points  where  the  descending  v  coordinate  first  becomes  1  + 

1  —  and  0  respectively  we  shall  denote  by  P* ,  P|  and  P4 .  (Note  that  Pj  here 
is  not  Pj  of  Fig.  2.)  Since  u'  =*  i>  >  0, 1  ^  Ui  <  ut  <  tii  <  U4 .  We  now  proceed 
from  Pi  to  Pj.  Since  u  >  1,  y  >  0  and  since  1  >  to  >  toj  we  have  from  (2.6) 


Or 

(2.6) 


to*  +  4ti?  +  6 
3  +  (to  +  1)* 


to*  ^  ito*. 


Xi  —  xi  ^  —2  e*  J  dw/w*  <  2 


From  Pj  to  P|  we  have  also  from  (2  6) 

(2.7)  -€*  dw/dx  ^  y  =  yi  +  /  (1  +  to)  di. 

Since  |  to  |  ^  «*'*  and  yj  >  0  we  have 


—  t  dw/dx  >  4  f  di  “  i(x  —  Xf). 
Thus  integrating  we  get 

2  e*€*^*  >  J(xi  —  Xj)* 
or 


(2.8)  X,  -  X,  <  3  €*'*. 

From  P|  to  P4  we  proceed  just  as  from  Pi  to  Pj  and  find  X4  —  Xj  <  2e*^*.  With 
(2.6)  and  (2.8)  we  have 

(2.9)  X4  -  Xi  <  ?€*'*. 

From  (2.9)  we  see  that  in  the  (x,  u)  plane  X4  Xi ,  as  «  — ►  0. 

We  have  assumed  that  toi  >  t'*.  In  any  case  toi  >  0  and  if  toi  <  e*^*  we  can 
eliminate  the  first  step  of  our  argument  (from  Pi  to  Pj)  and  make  an  obvious 
modification  in  the  second  part  with  the  result  that  (2.9)  still  holds. 

We  also  have  from  (2.6)  in  the  range  0  ^  10  2;  —  c*^*,  denoting  y  at  to  =>  0  by 
yo  and  x  by  Xo 
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If  Vo  ^  t**  we  have  on  integrating 

e*^*  <  3«*^*(xi  —  Xo)  +  “  *•)*• 

From  this  X|  —  x#  >  from  which 


*«-*»> 

Since  frxMn  (2.5),  dy  «  (10  +  1)  dx  we  have  using  the  above 

(2.10)  yt  -  Vi  ^  \{xt  -  Xi)  >  it*" 

if  yo  <  If  ye  >  since  yi  —  0,  we  certainly  have  (2.10). Thus  (2.10) holds 
in  every  case.  From  (2.10)  we  see  that  U|  =»  1  +  yi  >  1  +  Since  r  is  increas¬ 
ing  we  see  that  beyond  P| ,  r  >  1  -|- 

After  Pi ,  P(u,  v)  moves  clockwise  in  the  plane  with  r  increasing.  We  appraise 
the  increase  in  r  in  a  quadrant.  This  appraisal  is  more  difficult  in  the  first  and 
third  quadrants  than  in  the  second  and  fourth.  Let  us  examine  the  situation  in 
the  first  quadrant.  Let  us  denote  the  point  in  the  first  quadrant  where  u  »  0 
by  Pi(t*» ,  Vt)  where  r  *=  ri .  Let  us  denote  the  successive  ponts  where  v  =■ 
by  P$(tt» ,  Vi),  where  t;  =  2  by  PrCuy ,  vj),  and  where  »  =  0  by  Pi(«s ,  t»t).  From  P» 
to  P«  we  have 


dr*  -  ^  dx  -  ^  du. 

3  +  3  +  0* 

Thus  since  v  ^  r«  —  r J  ^  8€*r» .  Or 

Ti  —  r»  ^  8«*. 

From  P»  to  Pt  ,  since  u*  +  «*0*  =«  r*  >  1  and  €*0*  ^  t'*,  m*  >  1  —  «*^*  >  f.  We  have 
using  (2.1)  and  (2.4) 


dr*  = 


80* 


i  do 


<  - 


8«*0*d0 


(2.11) 


S  +  v*  [40/(3  -f0«)]-M  3  ^  V*  [4»/(3  +  V*)] 

I  v*dv 


<  -32t 


3  +  0«. 


Thus 


r?  -  r'i  <  32€*  ^  [0*d0/(3  +  0*))  <  16e* 

or  rr  —  r»  <  16e*. 

At  Pi  we  have,  since  r*  >  1  -f  \t*'*  as  remarked  after  (2.10), 

Mr  +  4c*  “  r?  >  1  -f- 

Thus  U7  >  1.  We  can  therefore  proceed  from  Pt  to  P«  by  exactly  the  same  argu¬ 
ment  as  yielded  (2.9).  We  have  therefore  X|  —  xr  <  7€^*.  Using 

dr*  -  [80*/(3  +  v*)]dx  <12  dx 
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we  have  rj  —  r?  <  12(Xi  —  x?)  <  84e*^*  or  r,  —  rt  <  84«^*.  Combining  our  results 
we  have  r,  —  r*  <  85«^*  for  small  c. 

In  the  second  and  fourth  quadrants  the  result  is  easier  to  get  since  in  (2.11) 
the  terms  —u  and  4f/(3  +  v*)  have  the  same  sign  thereby  allowing  us  to  go  from 
»  "  0  to  r  —  —  e“*^*  in  one  step.  In  any  case  in  each  quadrant  r  grows  less  than 

We  now  consider  the  change  in  x  when  P(u,  v)  traverses  the  fourth  (or  second) 
quadrant.  P  goes  from  Pa(tis ,  0)  to  Pt(0,  v§)  where  and  r$  »■  —  ep» .  We 

have  since  dx  du/v, 

Since  r  is  increasing 

! L  (i4 -"ti*)''* “ J*- 

Similarly 

f  ,  f*  .  -1 

Since  r»  —  rg  <  we  have 

I  di  >  -  20€‘'* 

Thus  in  any  case  the  change  in  x  in  the  second  or  fourth  quadrant  tends  to 
§*•€  as  €  — ►  0. 

In  the  same  way  in  the  first  or  third  quadrant  we  find 

J  dx  ^ 


But  the  upper  bound  is  more  complicated  here.  We  use  the  notation  P|(0,  V|) 
and  Pt(ui,  0)  for  the  end  points  of  an  arc  in  the  first  quadrant.  We  denote  the 
point  where  u  »  cvi  »  rg  by  Pte(uu ,  vit).  Since  r  is  increasing 


dx  ^  c 


du 

(r!  -  »•)"• 


Thus  Xio  —  Xi  ^  irg.  Now  since  rJo  —  rj  -H  «*»*o  and  since  ru  —r%<  85«*^  we 
have  vi*  <  20ri^*€~‘^*.  For  2  <  r  <  »io  we  have 


dx  — 

Thus  in  this  range 


_ €*dt>  <*dp 

u  —  [4j;/(3  +  »*)]  ”l  —  i 

/  dx  <40ri'’.‘". 


-2€*d». 
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For  0  <  w  <  2  we  have  aready  seen  that  j  dx  <  7^*.  Thus  we  have 
X,  -  X,  ^  ix*  +  7*‘'‘  +  40ri'V'‘. 

This  shows  that  in  the  first  and  third  quadrants  the  change  in  x  tends  to  ^xc  as 
c  — » 0.  Beyond  the  point  X\  in  the  graph  of  u(x)  in  the  (x,  u)  plane  we  see  that 
as  c  — »  0  the  solution  oscillates  with  a  period  tending  to  2xc.  Moreover  in  any 
finite  interval  of  x  the  number  of  oscillations  is  0(l/<).  Since  the  growth  in  r  per 
oscillation  is  0(c^'),  we  see  that  the  growth  in  r  over  any  finite  iterval  is  0(c*^*). 
Thus  as  c  — » 0  the  amplitude  of  the  oscillations  over  any  finite  interval  in  x  tends 
to  1.  This  completes  the  proof. 
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ON  CERTAIN  INTEGRAL  EQUATIONS  IN  DIFFRACTION  THEORY 

Bt  John  W.  Milbs 


The  two  dimensional  diffraction  problems  of  a  plane  wave  incident  on  an 
infinite  slit  or  ribbon  were  solved  (in  closed  form)  by  Sieger/  following  a  sugges¬ 
tion  by  Wien*  and  an  earlier  discussion  by  Schwarachild.*  Niunerical  results 
were  given  by  Morse/  The  integral  equation  formulation  of  diffraction  problems 
has  received  attention  in  more  recent  papers.*'  *’  * 

If  the  (y)  component  of  the  magnetic  field,  assumed  parallel  to  a  slit  bounded 
by  X  B  ±  1  in  the  plane  z  «  0,  is  taken  as  the  stream  function  z),  and 
the  incident  wave  nomal  makes  an  angle  6  with  the  screen  (z  «  0),  viz. 

z,  0  —  exp  [ik{x  cos  -f  z  sin  ®  —ct)]  (1) 

where  k  is  the  wave  number,  and  the  time  variation  is  harmonic  (angular  fre¬ 
quency  kc  ^  <a),  the  fields  may  be  determined  from  the  strength  of  the  tangential 
electric  field  in  the  slit,  defined  as 

/  (x)  -  (d^(x,  z)/dz)*_o  (2) 

the  time  factor  being  suppressed.  It  is  found  that  /(x)  must  satisfy  the  integral 
equation 

(k/2)  d^Ho\k\x  —  t !)/({)  -  exp  (ikx  cos  tf),  lx|  <  1  (3a) 

/(*)-0,  |x|>l  (3b) 

Introducing  the  elliptic  coordinates  (u,  v) : 

X  cosh  u  cos  V,  y  —  sinh  u  sin  z  (4) 

the  solution  to  the  integral  equation  (3),  in  the  notation  of  Morse,  is  found  to  be 

/(x)  -  4tA:“*  CSC  i;  sin  S,,  (k,  cos  $)  S,^{k,  cos  v)  (6) 

OT-O 

If  the  Fourier  transform  of  /(x)  is  introduced,  Eqs.  (3)  become 
(2t)“‘^*  f  dX[l  —  (\/k)*]~''*F(\)  exp  (tXx)  -  exp  (ikx  cos  tf),  | » 1  <  1  (6a) 

/(x)  -  (2t)"‘'*  /  dXF(X)  exp  (tXx)  -  0,  |  x  |  >  1  (6b) 
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The  solution  to  Eqs.  (6)  is 

F(X)  -  4ir  I)  sin  7.  5.,  (fc,  cos  X/fc)  (7) 

•-0 

If  the  conducting  portions  the  screen  and  the  aperture  are  interchanged,  so 
that  the  problem  is  to  find  the  scattering  due  to  a  conducting  ribbon  bounded 
by  X  »  in  the  plane  z  «  0,  the  total  fields  may  be  obtained  by  superimposing 
on  the  incident  wave  the  radiation  due  to  the  surface  current  h(x)  flowing  in 
the  ribbon,  where 

Mx)-il^(x,0-)-^(x,0+)]  (8) 

The  integral  equation  for  h(x)  is  foimd  to  be* 

h{x)  -  0,  I  *  I  >  1  (9a) 

d$  I X  — { (fc  I X  — €  I)  h(f)  —  2sin  ®exp  (tfcr  cos  ®),  |x|  <  1  (9b) 

and  the  S(^ution  is  given  by 

hix)  -  -4t  Z  t-  0^/K)  e*""  sin  7:  -So.  (A:,  cos  0)  So.  (k,  x)  (10) 

Similarly,  the  integral  equation  for  the  Fourier  transform  and  its  solution  are 
pven  by 

hix)  -  (2t)“‘^*  f  dX  Hix)  exp  (iXx)  —  0,  J  x  |  >  1  (11a) 

(2ir)“‘^*  f  dX  (1  —  (X/A;)*j‘^*  H  (X)  exp  (tXx)  —  sin  9  exp  (tfcr  cos  0), 

\x\<l  (11b) 

HiX)  -  4Tt  (X*  -  ifc*)"*'*  Z  ixL/HL)  sin  7«  Si.  (ifc,  cos  0)  «i.  ()k,  X/k)  (12) 

M-O 

In  using  the  foregoing  results  (and  the  following  integrals)  the  contours  must 
be  indented  under  the  branch  point  X  »  —k  and  over  X  +k,  in  order  that 
the  fields  will  satisfy  appropriate  boundary  conditions  at  infinity. 

While  the  forgoing  results  are  of  interest  per  se,  they  also  lead  to  certain  use- 

*  The  singularity  in  the  integrand  of  Eq.  (9b)  is  due  essentially  with  the  assumption  of 
an  infinitely  thin  strip.  This  difficulty  may  be  circumvented  by  replacing  |  x  —  (  |  by 
I(x  -  «*)*'’,  with  the  implication  that  the  boundary  conditions  are  applied  at  s  ■■  ±€ 

and  either  integrating  twice  by  parts  before  solving  or  taking  the  limit  •  —  0  after  solving 
the  equation  as  it  stands.  Similarly,  the  path  of  integration  for  Eq.  (11)  must  be  appropri¬ 
ately  deformed  in  the  complex  X  plane  to  secure  convergence  of  the  integrals  as  stated,  and 
Eq.  (9b)  may  be  interpreted  as  the  Faltung  inversion  of  Eq.  (lib),  assuming  an  appropri¬ 
ate  path.  It  suffices  to  say  here  that  the  results  stated  in  Eq.  (13)  et  seq.  obtain  as  proper 
limits  of  such  a  process. 
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ful  integral  relations  among  the  Mathieu  functions.  Thus,  it  is  found  that 


f  dt(l  —  t*)  t)  exp  (ik  X  t) 

.  4— M 


((1  +  *  cot  x),  I X  I  <  1  (13) 

“  t  \l«*  1  . 

x),  1  a:  I  >  1 

where  the  path  of  integration  passes  below  and  above  the  branch  points  t  »  Tl, 
respectively.  That  portion  of  the  integral  (13)  from  the  path  ltot*+l 
is  given  by  Stratton,*"  but  the  extension  of  the  path  appears  to  be  new. 
Considering  the  path  for  |  f  |  >  1  and  letting  t  »  cosh  yields 


cosh  f)  cos  ikx  cosh  f) 


(-)"+‘(2X^)-‘ x), 


cosh  f)  sin  {kx  cosh  f ) 


(-)-(t/2)*'Wi/W.)-S...,.(*,  x), 
(-)"^‘(2X,.,+,)-‘ftJ„^.(fc,x), 


X  I  <  1 
X  I  >  1 


X  I  <  1 
x|  >  1 


Another  useful  result  is 


^  I X  —  cos /9  |)/Si.(fc,  cos $) 


»  (8/t)‘'*(1  +  t  cot  7«)x;‘  x),  |  x  |  <  1 

which  is  a  continuation  of  the  result  given  by  Stratton**  for  |  x  |  >  1. 
Similar  results  for  the  odd  functions  are: 


f  dtR^^ik,  t)  exp  (ikxl) 


J (cot  -  0(1  -  x’)"*'* x),  I  X  I  <  1 

1*1  >  I 

rd0Hi^\k  I X  —  cos  jS  |)<So«(fc,  cos  /8)  sin  /3  I  X  —  cos  /3  f* 

(17) 

-  (8/x)*'*(i  +  i  cot  7:)(tfcx:)-*(i  -  xr‘'’fli.(ifc,  x),  i  x  i  <  i 

Additional  integral  relations  may  evidently  be  obtained  by  differentiating 
the  foregoing  results  with  respect  to  various  parameters. 

'*J.  A.  Stratton,  Electromagnetic  theory,  McGraw-Hill  Co.,  New  York  (1941),  p.  386, 
Eq.  (87). 

“ibid.,  p.,384,  Eq.  (70). 
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Similar  results  may  be  formulated  for  the  problem  o(  diffraction  through  a 
circular  hole,  leading  to  integral  relations  among  the  solutions  to  the  Helmholtz 
equation  in  oblate  spheroidal  coordinates.  An  exact  solutiim  to  the  problem  has 
been  given  by  Bouwkamp,”  and  the  integral  equation  formulation  has  been 
discussed  by  Sommerfeld,'  by  Levine  and  Schwinger,'  and  by  the  ^vriter.” 
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RADIATION  FROM  A  TRANSVERSE  SLOT  IN  AN  INFINITE 

CYLINDER* 

Bt  Chablss  H.  Papas 

Introduction.  We  consider  the  radiation  from  a  transverse  slot  cut  in  an  infi¬ 
nitely  long,  perfectly  conducting  circular  cylinder,  Fig.  1.  It  is  assumed  that  the 
slot  is  fed  by  a  rectangular  waveguide  within  the  cylinder  such  that  the  electric 
field  across  the  slot,  i.e.  across  the  mouth  of  the  waveguide,  has  only  an  Eg- 
component.  The  source  driving  the  waveguide  within  the  cylinder  establishes  a 
dominant  mode  which  travels  towards  the  slot  and  is  there  partially  reflected 
and  partially  transmitted  into  free  space.  Moreover,  in  the  neighborhood  of  the 
slot,  nonpropagating  modes  are  generated.  To  solve  the  problem  rigorously 


Fjo.  1.  Transverse  Slot  Cut  on  an  Infinite  Cylinder 

would  require  the  calculation  of  the  radiated  field  from  a  knowledge  of  the  domi¬ 
nant  mode  incident  upon  the  slot.  An  anal3rsis  of  this  sort  would  be  involved. 
The  next  best  solution  of  the  problem  is  to  start  from  an  assumed  distribution  of 
E,  across  the  slot.  Then,  by  the  well-known  methods  involving  Green’s  identity 
and  an  appropiate  Green’s  function  the  radiated  field  can  easily  be  determined. 
The  deviation  of  the  values  of  the  field  thus  obtained  from  the  exact  values  de¬ 
pends  upon  the  degree  to  which  the  assumed  distribution  across  the  surface  of  the 
slot  approximates  the  actual  distribution.  In  this  note  we  use  the  Kirchhoff 
approximation,  i.e.,  we  assume  that  the  distribution  of  E,  across  the  slot  is  the 
same  as  the  distribution  of  the  incident  dominant  mode.  This  approximation 
violates  the  boundary  conditions  at  the  slot  to  the  extent  of  the  higher  non¬ 
propagating  modes  and  the  reflected  dominant  mode. 

*  The  research  reported  in  this  document  was  made  possible  through  support  extended 
Cruft  Laboratory,  Harvard  University,  jointly  by  the  Navy  Department  (Office  of  Naval 
Research),  the  Signal  Corps  of  the  U.  S.  Army  and  the  U.  S.  Air  Force,  under  ONR  Con¬ 
tract  N8ori-76,  T.  0. 1. 
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The  radiation  from  a  single  transverse  or  longitudinal  slot  plays  a  fundamental 
role  in  the  engineering  design  of  directional  arrays  of  slots  just  as  the  radiation 
pattern  of  a  single  cylindrical  dipole  antenna  is  a  building  block  for  directional 
dipole  arrays.  We  do  not  discuss  the  longitudinal  slot  here,  for  the  calculation 
of  its  radiation  field  follows  very  closely  the  procedure  used  in  the  case  of  the 
transverse  slot. 

Formulation  of  the  Problem.  At  the  surface  of  an  infinitely  long,  perfectly 
conducting  circular  cylinder  the  tangential  component  (rf  the  electric  field  must 
disappear,  except  over  that  portion  of  the  surface  where  a  slot  has  been  cut.  Its 
values  there  depend  upon  the  shape  of  the  slot  and  the  manner  of  excitation. 
If  the  slot  is  transverse  and  is  fed  from  within  the  cylinder  by  a  rectangular  wave¬ 
guide  such  that  the  incident  dominant  mode,  i.e.,  the  dominant  mode  traveling 


Fio.  2.  Coordinate  systems  used  in  the  formulation:  Cylindrical  coordinates  p,  s; 
spherical  coordinates  r,  0,  0. 

outward  from  the  axis  of  the  cylinder  towards  the  mouth  of  the  guide  or  slot, 
is  TEo,  1 ,  the  only  component  which  the  £-field  of  this  incident  dominant  mode 
possesses  is  £« .  In  accordance  with  the  Kirchhoff  approximation  we  assume  that 
the  distribution  of  E,  across  the  slot  equals  the  distribution  of  this  dominant 
mode. 

By  confining  our  discussiqn  to  a  transverse  slot  with  a  known  distribution  of 
E, ,  we  can  recast  the  problem  in  terms  of  the  classical  Neumann  problem  of 
scalar  fields:  given  the  values  of  a  scalar  function  ^(^E.)  on  the  surface  enclos¬ 
ing  a  volume,  find  the  value  of  ^  at  each  point  within  the  volume.  Considering 
the  surface  of  the  infinite  cylinder  and  of  the  sphere  at  infinity  as  the  enclosing 
surface,  the  value  of  ^  can  be  found  at  any  point  in  the  r^on  surrounding  the 
cylinder  since  ^  is  known  at  eveiy  point  on  the  bounding  surface.  Namely,  ^  »  0 
on  the  sphere  at  infinity  and  at  all  points  on  the  surface  of  the  cylinder  except 
across  the  slot. 

It  is  convenient  to  introduce  the  Green’s  function  G(r,  /),  which  satisfies  the 
inhomogeneous  wave  equation  (1) 


V 


(1) 
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where  S(r—r')  is  the  three-dimensional  delta-fimction,  r  and  /  are  vectors  ex¬ 
tending  from  the  origin  to  the  observation  and  source  points,  respectively, 
k  —  2r/X,  X  **  free-space  wavelength.  Appl3ring  Green’s  theorem  to  6(r,  r')  and 
yields 


(2) 


fjGir',  r)  (V'*  -f  k^)E,(r')  -  E.ir')  (V’*  -1-  k*)0(r',  r)]  dr' 

=  f  [Oir',  r)n-V'E.(r')  -  S.(r')n-V’G(r',  r)]  ds' 

where  n  is  the  outward  normal  unit  vector;  the  surface  integration  is  over  «i , 
the  surface  of  the  cylinder,  and  «t ,  the  surface  of  the  sphere  at  infinity,  and 
the  volume  integration  is  through  the  region  enclosed  by  these  surfaces.  The 
first  term  of  the  volume  integral  disappears  since  (V*  -H  k*)E,(r)  »  0  and  in  view 
of  (1)  the  second  term  of  the  volume  integral  becomes 

^  -  E.(r^iV'*  +  k*)Oiir',  r)  dr'  -  f^E.(r')i(r'  -  r)  dr'  -  E,(r) 

Consequently,  (2)  takes  the  form 

E.ir)  -  f  lG(r',  r)n-V'E.(r')  -  E.ir')n-V'0(r',  r)J  ds' 

It  can  be  shown  that  the  int^pration  over  tt  disappears,  leaving 

E.ir)  -  f  [(?(r',r)n.VW) VW,r)Jd«'. 

In  cylindrical  coordinates  this  becomes 

E,ip,  <l>,  z)  =  I®(P>  o,  ^  X  -  z')id/dp')E.(a,  z!) 

—  E,ia,  z')(d/dp')0(fi/i,ii>-i^',z—z')\  dd>'  di'.  (3) 

We  are  at  liberty  to  assign  homogeneous  boimdary  conditions  to  Gif,  r)  such 
that  either  G(/,  r)  or  {d/dp')G(r',  r)  disappears  on  the  surface  of  the  cylinder. 
If  we  choose  the  former,  i.e.,  G{r,  /)  **  0  for  p'  «  a,  (3)  reduces  to 


E.(p,  iff,  z)  =  a  E,(a,  ^)id-dp')G(p,  a,  <l>  -  <l>',z  -  z')  d<t>'  dz'. 


(4) 


This  is  a  useful  form,  since  the  term  E,(a,  0',  z')  is  the  distribution  of  E,  over 
the  surface  of  the  cylinder,  it  being  xero  at  all  points  on  the  surface  except  across 
the  slot. 

The  Green’s  Function.  To  find  the  explicit  form  of  (7(r,  /),  we  first  write  (1) 
in  cylindrical  coordinates.*'^ 


^  z-z') 

6{p  -  pO 


(5) 


a(^  —  —  z!). 
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We  choose  the  solution  of  (5)  which  satisfies  the  condition  (?(p,  o,  0  —  —  s') 

0.  Let  f  be  a  complex  variable.  Multiplying  (5)  by  e~*^  and  integrating  over 
all  values  of  s,  we  get 

BrX'l) +  *■  -  -  ♦'•f) 

(6) 

P 

where 

Gip,  p'l  ^  r)  -  jf  0{p,  p\  if>  -  0',  s)  dz. 

We  assume  that 


cu !•)  -  r).  (7) 

Substituting  (7)  into  (6)  and  integrating  with  respect  to  4>  from  0  to  2t,  the 
m***  Fourier  coefficient  Gm(j>,  p',  f)  is  seen  to  satisfy  the  equation 


— «(p  —  p') 


When  p  7^  p'  the  right  side  of  (8)  disappears  and  we  recognise  it  as  being  Bes¬ 
sel’s  equation  whose  solutions  are  combinations  of  the  Bessel  functions  Jm(x) 
and  the  Hankel  functions  Hm\x),  both  of  order  m: 

(?.(/., o'.f)  = 

for  p  >  p',  and 
G^ip,  p%  f)  » 

for  p’  >  p.  Since  Gmip,  p\  D  must  be  continuous  at  p  »  p',  the  factor  Am  in 
(9)  is  identical  to  the  in  (10).  Multiplying  (6)  by  p  and  integrating  over  a 
amRll  interval  which  includes  p',  we  find  that 

“  2  //r'cvifc*  -  f*a)  • 

Substituting  (11)  into  (9),  the  explicit  form  of  the  Fourier  coefficient  of  the 
Fourier  transform  of  the  Green’s  function  for  p  >  p’  is  expressed  by 
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By  i^iplying  the  Fourier  inversion  theorem  to  (7),  wherein  the  p',  f) 
coefficients  are  given  by  (12),  we  obtain  the  following  expression  for  the 
Green’s  function: 


cup',*  -  -  z') "  'e  ~ 

Sir  _  fJa) 

X  [Hi”  a)*/- (V**  -  pO  -  Hi”  (V*!»  -  f*  p0*/« o)] 


X  « 


dt  (13) 


where  the  integration  with  respect  to  the  complex  variable  t  is  taken  along  the 
real  axis  of  the  f-plane  with  an  upward  indentation  at  the  branch  point  ^  ^  —k 
and  a  downward  one  at  the  branch  point  f  »  +k.  Differentiating  (13)  with  re¬ 
spect  to  p’  and  then  setting  p’  =>  a,  we  obtain  the  form  appropriate  for  (4). 
The  expression  connecting  the  values  E,(p,^  ,  z)  with  E,(a,  s’)  is  then  found 

to  be 


Emip,  <l>f  z) 


icn: 


H.(a,<^',sO  Z 


Hi:ivk*  -  f*a) 


dt  dz\ 


(14) 


In  this  expression  E,(a,  s’)  is  the  value  of  E,  on  the  surface  of  the  cylinder 

and  is  therefore  sero  everywhere  except  across  the  slot,  where  it  is  set  equal  to 
the  z-component  of  the  H-field  belonging  to  the  incident  dominant  wave  (Kirch- 
hoff  approximation).  H.(p,  z)  is  the  z-component  of  the  radiated  H-field.  The 
problem  is  to  find  E,(j>,  z)  When  E,(fl,  /)  is  given  across  the  slot. 

It  is  interesting  to  note  that  when  p  »  a 


H,(a,  z)  -  ^  E,{a,  z')Si4>  —  <l>)iiz  -  «')  dz', 

rince 

=  2w6{it>  -  <t>')  and  T  df  =.  2ir«(z  -  s’). 


Therefore  E,(a,  z)  H«(a,  z)  when  (a,  z)  lies  within  the  bounds  of  the 
slot  and  E,(a,  z)  =  0  for  all  other  points  (a,  z). 


Far  Field.  Our  main  task  is  to  integrate  (14).  The  exact  evaluation  for 
E,(j>,  z)  in  the  neighborhood  of  the  slot  is  difficult.  However,  by  the  method 
of  steepest  descents  it  is  possible  to  arrive  at  an  iq>proximate  value  for  points 
far  away  from  the  slot. 

Commuting  the  order  of  summation  and  integration  of  (14)  we  get 


^.(pi  2  jf  ~  ♦OWo,  «') 


(15). 
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where  —  1,  2  £<»•  m  —  0,  m  >  1,  respectively,  and  integration  with  respect 
to  is  along  the  real  axis  of  the  complex  f-plane  with  an  upward  indentation 
at  f  »  —k  and  a  downward  one  at  f 
We  consider  the  integral 


(16) 


The  phase  of  v^jb*  —  f*  is  specified  along  the  real  axis  of  the  f-plane  so  that  arg 
V^ifc*  —  f*  “  0  for  1  f  1  <  k  and  arg  y/k*  —  “  ir/2  for  ]  f  |  >  fc.  For  large 

p  and  M  ^  0,  where  m  “  y/k*  —  f*, 


~  (— Y"*  (17) 

The  saddlepoint  (rf  is  clearly  f,  »  kz/y/f?  +  —  ifc  sin  When 

f  *  neighborhood  of  f. 


exp  i(pp  +  f.) 


exp  t 


cos  +  2  sin  tf) 


P 

2ib  cos*  0 


(r  -  f.)‘]. 


(18) 


The  path  of  integration  through  the  saddlepoint  is  so  chosen  that  the  imaginary 
part  (I.P.)  of  the  operand  of  exp  in  (18)  remains  constant  as  the  path  of  inte¬ 
gration  through  the  saddle  point  is  traversed.  That  is,  we  require 

I.P.  [tl:(p  cos  -f-  2  sin  tf)] 

r  io  .1  (19) 

=  I.P.  UA;(p  cos  «  -1-  2  sin  $)  -  (f  -  f.)  J. 


Now  we  let  f  —  f .  “  Ae*“  where  a  is  the  angle  which  the  vector  f  —  f  •  makes 
with  the  positive  real  axis  of  the  complex  f-plane.  To  satisfy  (19)  it  is  necessary 
that  the  real  part  of  AV*"  disappear.  Hence,  a  can  equal  either  +t/4  or  — t/4. 
It  is  clear  that  a  —  r/4  must  be  discarded;  this  leaves  a  «■  —t/4  as  the  angle 
which  the  path  must  make. 

We  now  transform  from  the  f-plane  to  the  r-plane  according  to 

f  -  A:  sin  T.  (20) 

where  r  —  0  +  i^.  The  path  of  integration,  Fig.  3,  in  the  f-plane  transforms 


-k 


(+0  +k 

^ 


Fia.  3.  Path  of  integration  in  f-plane 


(+i) 


into  the  path  C  in  the  r-plane,  Fig.  4.  C  is  unbent  so  that  it  starts  at  —  t/2  +  t  «> , 
passes  through  the  saddlepoint  0  =  0,  and  then  ends  at  r/2  —  t  <» .  A  path  pass- 
ing^through  a  saddlepoint  0  =  0o  would  start  at  0o  —r/2  -1-  t  «  and  terminate 
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at  +r/2  —  such  as  C$.  In  the  r-pUne,  (17)  is  expressed  by 

(2  V /ni\ 

^k  ^r)  '  * 

Let  F{k  coe  r)  represent  the  factor  Vff- ’  ( Vh*  —  f*  o)  transformed  to 

the  r-plane.  With  this  and  (21)  it  is  clear  that  (16)  is  equal  to 

/.».+(»/«-<•  /  o  \» 

COS  r)ifc  cos  r  dr,  (22). 

J$t-(w/t>+im  \tP*  cos  t/ 

This  integration  is  carried  out  along  €$,  Fig.  4.  Since  r  is  large,  (22)  can  be  sim¬ 
plified  by  the  following  considerations.  The  chief  contribution  to  (22)  comes 


Fio.  4.  Paths  of  integration  in  the  r-plane 

from  that  portion  of  the  path  C$  which  lies  in  the  immediate  neighborhood  c£ 
the  saddlepoint,  i.e.  r  *■  0^ ,  where  the  path  makes  an  angle  of  —  t/4  with  the 
real  axis.  We  can  put  r  —  where  is  real,  and  it  follows  that  cos 

(r  —  9)  1  -|-  tijV2.  With  these  approximations  we  have 

J-m  —  f*  o)  ’’  cos  fl) 
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It  clearly  follows  from  (23)  and  (15)  that 


f  ♦(♦)  cos  m(*  —  ^')  d^'t 


(24) 


where  we  have  separated  E,{a,  0',  z')  into  its  longitudinal  and  transverse  varia¬ 
tions  Z(z')  and  ^(^')  respectively,  i.e., 

E.ia,  z^)  -  Z(z')*(^0.  (25) 


Once  Z(z')  and  4(^')  are  q>ecified  for  a  given  transverse  slot,  the  far 
field  E,(p,  0,  z)  is  determined  by  (24). 


Radiation  from  Thin  Transverse  Slot.  As  an  application  of  (24)  let  us  consider 
a  thin  transverse  slot  defined  by  |  /  |  <  tz,  |  ^'  |  <  ^  with  the  following  dis¬ 
tribution  across  its  surface: 

Z(z^)  «  Zo  for  I  z^  I  <  tz  where  Zo  is  a  constant 

—  0  for  I  s'  I  >  tz 

♦(^0  »  cos  (  t/2^)^'  for  ^  where  0o  is  half  angle  of  slot 

-  0  for  I  1  >  00 . 


Fio.  6.  Top  and  side  views  of  single  thin  slot  on  an  infinite  cylinder. 


The  frequency  of  the  sotirce  of  electromagnetic  energy  is  so  chosen  that  the  slot 
is  a  half -wavelength  wide,  i.e.  20oa  «  X/2  or  0o  ■■  rl2ka.  It  is  clear  that 


^  *(00  cos  m(0  —  0')  cl0'  -  cos  (t0V20o)  cos  m(0  —  0')  d0' 


2ka  cos  imir/2ka)  cos  m0 


(26) 
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and 


where  the  approximation  in  the  final  step  is  valid  since  1.  2voE^  is  the 

electromotive  force  across  the  slot  and  is  denoted  by  Y.  Substituting  (26)  and 
(27)  into  (24)  we  finally  obtain 


2Et 


sin  (kw  sin  9) 
it  sin  0 


(27) 


2wEt, 


E,ip,  z) 


Vka  ^  tmZ  **‘"*^‘*'  cos  {,mir/2ka)  cos 
**  r  «-«  Hm\ka  cos  0)  (*«)*  —  m* 


(28) 


If  we  want  the  0-component  of  the  far  field,  it  can  eaUly  be  shown  that  E4 
£./co8  0,  or 

p  at  ^  ^  cos  (mir/2iba)  cos 

*  F*  r  cos  0  «»-o  Hm\ka  cos  0)  (te)*  —  m* 


Results.  The  far-sone  field  radiated  by  a  thin  transverse  slot  possessing  a 
cosinusoidal  distribution  of  E,  across  its  mouth  has  been  calculated  from  (28) 
and  (29).  Using  the  more  general  formula  (24),  it  is  not  difficult  to  compute  the 
radiation  pattern  for  various  combinations  of  slots.  The  aximuthal  distribution 


Fio.  6.  Radiation  pattern  in  plane  S  «  0 
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for  9  *  0  and  ka  ^  5  has  been  computed  and  is  presented  graphically*  in  Fig.  6. 
Recently  in  a  similar  but  independent  paper  Pistolkors^*’  has  derived  (29). 
Noting  that  he  has  used  instead  of  e~*“*  for  the  harmonic  time  dependence, 
the  conjugate  complex  of  his  equation  (33)  becomes  identical  with  our  (29) 
after  correction  of  two  minor  typographical  errors  in  his  (33),  i.e.,  the  first  term 
in  square  brackets  should  be  multiplied  by  i  and  the  sign  before  the  summation 
should  be  changed  to  plus. 

Acknowledgment.  The  author  widies  to  express  his  thanks  to  Dr.  H.  Levine, 
of  Harvard  University,  for  his  generous  help. 
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*  The  polar  diagram  gives  the  ahsolute  value  of  the  factor  multiplying  (Fs<*')/(«*>')  in 
(20)  u  a  function  of  4. 
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1.  INTRODUCTION.  1.1  Linearity.  We  suppose  the  objects  with  which  we 
are  concerned  to  be  in  a  transmission  line  permitting  only  one  mode  of  propa¬ 
gation  at  the  given  frequency,  which  remains  fixed  throughout  the  discussion. 
The  object  is  said  to  be  linear  from  the  left  if  the  complex  amplitudes  of  the  trans¬ 
mitted  and  reflected  waves  are  both  proportional  to  that  of  the  incident  wave, 
whenever  this  wave  is  incident  from  the  left.  Linearity  from  the  right  is  similarly 
defined,  and  an  object  is  said  to  be  linear  if  it  is  linear  both  from  the  left  and 
from  the  right.  We  assume  that  linearity  for  a  given  direction  persists  even  if 
a  wave  is  traversing  the  object  in  the  opposite  direction. 

The  above  notion  of  linearity  is  slightly  more  general  than  that  usually  con¬ 
sidered.  For  example,  linearity  of  this  type  need  not  lead  to  the  reciprocity  theo¬ 
rem;  in  other  words,  the  transmission  coefficients  in  the  two  directions  need  not 
be  the  same.  Hence  an  object  linear  in  this  sense  cannot  be  replaced  by  an  ordinary 
network  of  resistors,  inductances,  and  condensers  without  additional  assumptions. 
Moreover,  if  one  object  of  a  series  is  linear  from  the  left  only,  and  the  others  are 
linear  in  both  directions,  then  the  whole  series,  considered  as  an  object,  will 
generally  be  linear  neither  from  the  left  nor  from  the  right. 

1.2  Transmission  and  reflection.  If  two  objects,  each  linear,  are  separated  by 
a  known  distance  in  a  transmission  line,  the  over-all  transmission  and  reflection 
coefficients  for  the  pair  can  be  calculated  from  the  individual  coefficients.  A 
detailed  derivation  by  two  slightly  different  methods  is  given  on  page  564  of 
Microwave  Measurement  Techniques,  McGraw-Hill,  1946.  Before  writing  down 
the  results,  let  us  observe  that  one  may  assume  zero  separation  without  loss  of 
generality.  Thus,  the  line  length  may  be  incorporated  in  one  or  both  of  the 
objects  to  give  new  objects  which,  at  zero  spacing,  will  reproduce  the  original 
arrangement.  With  reflection  and  transmission  notation  this  incorporation  of 
line  length  is  particularly  simple,  viz.,  adjunction  of  a  length  of  line  x  at  the 
left  of  an  object,  y  at  the  right,  will  multiply  both  transmission  coefficients  by 
gjra(*4K)^  while  the  left-  and  right-hand  reflection  coefficients  are  multiplied 

*  Special  resulta,  such  as  ^  —  r  and  those  of  Sections  4.2, 4.3  were  obtained  by  the  method 
of  combining  networks  discussed  in  this  paper,  in  1942-45  when  the  author  was  in  the  MIT 
Radiation  Laboratory  with  L.  C.  Van  Atta  and  E.  B.  McMillan.  These  results  are  scattered 
through  Radiation  Laboratory  reports  483-2,  -9,  -12,  -18.  The  theory  was  later  put  into 
systematic  algebraic  form  in  the  Research  Laboratory  of  Electronics,  MIT,  and  it  was 
there  that  the  assumptions  underlying  the  earlier  methods  were  examined  and  isolated. 
The  results  of  Sections  1. 1-2.3  were  obtained  under  these  auspices,  as  was  the  systematic 
treatment  of  lossless  objects.  But  the  main  theorem  of  Section  3.3  was  found  still  later  at 
Harvard  University.  Earlier  proofs,  which  were  much  simpler,  required  four  assumptions 
instead  of  three  and  they  were  not  independent.  The  theorem  of  Section  3.5,  /  F(A,B), 

was  also  obtained  at  Harvard  as  were  all  results  on  characterization  of  passive  objects. 
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respectively  by  and  Here  k  is  the  propagation  constant  of  the  line 
(cf.  Stratton,  Electromagnetic  Theory.)  Summarizing  these  remarks,  we  con¬ 
clude  that  a  general  theory  of  adjacent  objects  in  lossless  line  will  include  the  theory 
of  spaced  objects  in  lossy  line. 

We  write  t,  r  for  the  left-  and  right-hand  transmission  coefficients,  and 
r,  p  for  the  corresponding  reflection  coefficients.  If  immediately  at  the  right 
of  an  object  with  these  coefficients  is  placed  a  second  with  coefficients  (i,  ri , 
fi ,  Pi  respectively,  then  the  left-hand  coefficients  of  the  combination  will  be 
tti/(l  —  rip)  and  (r  -f  dri)/(l  —  rip),  where  d  =  tr  —  rp,  with  similar  results 
for  the  right-hand  coefficients. 

In  the  course  of  deriving  these  relations  one  finds  incidentally  that  the  trans¬ 
mission  and  reflection  coefficients  for  the  new  composite  object  certainly  exist, 
that  is,  the  relevant  ratios  are  constant.  The  new  object,  then,  is  linear  in  our 
sense.  By  regarding  the  two  objects  as  themselves  forming  an  object,  one  ob¬ 
tains  the  corresponding  result  for  three;  by  treating  the  three  as  a  single  object 
the  result  is  extended  to  four,  and  so  on.  In  summary,  if  each  object  of  a  series 
is  linear  then  the  whole  series,  considered  as  an  object,  is  also  linear,  and  the  co¬ 
efficients  can  be  computed  by  successive  use  of  the  above  relations. 


1.3  Abstract  approach.  Let  us  define  the  symbol  (trrp)  to  mean  an  object  with 
transmission  coefficients  t,  t  and  reflection  coefficients  r,  p,  Arabic  and  Greek 
letters  being  used  as  above  for  the  left-  and  right-hand  coefficients  respectively. 
We  suppose  further  that  the  product  (<Trp)(<iTxripi)  represents  the  composite 
object  consisting  of  the  original  one  immediately  followed  at  the  right  by  a 
second  object  having  coefficients  h,  n ,  n ,  and  pi .  With  this  understanding  we 
see  from  Sec.  1.2  that  the  symbols  in  question  must  multiply  by  the  rule 


((rrpXl. r. 

\1  —  rip  1  —  fi  p  1  —  rip  1  —  rip/ 


(1) 


where 


d  =  tr  —  rp;  di  =  tiTi  —  ripi 


(2) 


and  where  the  right-hand  member  is  a  symbol  of  the  same  type.  If  rip  =  1  the 
product  is  defined  as  lim  (tirp)  (oaOO)  (hriripi)  when  this  limit  exists. 

o-*l 

Though  perhaps  in  somewhat  bizarre  notation,  Eq.  (1)  represents  essentially 
standard  results  and,  as  noted  in  Sec.  1.2,  it  can  be  derived  by  well-known  pro¬ 
cedures  which  we  omit  here.  The  only  new  feature  is  our  failure  to  take  t  =  r,  and, 
as  far  as  the  derivation  is  concerned,  this  increase  in  generality  is  trivial. 

What  we  propose  to  do  now  is  to  imagine  the  genesis  (as  it  were)  of  Eq.  (1) 
to  be  blotted  out,  and  confine  our  attention  exclusively  to  the  rule  of  operation 
there  expressed.  Let  us  not  think  of  the  s}unbol  (trrp)  in  terms  of  its  origin  as  an 
electrical  transducer,  but  rather  as  a  quadruple  of  complex  numbers.  These 
quadruples,  whatever  they  are,  will  multiply  in  accordance  with  (1).  Reflecting 
along  these  lines  we  are  led  to  the  following  definition:  A  linear  network  is  a 
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quadruple  of  complex  numbere  which  combines  with  other  quadruples  in  the  manner 
prescribed  by  (1).  Here  we  have  an  abstract  algebraic  characterization  of  the 
notion  of  network,  suitable  for  the  ends  in  view. 

2.  ALGEBRAIC  PROPERTIES.  2.1  The  general  group.  The  assertion  that 
a  set  of  elements  forms  a  group  may  be  regarded  as  a  convenient  shorthand  for 
a  number  of  subsidiary  assertions.  The  latter  include  not  only  those,  such  as 
existence  of  an  inverse,  which  may  have  been  used  in  the  proof  that  one  has  a 
group,  but  they  include  also  all  the  results  of  group  theoiy.  The  notation  of  the 
previous  discussion  allows  us  to  use  this  shorthand  procedure,  subsuming  a 
multitude  of  results  under  a  single  one.  We  shall  content  ourselves  here  merely 
with  showing  that  certain  sets  of  objects  form  groups,  without  pursuing  the 
implications. 

It  is  clear  physically  that  one  will  get  the  same  reflection  and  transmission 
coefficients  for  three  objects  by  calculating  those  for  the  second  and  third  to¬ 
gether,  then  adding  the  first,  as  by  calculating  those  for  the  first  and  second 
together,  then  adding  the  third.  Mathematically  this  statement  is  equivalent  to 
saying  that  the  multiplication  symbolized  by  Eq.  (1)  is  associative,  and  direct 
computation  shows  that  such  is  indeed  the  case. 

Adding  an  nX  length  of  line  to  a  lossless  network  does  not  change  the  trans¬ 
mission  or  reflection  coefficients,  as  is  well  known.  The  transmission  of  such  a 
piece  of  line  is  unity  and  its  reflection  is  zero;  presumably,  therefore,  the  object 
(1100)  functions  as  an  identity:  (1100)(<Trp)  =  (fTrp)(1100)  =  (frrp).  This  relation 
too  is  easily  verified  from  (1).  After  a  little  calculation,  moreover,  one  finds  that 
the  identity  is  unique  in  the  following  sense:  If  an  object  (trrp)  functions  as  either 
left  or  right  identity  for  but  a  single  object  with  nonvanishing  transmission,  then 
(trrp)  =  (1100). 

Proceeding  next  to  the  question  of  inverse  we  may  verify  by  actual  trial  or 
otherwise  that,  in  either  order, 

(r/d  t/d  -r/d  -pfd)  (trrp)  =  (1100)  (3) 

and  hence  that  any  object  (trrp)  has  an  inverse  the  left-hand  factor  of  (3)  provided 
the  determinant  d  =  tr  —  rp  is  not  zero. 

The  set  of  all  objects  with  d  ^  0  does  not  form  a  group,  since  for  rip  =  1  the 
product  (1)  is  not  always  defined.  Also  the  condition  d  0,  di  0  does  not  insure 
the  corresponding  condition  for  the  product.  The  above  remarks  show,  however, 
that  any  closed  sets  of  objects  with  d  ^  0,  and  only  these  sets,  form  groups  under  the 
multiplication  (1).  Here  closure  means  that  the  product  of  two  objects  in  the  set  is 
again  in  the  set. 

2.2  Subgroups.  Objects  satisfying  the  reciprocity  theorem,  i.e.,  objects  for 
which  f  =  T,  are  termed  bilateral.  If  each  of  two  objects  is  bilateral,  so  that  t  =  r, 
i\  =  T\,  then  it  is  clear  from  (1)  that  the  composite  object  consisting  of  the  two 
together  will  likewise  have  this  property.  Proceeding  thus  we  prove  by  induction 
that  if  each  object  of  a  series  is  bilateral  so  is  the  series  as  a  whole.  Observe  next  from 
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Sec.  2.1  that  the  identity  is  bilateral,  as  is  the  inverse  of  any  bilateral  object. 
Combining  these  remarks  we  conclude:  If  a  set  of  objects  forms  a  group  under 
multiplication  (1),  then  the  bilateral  objects  of  the  set  form  a  subgroup.  Similarly, 
in  any  group  (he  objects  with  real  coefficients  form  a  subgroup,  and  so  do  the  objects 
in  shunt,  as  is  shown  below. 

Hitherto  we  have  considered  subsets  of  groups,  without  actually  exhibiting  the 
group  itself.  An  example  of  a  group  is  furnished  by  the  results  of  Sec.  3.3,  which 
show  that  the  set  of  lossless  objects  forms  a  group  under  midtiplication  (1). 

Another  example  occurs  in  the  problem  of  finding  objects  which  commute  with 
each  other,  that  is,  for  which  the  pair  has  the  same  properties  independently  of 
order  in  the  line.  Equating  corresponding  members  on  the  right  of  (1)  as  it 
stands  and  as  it  becomes  when  the  left-hand  factors  are  interchanged,  one  finds 
that  a  necessary  and  sufficient  condition  for  the  two  objects  in  (1)  to  commute  is 
r/p  =  ri/pi  and  (1  —  d)/r  =  (1  —  di)/ri .  These  conditions  persist  in  the  products 
and  inverses.  Hence  if  a  and  b  are  any  constants,  a  closed  set  of  objects  for  which 
r/p  =  a  and  (1  —  d)/r  =  b  forms  an  abelian  group  under  multiplication  (1). 
Moreover,  if  an  object  commutes  with  any  element  of  this  group  other  than  the  iden¬ 
tity,  then  it  must  itself  have  r/p  *  a,  (1  —  d)/r  =  6.  Here  we  have  a  complete 
characterization  of  those  objects  which  give  the  same  results  independently  of 
their  order.  As  special  cases  are  symmetric  objects  with  d  »  1,  and  any  objects 
with  r  0  or  p  *=  0. 

These  remarks  on  groups  actually  include  many  results.  From  the  basis 
theorems  of  group  theory,  for  example,  one  might  obtain  interesting  results  on  the 
possibility  of  constructing  arbitrary  networks,  of  prescribed  type,  by  using  those 
n  a  fixed  fundamental  set. 


2^  Extensions  of  multiplication.  Analyzing  the  notion  of  multiplication  as 
symbolized  by  (1),  we  find  it  to  depend  on  the  existence  of  network  parameters 
whose  values  for  two  objects  t<^ther  involve  only  their  values  for  the  single 
objects  separately.  It  has  not  yet  been  possible  to  define  such  a  multiplication 
with  two  variables,  but  for  three  we  have  the  system 


where  0 


iOrpXei  ri 


(  T  -j-  dri  Pi  -j-  dip\ 

\1  -  ri  p  1  -  ri  p  1  -  ri  p  / 


y/Tr,  d  *  —  rp;  and  the  system 


(4) 


M  (r. « *1  =  +  ^  ] .  (5) 

LI  —  Tip  1  —  fip  1  —  fip  J 

The  possibility  of  multiplication  (4)  is  linked  with  a  procedure  for  extending 
methods  originally  confined  to  bilateral  networks.  The  procedure  in  question  is 
most  briefly  described  by  the  identity 

n(4T*r*p*)  =  (n^^n^oo)n(v^>/Sr;r*p*)  (6) 

which  can  be  proved  by  induction.  The  left-hand  product  represents  a  series  of 
general  objects,  while  the  continued  product  on  the  right  contains  only  bilateral 
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objects.  Hence  a  formula  for  iransmimon  and  reflection  of  a  series  of  bilateral 
objects  can  be  used,  without  essential  change,  in  the  general  case.  This  result  is 
important  in  that  some  of  the  multiplications  here  enumerated,  though  in  many 
respects  more  convenient  than  (1),  do  not  distinguish  the  bilateral  and  nonbi¬ 
lateral  cases.  For  practical  computation,  Eq.  (6)  shows  that  this  is  no  disad¬ 
vantage.  It  is  true,  however,  that  the  form  (1)  is  more  fundamental  for  study  of 
the  foundations. 

None  of  these  operations  is  isomorphic  to  matrix  multiplication,  but  such  an 
isomorphism  can  be  reached  by  appropriate  changes  of  variable.  Specifically, 
if  we  define  T  *  \/t,  R  *=  r/t,  P  =  —p/t,  D  *  d/t,  characterizing  the  object  by 
TRPD  rather  than  by  trrp,  then  the  rule  of  multiplication  for  these  new  quantities 
is  equivalent  to  matrix  multiplication: 

/ D  R\  / Di  Ri\  / DDi  -j-  Rpi  DRi  -f-  iJTjX 

\P  t)\?i  tJ  VpA+PxT  ?Ri  +  TTi)' 

Thus,  if  the  entries  of  the  left-hand  matrices  in  (7)  give  D,  R,  P,  T  for  two  objects 
separately,  then  the  entries  of  the  matrix  on  the  right  give  these  same  quantities 
in  order  for  the  new  object  consisting  of  the  first  two  placed  adjacently  in  the 
line.  As  is  the  case  for  (4)  and  (5),  here  too  the  proof  is  immediate  from  (1).  This 
change  of  variable  and  the  corresponding  matrices  were  suggested  to  the  author 
by  a  report  of  P.  Marcus\  One  may  use  t  instead  of  t  as  the  divisor  in  defining 
the  new  variables. 

The  matrices  are  defined  U  t  9^  0,  and  the  determinant  for  a  given  matrix  is 
equal  to  r/t.  Hence  there  is  an  inverse  if  r  0.  From  (1)  the  condition  tr  9^  0 
in  each  factor  leads  to  the  same  condition  in  the  product;  and  combining  these 
observations  we  find  that  the  set  of  objects  with  tr  9^  Q  forms  a  group  under  multipli¬ 
cation  (7).  This  group,  which  includes  all  nontrivial  networks,  is  more  extensive 
than  any  that  could  be  defined  under  multiplication  (1).  The  previous  results 
are  valid  here  too;  in  particular  the  sets  of  bilateral  and  lossless  objects  are  sub¬ 
groups. 

If  we  divide  by  y/tr  instead  of  t  or  r,  in  defining  the  new  variables  T,  R,  P,  D, 
then  we  obtain  other  matrices  with  the  required  multiplication  properties.  Here 
the  determinant  is  always  equal  to  unity,  while  in  (7)  it  is  unity  when  and  only 
when  the  object  is  bilateral.  Hence  with  proper  choice  of  the  parameters  specify¬ 
ing  the  electrical  properties,  the  group  of  all  objects  having  tr  ^  0  is  homomorphic 
to  the  group  of  all  bilateral  objects  having  tr  ^  0.  In  a  sense  this  gives  the  underlying 
reason  for  existence  of  an  identity  like  (6). 

Following  a  procedure  due  to  P.  Marcus,  we  express  the  general  second-order 
matrbc  as  a  linear  combination  of  the  so-called  Pauli  matrices.  If  these  latter 
matrices  be  multiplied  by  i,  they  combine  like  the  unit  elements  in  quaternion 
algebra.  Applying  this  method  to  (7)  we  find  finally  that  a  network  specified  by 
a  bi  +  cj  •{-  dk,  where  a  =  (1  -|-  d)/2t,  6  =  —  (r  -f  p)/2t,  c  =  {r  —  p)/2it, 
d  ^  (d  —  \)/2it,  will  combine  with  other  networks  so  specified  according  to  the  rule 

‘  The  Interaction  of  Diacontinuitiee  on  a  Transmiaeion  Line,  Radiation  Laboratory 
Report  930,  Feb.  6,  1946. 
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for  quaternion  multipliaUion.  In  other  words  the  coefficients  of  1,  t,  j,  k  in  the 
quaternion  product  give  (1  +  d)/2t,  •  •  •  for  the  new  network  consisting  of  the 
first  object  immediately  followed  by  the  second.  The  length  of  the  quaternion  is 
imity  when  and  only  when  f  —  t. 

In  summary,  we  have  found  that  networks  can  be  combined  with  systems  of 
multiplication  other  than  (1).  Such  systems  can  be  used,  as  we  used  (1),  to  define 
the  notion  of  network.  Confining  ourselves  to  objects  with  nonvanishing  trans¬ 
mission,  we  thus  conclude:  The  aet  of  linear  networks  with  tr  9^  0  ia  abstractly 
equivalent  to  the  set  of  2  X  2  matrices  with  complex  entries  and  nonvaniahing  deter¬ 
minant,  or  to  the  aet  of  nonzero  quaternions  with  complex  coefficients.  The  correspond¬ 
ing  definition  for  bilateral  objects  makes  the  determinant,  or  the  absloute  value 
of  the  quaternion,  equal  to  unity. 

2.4  Matrices.  One  should  observe  that  the  matrix  in  the  above  actually  stands 
for  the  network,  in  the  same  sense  as  does  the  symbol  (frrp)  of  (1) ;  it  is  not  used 
to  represent  a  linear  transformation.  Because  of  this  meaning,  it  might  be  termed 
the  intrinsic  matrix  of  the  object.  These  matrices  are  useful  in  that  a  single  prod¬ 
uct,  for  a  series  of  objects,  gives  all  the  coefficients  for  both  directions. 

Of  course  matrix  methods  are  frequently  employed  in  circuit  theory,  particu¬ 
larly  for  problems  involving  a  series  of  elements.  In  the  better  known  methods, 
however,  the  matrix  is  often  regarded,  not  as  an  abstract  characterization  of  the 
network,  but  as  a  linear  transformation.  The  current  and  voltage  at  one  side  of 
the  network,  for  example,  are  related  linearly  to  those  at  the  other,  and  this 
linear  relation  may  be  written  in  matrix  form.  The  matrix  now  represents  a 
transformation  of  the  amplitudes  in  question.  As  an  example,  the  derivation  of 
impedance  relations  is  often  carried  out  in  this  way. 

Considering  this  method  of  introducing  matrices  in  the  present  transmission- 
reflection  approach,  we  And  that  the  quantities  selected  for  transformation  should 
be,  not  current  and  voltage,  but  rather  the  amplitudes  of  the  electric  vector. 
Following  P.  Marcus  (loc.  cit.)  we  resolve  the  field  at  the  left  of  the  object  into 
two  plane  waves  traveling  in  opposite  directions  and  having  amplitudes  A,  B. 
If  the  object  is  linear  in  the  sense  used  here  the  corresponding  amplitudes  Ax , 
Bx ,  at  the  right  will  be  linear  combinations  of  A,  B;  and  the  methods  used  to 
derive  (1)  show  that  the  linear  relation  may  be  written  in  matrix  form  as  follows: 


In  view  of  its  derivation  and  significance,  the  matrix  in  (8)  might  be  termed  the 
transformation  matrix  associated  with  the  object. 

There  is  still  another  means  by  which  matrices  can  be  introduced  into  circuit 
theory.  If  at  the  left  of  an  object  with  reflection  coefficient  x*  is  placed  a  general 
object  {tkTkTkPk),  then  the  over-all  reflection  x*+i  is 
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as  we  see  from  (1).  Thus,  the  reflection  of  a  series  can  be  expressed  as  the  solution 
of  a  difference  equation.  Following  a  suggestion  of  N.  Wiener,  we  replace  the 
unknowns  x*  by  Uk/vk  and  equate  numerator  and  denominator  to  obtain 


In  this  way  the  solution  of  the  difference  equation  is  expressed  by  a  matrix 
product.  We  define  \/tk  times  the  matrix  in  (10)  as  the  difference  matrix  of  the 
object,  in  view  of  its  connection  with  the  difference  equation.  (The  factor  1/f*  , 
needed  later,  is  irrelevant  in  this  connection,  since  we  are  interested  only  in  the 
ratio  Uk/vk). 

These  three  devices  represent  major  approaches  by  which  matrices  are  intro¬ 
duced  into  circuit  analysis.  It  must  be  emphasized  that  the  conceptual  nature  of 
the  matrix,  i.e.,  its  interpretation,  is  quite  different  in  each  case.  But  inspection 
of  the  results  shows,  remarkably  enough,  that  the  matrices  themselves  are  the 
same;  in  other  words,  for  a  linear  four-terminal  network  characterized  by 
appropriate  functions  of  the  transmission  and  reflection,  the  intrinsic,  transforma¬ 
tion  and  difference  matrices  are  all  equivalerU. 

3.  CHARACTERIZATION  PROBLEMS.  3.1  Shunt  object.  In  ordinary  cir¬ 
cuit  theory  an  object  is  in  shunt  when  it  is  connected  directly  across  the  trans¬ 
mission  line.  Of  course  no  such  geometric  picture  can  be  used  here,  and  the  ques¬ 
tion  arises,  how  shall  we  define  the  word  shunt  in  the  present  work? 

The  cardinal  feature  of  a  shunt  circuit  element  is  that  the  voltages  just  at  the 
left  and  just  at  the  right  are  the  same.  That  these  two  points  coincide  is  inci¬ 
dental.  We  therefore  say  here  that  an  object  backed  by  a  reflection  ri  is  in 
temporary  shunt  if  the  E  fields  at  each  side  of  the  object  are  equal.  Following 
through  the  derivations  cited  in  Sec.  1.2  we  find  that  this  equality  of  fields  is 
equivalent  to  the  condition  ri(d  —  f  —  p)  -|-  (1  -f-  r  —  f)  =  0  for  the  system 
(trrp)  (r***).  Here  the  *’s  mean  that  the  corresponding  coeflBcients  are  irrelevant. 

From  this  condition  we  see  that  an  object  can  be  in  temporary  shunt  for  one 
load  ri  and  for  no  others,  or  for  a  wave  traveling  from  left  to  right  but  not  from 
right  to  left.  Also  every  object  with  d  f  -|-  p  is  in  temporary  shunt  for  some 
terminating  reflection  n .  It  is  these  prop>erties  which  suggested  the  phrase 
“temporary  shunt”. 

Considering  the  above  equation  in  detail,  we  find  that  the  foUoioing  statements 
are  equivalent: 

i.  An  object  (trrp)  is  in  temporary  shimt  for  two  different  values  of  the 
terminating  reflection  ri . 

ii.  Backed  by  a  matched  load  each  time,  it  is  in  temporary  shunt  for  waves 
traveling  in  either  direction. 

iii.  f  =  1  -h  r  and  t  =  1  -H  p. 

iv.  It  is  in  temporary  shunt  for  all  values  of  fi  and  for  waves  in  either  direc¬ 
tion. 

In  particular,  any  statement  i,  ii,  or  iii  is  sufficient  to  establish  iv.  We  can  now 


244 


R.  M.  REDHEFFER 


give  the  required  definition,  viB.,  an  object  is  in  shunt  when  it  satisfies  one  of  the 
above  conditions  i  -  iv. 

The  well-known  statement  iii  completely  characterizes  the  class  of  shunt  ob¬ 
jects  in  terms  of  [their  coefficients.  It  tells  us  too  that  —r/2  <  /_}  <  t/2,  and 
that  if  A  0  then  A  =  r,  when  the  object  is  in  shunt  and  both  1 1 1  and  |  r  | 
are  <  1.  Also  any  bilateral  shunt  object  has  r  p.  Finally,  this  condition  shows 
that  the  shunt  objects  form  a  subgroup,  as  asserted  previously. 

3.2  Definition  of  lossless  objects.  In  ordinary  network  theory  a  network  is 
said  to  be  lossless  if  all  the  incident  power  is  either  reflected  or  transmitted,  so 
that  none  is  absorbed.  Since  the  power  in  a  wave  of  amplitude  A  is  proportional 
to  I  A  I  *,  and  since  our  coefficients  stand  for  amplitude  ratios,  the  above  condition 
jeads  to  the  well-known  relations 

|<l*  +  |rl*-l,  ItT+IpI*-!  (11) 

for  waves  traveling  from  left  to  right  and  from  right  to  left,  respectively. 

Ordinarily,  when  two  objects  are  lossless,  so  is  the  composite  object  formed 
by  placing  them  adjacently  in  the  line.  If  this  condition  is  to  be  preserved  here 
(as  it  clearly  ought)  then  we  cannot  define  as  lossless  all  objects  satisfying  (11); 
for  (11)  is  not  preserved  by  multiplication  (1).  In  addition  to  (11),  therefore,  we 
require  that  the  product  of  two  lossless  objects  should  again  be  lossless.  For 
imderstanding  of  the  sequel  it  is  important  to  observe  that  this  requirement  is 
not  the  same  as  saying  merely  that  the  product  satisfies  (11);  it  says  more.  The 
latter  condition  is  too  weak  to  lead  to  interesting  consequences. 

If  an  object  is  lossless  so  is  the  object  formed  by  turning  it  end  for  end  in  the 
line.  This  condition,  it  turns  out,  is  not  a  consequence  of  the  other  two,  even 
though  these  latter  are  symmetric  conditions.  It  is  added,  therefore,  as  a  separate 
requirement. 

One  might  think  that  conditions  of  the  above  type  could  be  multiplied  without 
end,  leading  to  greater  and  greater  specialization.  Actually,  however,  we  shall 
see  that,  in  a  sense  which  may  be  precisely  specified,  we  have  gone  far  enough. 
Hence  we  now  frame  our  definition,  viz.,  the  set  of  lossless  objects  is  a  complete 
set  satisfying  the  following  conditions: 

i.  \tr  +  |r|‘  =  ItIVIpI*  =  1 

ii.  If  two  objects  are  in  the  set  so  is  their  product 

iii.  If  (tirp)  is  in  the  set  so  is  (rtpr) 

Completeness  of  the  set  means  that  no  new  object  can  be  added  to  it  without 
upsetting  one  of  the  properties  i-iii.  Conditions  i  and  ii  are  clear;  condition  iii 
tells  us  that  an  object  turned  end  for  end  remains  lossless.  We  remark  that  the 
second  condition  in  i  may  be  deduced  from  the  first  condition  and  iii. 

In  constructing  this  definition  we  noted  at  each  step  that  the  new  condition 
could  not  be  deduced  from  the  previous  ones.  Actually  more  is  true,  namely,  no 
one  condition  can  be  deduced  from  the  other  three.  In  other  words,  (he  require¬ 
ments  i-iii  are  independent.  For  proof,  observe  that  the  set  of  passive  networks 
(as  usually  defined)  satisfies  all  but  i;  the  set  of  objects  {Urr)  with  |  f  |  *  -|-  |  r  |  *  =  1 
satisfies  all  but  ii;  and  the  set  (aOOb)  and  (ccOO)  with  |a|  >  |6|  =  |c| 
satisfies  all  but  iii.  To  finish  the  proof  one  simply  completes  the  sets  in  question. 
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adding  all  objects  which  do  not  spoil  the  required  properties.  This  procedure  is 
of  no  moment  for  the  first  example,  and  for  the  others  we  use  Sec.  3.3  to  show 
that  the  completed  set  will  still  fail  to  satisfy  the  omitted  requirement. 

3.3  Identification  of  lossless  objects.  We  have  defined  lossless  objects  in  terms 
which  might  be  called  “set  properties”,  that  is,  which  involve  not  only  the 
object  itself,  but  also  its  relation  to  other  objects  in  a  certain  set.  Given  a  specified 
object,  then,  there  is  no  procedure  for  deciding  from  the  definition  whether  or 
not  it  is  lossless.  The  question  can  be  settled  only  by  combination  with  other 
objects  of  the  set,  and  as  yet  these  other  objects  themselves  are  specified  with  the 
same  uncertainty. 

One  is  led  to  inquire  too  whether  there  is  but  one  set  of  lossless  objects.  It  might 
happen  that  two  or  more  sets,  each  satisfying  the  conditions  i-iii,  are  such  that 
we  could  upset  these  properties  in  a  given  set  by  adding  an  object  from  one  of  the 
others. 

Previously  we  considered  objects  which  commute  under  multiplication  (1), 
that  is,  which  satisfy  a  certain  set  property.  We  then  deduced  that  such  objects 
are  identical  with  those  for  which  r/p  =  a  and  (1  —  d)/r  =  b,  that  is,  with  those 
satisfying  certain  individual  properties.  The  objects  in  question  were  thus 
completely  identified.  It  is  our  purpose  here  to  do  the  same  thing  for  the  set  of 
lossless  objects,  and  thus  to  answer  the  questions  posed  above.  The  fundamental 
result  is  that  there  is  onlp  one  set  of  lossless  objects,  and  this  set  is  identical  with  the 
set  for  which  simultaneously 

iv.|fl’+lr|*-lrl‘+|pl‘=l 

V.  d  = 

vi.  I  f  I  =  I  T  I . 

When  pr  =  0,  so  that  A  or  /p  is  not  defined,  S  means  that  |  d  |  =  1.  It  is  a  simple 
matter,  incidentally,  to  show  that  the  requirements  iv-v  are  independent  and  that 
vi  follows  from  them. 

For  the  first  step  of  the  proof,  one  verifies  that  the  set  satisfying  iv-vi  here 
also  satisfies  i-iii  of  the  preceding  section.  Though  long,  the  calculations  are 
routine,  and  we  omit  them.  It  suffices,  then,  to  proceed  in  the  opposite  direction, 
vis.,  from  i-iii  there  to  iv-vi  here. 

One  finds  by  actual  trial  that  considering  products  of  two  factors,  e.g.  (^rrp)*, 
is  not  sufficient,  and  that  three  are  probably  not  sufficient  either.  We  therefore 
turn  at  once  to  (^rrp)",  which,  by  induction  on  condition  ii,  must  satisfy  i.  Elqua- 
tions  (27)  and  (28)  thus  lead,  after  simplification,  to 

cos  2nM  +  I  I  cosh(2n  —  2)u  —  cos  2nv 

—2  v^l  tr  I  [  cosh(2n  —  l)tt  cos  x  cos  v 

+  sinh  (2n  —  l)u  sin  x  sin  i;  —  cosh  u  cos(2n  —  1)«;  cos  x  (12) 

— sinh  u  sin  (2n  —  l)v  sin  x]  —  |  ]  cos(2n  —  2)t;  = 

(1 1 1  "^Vl  I  "  *)  (cosh  2u  —  cos  2t>)  +  I  r  |*  (cosh  2nu  —  cos  2rM;), 

*  Edwin  M.  McMillan,  Violation  of  the  Reciprocity  Theorem  in  Linear  Paaeive  Electro¬ 
mechanical  Systenu,  Jl.  Acoiu.  Soc.  of  America,  Vol.  18,  p.  344,  Oct.  1946. 


246 


R.  M.  REDHEFFER 


where  2x  *  /*  +  A,  a  •=  w  +  tt)  in  (28),  and  sinh  a  ^  0.  If  sinh  a  «  0  the  same 
procedure  with  (31)  gives 

1 1 1  "^Vl  T 1  +  I  r  I V  =  n*  ±  2n(n  —  1)  \/\  It  \  cos  a;  +  |  <t  |  (n  —  1)*.  (13) 

It  is  supposed  here  that  fr  0.  If  f  =  0,  say,  we  consider  (rOpr)  (Orrp)  »  (OOpp), 
which  belongs  to  the  set  by  ii  and  iii,  and  hence  satisSes  i.  Thus  |  p  |  =>  1,  and 
therefore  |  r  |  =  0  —  1 1 1.  Condition  v  is  evident  here,  and  the  result  is  proved. 
When  0,  as  assumed  henceforward,  the  proof  is  best  presented  in  several 
stages. 

(a)  If  M  *  0,  v  =  nx,  then  U  |  “  I  I  1  +  d  =  2  cos  x«“. 

If  I  f  I  >  I  T  1  ,  letting  n  — ♦  00  (13)  gives  a  contradiction,  since  x’^/n'  —*  oo 
for  X  >  1.  If  I  <  I  <  I  T  I  we  write  (13)  with  t  and  t  interchanged,  as  may  be 
done  by  iii.  Hence  |  <  |  =  |  t  |.  When  such  is  the  case,  the  coefficient  of  n* 
in  (13)  vanishes,  and  hence  that  of  n  must  also.  Thus,  2\t  \  cos  x  d:  2  |  |  » 
0,  which  leads  to  the  condition  required,  upon  substitution  in  (28),  if  we  note 
that  M  =  0,  w  =  nx  makes  cosh  a  =  ±1,  and  that  s/tr  =  \t\e'*. 

(b)  If  M  5^  0  or  i;  nx,  then  1 1 1  =  |  t  | . 

The  coefficient  of  1  f  |  "‘‘‘Vl  r  \  in  (12)  is  not  equal  to  zero  with  the 
assumed  values  of  u  and  v.  Denoting  this  coefficient  by  A  and  that  of  |  r  |  * 
by  B,  we  observe  that  A,  B  and  the  left  side  of  (13)  are  unaltered  when  ( and 
T  are  interchanged.  Hence  the  equation  analogous  to  (12)  for  fWpr)",  which 
one  may  write  by  iii,  combines  with  (12)  to  give  i4  |  <  j  ""'"Vl  r  |  ^  I  r  |  *  * 

1  T  1  "'*'Vl  1 1  B  I  p  I  *.  Now  if  I  f  I  ^  I  T  I ,  it  is  clear  that  one  side 

approaches  <x>  while  the  other  stays  finite;  and  therefore  |  <  |  =  |  r  |  . 

(c)  If  M  =  0  and  v  ^  nx,  then  1  +  d  =  2  cos  xe“. 

In  the  assumed  case  Eq.  (12)  may  be  written,  with  |  f  |  =  A  |  ,  |  f  | 
[cos(2n  —  2)t>  —  cos  2v  +  cos  2nv  —  1]  =  2  cos  x  [co8(2n  —  1)»  —  cos  v], 
which  becomes  1 1  [  cos  v  —  cos  x,  if  we  use  the  formula  for  cos  A  +  cos  B 
on  both  sides,  divide  by  sin  nv,  use  the  formula  for  sin  A  +  sin  B  on  the  left 
of  the  result,  and  divide  by  sin(n  —  l)p.  Since  cosh  a  =  cosh  iv  =  cos  v, 
Eq,  (28)  gives  the  desired  result  as  before. 

(d)  If  lim(a  cos  2nv  +  h  sin  2nt;  -f  c)  =  0  for  t;  ^  nx  then  o  **  6  =  c  =»  0, 

If  v/x  is  irrational  w^  can  take  an  infinite  sequence  of  n’s  for  which  cos 
2ni;  — » 1,  as  is  well  known.  On  this  sequence  sin  2nv  — +  0,  whence  we  conclude 
lim  b  =  —c,  which  in  turn  gives  b  =  — c,  both  being  independent  of  n. 
Similarly,  b  =  +c,  so  that  6  =  c  =  0,  whence  a  =  0. 

On  the  other  hand,  if  v/t  =  p/q,  then  a  sequence  n  =  kq  makes  o  =  — c, 
whence  the  equation  may  be  written  sin  nv(6  cos  nv  —  a  sin  nv]  — » 0.  Give  to 
n  the  values  2kq  +  1  to  find  b  cos  pir/q  —  a  sin  pr/q  — »  0,  therefore  =  0; 
and  similarly  b  cos  2px/g  —  a  sin  2pTlq  =  0.  Regarding  these  as  linear 
equations  in  a  and  b,  we  note  that  the  coefficient  determinant  reduces 
to  sin  pr/q,  which  f^  0.  Hence  o  =  6  =  0. 

(e)  If  u  F^  0  then  v  =  nr. 

We  suppose  m  >  0;  the  case  u  <  0  is  similar.  Equation  (12)  involves  terms 
in  e*"“,  e"“,  c“"“,  each  having  a  different  order  of  magnitude.  Dividing 
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by  c*"“  and  letting  n  — »  <» ,  we  see  that  the  coefficient  of  must  tend  to 
zero.  This  coefficient  is,  however,  independent  of  n,  hence  actually  equals 
zero.  Similarly,  the  coefficient  of  e*“  is  zero.  The  dominant  term  is  now  that 
not  containing  e,  and  it  too  must  tend  to  zero.  This  term  has  the  form  con¬ 
sidered  in  (d)  above  with  c  =  —  (t/2)  (cosh  2u  —  cos  2v) ;  and  hence  cosh 
2u  “  cos  2v  whenever  v  ^  nr.  But  the  latter  equation  implies  u  =  0,  con¬ 
trary  to  hypothesis,  since  cos  2t;  <  1. 

(f)  If  ii  ^  0  then  I  +  d  =  2  cos  x  e”. 

By  (e)  we  may  assume  v  =  nx.  When  this  is  the  case  and  |  <  |  =  |  t  | , 
Eq.  (12)  becomes,  with  ]  r  |  *  =  1  —  |  i  |  *  and  simplifications,  1 1  \  [cosh 
(2n  —  2)u  —  cosh  2u  -f  cosh  2nu  —  1]  =  ±2  cosh  (2n  —  l)u  cos  x  =f2 
cosh  u  cos  X.  If  ti  >  0,  dividing  by  e*"“  and  letting  n  — ♦  «  gives  1 1  \  (e”*"  + 
e~*)  =  zt2e~^  cos  x,  or  t  cosh  u  =  ±2  cos  x,  which  leads  to  the  desired  result 
in  view  of  Eq.  (28)  and  v  =  nx. 

(g)  If  1  +  d  “  2e*‘ cos X  then  |  d  |  =  1,  /d  =  (2n  -f  1)t  ^  lZ-\-  I_P. 

For  1  I  d  I  cos  /d  =  2  cos*x,  |  d  |  sin  /d  =  2  sin  x  cos  x,  whence,  solving 
the  second  for  |  d  |  and  substituting  in  the  first,  cot  /d  *  cot  2x,  so  that  [d  = 
2x  +  nx,  whence  |  d  |  =  ±1  by  either  equation.  Since  |  d  |  >  0,  we  see  that 
n  is  even  and  1  d  j  =  -fl.  Finally,  |d|**=  |<t  —  rp|*  =  |f|*  —  2|rf|* 
cos  -H  I  r  1  *  with  A  =  /f-l-A  —  A  —  /p;  and  for  this  to  be  1  with  |f|*4- 
1  r  1  *  =  1  we  must  have  A  =  (2n  -f-  1)t,  since  then  the  expression  is  maxi¬ 

mum,  and  =  1.  Therefore  A[  =  2x  =  A  +  A  =  A+  A+  (2m  +  1)t  and 
the  present  result  follows.  This  completes  the  proof  of  the  main  theorem 
also. 

3.4  Other  approaches.  In  ordinary  network  theory  if  one  side  of  a  lossless 
object  is  matched  to  the  line  by  a  lossless  tuner,  then  the  other  side  will  be 
matched  automatically,  and  adding  a  suitable  length  of  line  makes  the  phase 
shift  on  transmission  equal  2nT,  so  that  the  transmission  coefficients  are  both 
unity.  The  combination  of  line  plus  tuner  plus  object,  then,  is  (1100),  whence  we 
see  that  a  lossless  object  has  a  lossless  inverse.  These  remarks  suggest  the  follow¬ 
ing  result,  the  word  lossless  now  being  understood  in  the  sense  of  this  article: 
The  set  of  lossless  objects  coincides  vnth  the  complete  set  (trrp)  for  which 

vii.  10*  +  |r|*  =  l,lr|*+  1p1*  =  1 

viii.  If  two  objects  are  in  the  set  so  is  their  product 

ix.  If  an  object  is  in  the  set  so  is  its  inverse. 

Recall  by  (3)  that  the  inverse  of  itrrp)  is  (r/d  t/d  —r/d  —p/d).  Since  this  is  in 
the  set  it  satisfies  vii,  hence  |T|*+|r|*  =  |d|*,  10*  +  |p|*=*  |d|*.  Com¬ 
bination  with  vii  gives  |  0  =  |  r  |  .  Since  the  only  use  of  iii  in  the  previous  proof 
was  to  show  10  =  I  r  I ,  we  may  use  that  proof  to  conclude  that  here  too  d  = 
_g‘t/r+i£\  Thus  vii  -  ix  imply  iv  -  vi,  which  in  turn  imply  i  -  iii. 

It  may  be  mentioned  that  using  |  d  |  =  1  on  (frrp)*  gives  |  d*  —  rp  |  = 

1  1  —  rp  I ,  whence  either  r  =  0or/d  =  nTorAf  =  A  +  A+  nx.  A  proof  inde¬ 
pendent  of  the  preceding  could  be  constructed  along  these  lines. 

To  show  independence  observe  that  the  last  example  in  Sec.  3.2  satisfies  all 
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but  ix;  the  set  with  |  d  |  =  1  satisfies  all  but  viii;  and  the  set  of  shunt  objects 
satisfies  all  but  vii. 

In  view  of  the  associative  character  of  our  multiplication,  the  result  just 
obtained  could  be  worded  as  follows:  If  a  set  of  objects  satisfying  i  forms  a  group, 
then  it  must  be  a  subgroup  of  the  group  of  all  lossless  objects. 

Next,  the  objects  (00  —1  —1),  (0011),  and  (ooOO)  with  |  a  |  =  1  satisfy  iv-vi. 
Hence  a  short  circuit,  an  open  circuit,  and  an  arbitrary  length  of  lossless  line  are  all 
lossless.  This  result,  altogether  trivial  in  ordinary  theory,  perhaps  illustrates  the 
nonstandard  character  of  the  present  treatment.  It  means  that  if  any  set  of 
objects  satisfies  i-iii,  then  the  enlarged  set  formed  by  adding  the  above  will  also 
satisfy  i-iii.  When  the  result  is  thus  stated  its  self-evidence  fades  a  little,  and  as 
a  matter  of  fact  it  can  only  be  proved  by  an  argument  analogous  to  that  of  Sec. 
3.3. 

In  ordinary  theory  a  lossless  object  followed  at  any  distance  by  a  short  circuit 
reflects  all  the  incident  power,  so  that  |  r  |  =  1  for  the  combination.  This  property 
also  implies  that  the  object  be  lossless,  and  it  persists  when  the  object  is  turned 
end  for  end.  Knowing  that  a  short  circuit  and  a  lossless  line  are  lossless  even  in  the 
present  sense,  we  are  led  to  the  following  theorem:  The  set  of  lossless  objects  is 
identical  with  the  complete  set  {trrp)  for  which 

X.  Mr  +  |r|*=l,lrr  +  lpl*=l 

xi.  Whenever  |  a  |  =  1,  {trrp)  (ooOO)  (0011)  has  left-hand  reflection  unity  in 
absolute  value 

xii.  The  same  is  true  for  {rtpr) 

These  requirements  are  independent. 

A  similar  theorem  might  be  given  with  (0011)  replaced  by  (trrp)  or  its  trans¬ 
pose.  For  the  proof  write  a  =  e**  and  use  xi  to  get  an  expression  which  leads  to 


^■p+ldl**  l-}-|p|* 

(14) 

dr  1  co8(/d  —  A)  -f  1  p  1  cos  /p  =  0 

(15) 

dr  1  sin  /d  —  A )  +  |  p  ]  sin  /p  “  0 

(16) 

when  we  expand  the  cosines  and  equate  to  zero  the  coefficients  of  1,  cos  2x,  and 
sin  2x.  The  equation  analogous  to  (14)  with  r  and  p  interchanged  combines  with 
(14)  to  give  I  r  I  =  |  p  |  and  |  d  |  =  1.  Hence  if  rp  *  0  we  have  v,  vi,  and  the 
theorem.  If  rp  0  dividing  (15)  and  (16)  leads  to  vi,  and  thus  again  to  the 
theorem.  Independence  follows  by  considering  objects  with  |  r  |  =  1,  U  |  •=  0, 
and  |t1*-|-1p1*  =  1,  which  satisfy  x  and  xi  but  not  iv-vi.  Similarly  one  shows 
easily  that  iv-vi  imply  x-xii. 

A  curious  feature  of  this  result  is  that  it  makes  but  slight  use  of  the  symmetry 
condition  xii;  in  fact  condition  xii  may  be  replaced  by 

xiii.  If  p  =  0  then  |  r  |  =  0;  if  |  p  |  “1  then  |  r  |  =  1 
and  both  requirements  xiii  are  needed.  For  the  proof,  when  r  —  p  «*»  0  (14)  gives 
I  d  I  »  1  and  hence  the  final  result.  If  p  ^  0  then  (15)  and  (16)  together  show 
dr  ^  0,  whence  by  division  /d  ■=  /p  -|-  A  -f-  nr.  Using  this  in  (15),  (16)  and 
dividing  by  cos  /p  or  sin  /p  (one  of  which  is  not  zero)  we  find  that  n  is  odd  and 
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that  I  dr  I  s  I  p  I .  Equation  (14)  now  leads  to|r|  —  |p|,|d|a>  1  whenever 
I  r  I  ^  1,  and  thus  the  proof  is  complete. 

Finally,  Ihe  set  of  lossless  objects  is  identical  with  the  set  for  which 

xiv.  (efgh)  —  (trrp)  (abed)  has  ]  e  |  *  +  |  j/  ]  *  =  1  whenever  |  a  |  *  +  |  c  |  *  =  1 
XV.  (abed)  (trrp)  =  (ijM)  has  1^1*+  |  / 1  *  =  1  whenever  |  6  |  *  -|-  |  d  |  *  =  1 
These  requirements  are  independent. 

As  usual  one  readily  shows  that  lossless  objects  have  these  properties  and  that 
they  are  independent.  By  choosing  (abed)  =  (1100)  we  get  i,  whence  xiv  alone 
gives  lc|(|rl*+|dl*  —  |p|*  —  l)  +  2|p|co8(/£  +  /p)  +  2|rd|cos 
(/£  +  /d  —  A)  =  0.  Since  |  c  |  and  A  are  independent  variables  the  coefficient  of 
I  c  \  vanishes;  and  this  relation  with  p  and  r  interchanged,  which  we  have  by  xv, 
gives  |r|  =  |p|,|d|  =  l.  The  other  term  of  the  equation  now  leads  immediately 
to  /d  =  /r  +  ^  +  (2n  +  l)ir  whenever  rp  0,  so  that  the  proof  is  complete. 
As  was  the  case  for  xii,  condition  xv  is  equivalent  to  an  apparently  less  restrictive 
condition. 

8^  Discussion.  The  distinctive  feature  of  Ute  preceding  is  that  we  have  only 
I  f  I  I  r  I ,  not  t  ’=  T.  Except  for  that  the  class  of  lossless  objects  could  be  proved 
identical  with  the  class  of  lossless  networks.  We  propose  now  to  show  that  this 
weak  reciprocity  cannot  be  improved;  in  fact  the  class  of  lossless  objects  cannot 
be  restricted  beyond  iv-vi  by  any  methods  depending  on  power  alone.  Given  a  lossless 
object  (trrp)  suppose  A  and  C  are  the  complex  amplitudes  of  waves  traveling 
from  left  to  right  on  the  left  and  right  of  the  object  respectively,  while  B  and  D 
are  the  corresponding  amplitudes  for  waves  traveling  from  right  to  left.  Using 
superposition  for  the  amplitudes  we  have  5  =  Ar  +  Dr,  C  =  At  +  Dp.  The 
total  power  entering  the  object  from  the  left  is  |  A  ]  *  —  |  5  |  *,  and  since  the 
object  is  lossless  this  must  equal  |  C  |  *  —  |  D  |  *,  the  total  power  leaving  at  the 
right.  One  is  thus  led  to  a  relation 

p\l  -  |r|*  -  |/|*)  -  2p[|rr|cos(A  _  /r  -  /g) 

(17) 

+  |p<lcos(/p-  A  -  /£))  +  1  -  |r|*  -  |pi*  =  0, 

upon  substituting  for  B,  C,  dividing  by  D,  writing  AfB  pe^,  and  collecting 
the  coefficients  of  p',  p,  1.  If  we  ask  that  this  be  true  for  all  p  and  g,  w'e  have  made 
the  maximum  possible  use  of  superposition  involving  only  the  terminals,  not  the 
interior.  The  coefficients  of  p*  and  1  give  condition  iv;  that  of  p  makes  |  rr  |  = 

I  pt  \  and  !L’^  (2n  -f  l)v  +  a  —  ZL,  when  we  use  the  fact  that  g  also  is  a 
continuous  variable.  Combined  with  condition  iv  just  obtained,  the  first  gives 
V  and  the  second  then  gives  vi.  Moreover,  nothing  else  can  be  deduced;  if  iv-vi 
is  satisfied  then  Eq.  (17)  becomes  an  identity  in  both  p  and  g.  The  only  remaining 
possibility  is  to  consider  several  objects  placed  adjacently  in  the  line,  and  the 
previous  work  shows  that  this  also  will  lead  to  nothing  new. 

By  the  above  reasoning,  for  which  the  author  is  indebted  to  L.  J.  Chu,  we  have 
a  simple  proof  that  lossless  objects  satisfy  the  conditions  iv-vi.  It  is  this  method 
that  one  should  use  in  ordinary  network  theory.  The  complexity  of  the  preceding 
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proof  was  due  to  the  unrestrictive  character  of  the  assumptions  i-iii  which,  it  is 
thought,  represent  the  minimum  that  one  can  reasonably  demand  of  a  linear 
lossless  network.  The  two  results  together  suggest  the  following:  If  a  theory  of 
loaelesa  objects  is  developed  in  terms  of  the  terminals  only,  then  the  weakest  demands 
one  may  reasonably  make  lead  to  a  unique  set  which  satisfies  the  strongest  demands 
one  may  reasonably  make. 

The  preceding  shows  that  the  possibility  of  proving  /^  =  A  represents  the 
difference  between  a  theory  that  assumes  its  linearity  and  superposition  properties 
at  the  terminals  only,  and  one  that  assumes  these  throughout  the  network.  Or 
again  it  represents  the  difference  between  a  theory  based  solely  on  power  and  one 
that  also  uses  energy.  From  still  a  third  viewpoint,  it  gives  the  distinction  between 
networks  linear  in  our  sense  and  those  that  can  be  represented  as  a  finite  com¬ 
bination  of  resistances,  capacitances,  and  inductances.  Electromechanical 
systems  with  Zi  ^  A  have  been  actually  constructed.  One  example*  consists 
of  a  dipole  connected  to  a  movable  coil  in  a  magnetic  field.  Motion  of  the  coil 
changes  plate  separation  of  a  condenser  connected  in  series  with  a  second  dipole 
and  a  battery.  For  small  fields  this  circuit  is  linear  and  lossless,  but  gives  t  =  —r, 
or  ZZ  —  A  =  T.  In  agreement  with  the  present  theory,  ]  f  |  *  1  t  |.  For  passive 
circuits  one  may  even  have  1  f  1  1  r  |  (loc.  cit.  and  see  below). 

In  the  course  of  the  preceding  proofs  it  was  shown  that  the  condition 
d  =  —  is  equivalent  to  A  =  (2n  +  1)t,  where 

A  =  l±->r  h_-  /r_-  h.  (18) 

Henceforward  we  shall  take  this  condition  as  simply  A  =  r.  It  was  shown  also 
that  one  has  reciprocity  for  the  amplitudes  only,  and  thus  B  =  /l_  —  [r  gives  a 
measure  of  the  deviation.  The  angles  A  and  B  are  fundamental  in  the  present 
theory.  For  any  object,  lossless  or  not,  A  and  B  are  intrinsic  in  the  sense  that  if 
an  arbitrary  length  of  line  be  added  to  each  side  of  the  object,  {trrp)  being  re¬ 
placed  by  (ooOO)  {trrp)  (6500)  with  |  a  |  *=  |  6  j  =  1,  then  A  and  B  are  unchanged. 
Of  course  the  absolute  values  ]  f  | ,  •  •  •  are  also  unchanged;  and  what  we  propose 
to  show  now  is  that  these  are  essentially  the  only  quantities  with  that  property. 
Specifically,  if  f{t,  r,  r,  p)  is  any  function  invariant  under  addition  of  line  lengths, 
then  f  =  F(A,  B),  where  both  sides  naturally  may  involve  j  f  1,  |  t  | ,  |  r  | ,  [  p  [ . 

For  the  proof  regard  the  amplitudes  as  constant  and  write  /  =  /i(Zi.i  A,  /j[_. 
Ip)  =  /i(Zi 4-x  +  y,Zl  +  ^  +  y»Z!l  +  2z, Z£  +  2j/),  the  latter  equation  follow¬ 
ing  for  any  x  and  y  by  the  assumed  independence  of  line  length.  Picking  /J_  — 
Lit  h.  ~  LS-t  Z?  —  A  as  new  variables,  we  get  a  new  function  which  the 
above  condition  with  x  =  y  shows  independent  of  /_P.  Thus/  =  /t(Zi  “  LlJ±- 
LLi  Ll.~  Zl)  ”  /*(Z1  “  Zl»  Zl  ~  A  —  2,  Z^  —  A  -b  z),  the  latter  term  again 
resulting  from  independence.  The  first  may  be  written /i(A,  A  —  B  —  Z£  +  Zl> 
0  -f  Zf  —  A),  which  is  independent  of  Zp  —  A  as  we  see  by  using  this  value  for 
2.  It  is  therefore  a  function  of  A  and  B  alone  as  was  to  be  proved. 

The  angle  A  also  has  a  simple  geometric  meaning.  If  an  object  (frrp)  is  followed 
at  the  right  by  a  moving  object,  i.e.,  by  a  reflection  R  with  |  R  \  constant  but 
/R  variable,  then  the  over-all  reflection  of  the  combination  traces  out  a  circle  in 
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the  Argand  diagram,  as  is  well  known,  and  readily  proved*  from  (1).  If  the  posi¬ 
tion  of  the  center  of  this  circle  is  denoted  by  the  complex  number  c,  then  A  is 
the  positive  angle  from  the  line  Q  —  r  to  the  line  r  —  c.  Hence  for  lossless  objects 
the  origin,  c,  and  r,  are  colinear  with  c  between  0  and  r.  It  is  remarkable  that  the 
angle  question  is  independent  of  R,  the  moving  reflection. 

Another  geometrical  property  depends  in  a  simple  way  on  d,  namely,  the  origin 
wiU  bo  inside  of,  on,  or  outside  of  the  circle  according  as  \  r/R  |  <  j  d  | ,  =  |  d  | , 
or  >  1  d  I .  Hence  the  condition  for  zero  reflection  with  some  is  that  1  i2  j  = 

I  r/d  1 ,  which  is  possible  with  j  ft  ]  <  1  when  and  only  when  |  r  |  <  |  d  ] .  Here 
we  have  the  necessary  and  sufficient  condition  for  matching  an  object  at  the  left 
by  putting  a  passive  tuner  at  its  right.  For  lossless  objects  the  conditions  become 
the  usual  ones  |r|>,  =  ,or<|JR|,  which  are  identical  with  those  obtained 
from  the  so-called  vector  diagram. 

Once  the  properties  of  lossless  objects  are  foimd,  the  relevant  equations  simplify 
considerably,  as  is  well  known.  For  two  objects  one  uses  the  relation  in  (1)  for 
transmission,  which  is  always  simple,  and  then  the  reflection  is  found  from  i. 
Besides  this  facility  of  computation,  proofs  of  many  general  theorems  can  be 
easily  given.  For  example  if  a  lossless  object  takes  a  match  into  a  match  then  it 
takes  any  standing-wave  ratio  into  the  same  standing-wave  ratio.  For  the  first  condi¬ 
tion  gives  r  —  0;  hence  |  f  |  =  1;  hence  |  t  |  =  1;  hence  p  —  O',  and  the  result 
follows.  A  proof  by  impedance  methods  is  more  difficult. 

3.6  Passive  objects.  By  a  passive  object  is  meant  one  that  seems  to  produce 
no  energy,  so  that  the  equality  in  relations  like  |fl*  +  lrl**=  lis  replaced  by 
< .  The  most  restrictive  and  hence  simplest  relation  (17)  becomes  the  same  with 
the  =  replaced  by  > ,  whence  letting  p  — >  0  or  oo  gives 

a*  -  1  -  1  f  I  *  -  1  r  I  *  >  0,  a*  =  1  -  I  T  1  *  -  1  p  I  *  >  0.  (19) 

When  this  is  the  case  we  have  a  nonnegative  quadratic  in  p,  so  that  the  dis¬ 
criminant  is  <  0.  Because  g  is  a  continuous  variable,  this  last  is  equivalent  to 

saying  that  the  maximum  of  the  discriminant  (with  respect  to  q)  is  also  <  0, 
whence  finally 

1  rr  I  *  -f-  2  1  rrpt  ]  cos  A  -|-  |  p<  |  *  <  a*  a*  (20) 

as  is  seen  most  easily  by  noting  that  the  discriminant  in  question  is  the  real  part 
of  I  rr  1  -|- 1  pf  1  o'*  with  <t>  variable.  The  condition  (20)  may  also  be  written 

I  rf  -|-  pf  1  *  ^ 

One  can  give  for  passive  objects  a  definition  similar  to  i-iii  above  for  lossless 
objects,  and  thus  construct  a  theory  parallel  to  the  preceding.  The  condition 
corresponding  to  iv-vi  is  now  (19)  and  (20).  Except  for  vii-ix,  which  involves 
the  inverse,  the  different  modes  of  characterization  outlined  in  Sec.  3.4  also  have 
their  analogues  here;  and  there  is  the  added  theorem  that  every  lossless  object  is 
passive.  Since  the  methods  in  an  axiomatic  program  of  this  sort  so  closely  resemble 

*  See  for  example  E.  C.  Titchmarsh,  Theory  of  Functions,  Oxford  University  Press,  Ch. 
VI. 
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the  preceding  ones,  we  omit  the  details.  On  the  other  hand  there  are  questions, 
unimportant  before,  which  now  merit  closer  consideration. 

It  must  be  shown  that  the  properties  (19)  and  (20)  are  preserved  by  multiplica¬ 
tion  (1),  whence  we  conclude  as  before  that  passive  objects  cannot  be  restricted 
beyond  (19)  and  (20)  by  any  argument  depending  on  power  alone.  For  proof, 
suppose  that  two  objects  each  satisfying  (19)  and  (20)  are  placed  adjacent  in  the 
;  line,  and  that  the  powers  in  the  waves  moving  from  left  to  right  at  the  left  of, 

I  between,  and  at  the  right  of  the  objects  are  A,  C,E  respectively;  and  let  B,  D,  F 

represent  the  corresponding  power  from  right  to  left.  Since  the  first  object  satis¬ 
fies  (19)  and  (20),  we  know  that  C  —  D  <  A  —  B;  and  since  the  second  does  also, 
E  —  F  <  C  —  D.  Hence  E  —  F  <  A  —  B,  and  therefore  the  pair  satisfies  the 
complete  hypothesis  needed  for  proof  of  (19)  and  (20).  Repetition  of  that  proof 
leads  to  the  desired  result. 

One  can  also  show  by  direct  calculation  that  (19)  is  preserved  in  the  product, 
as  follows.  For  (frrp)  {TTR?),  Eq.  (19)  is  at  worst 

2[1p1‘(1  -  |r|‘)*-f2lrpfT|(l  -  lr|*)coeA  -^  |  rtr  |  *]*' * 

<  oV  I  H  1  +  1 «  1  (  I  P  I  *  +  I  f  I  *  +  2  1  frrp  1  cos  A  -  I  rp  I  *  -  I  f r  I  *) 

(21) 


as  is  seen  when  we  compute  the  left  side  of  (19)  by  (1),  clear  of  fractions,  put  all 
terms  involving  cosines  on  the  left,  maximize  these  with  respect  to  /p  -1-  [E, 
and  divide  by  1 12 1  For  the  maximizing,  note  that  the  expression  is  the  real  part 
of  a  certain  exponential  sum. 

The  term  on  the  right  of  (21)  has  the  form  Pf  j  R  \  4-  Q  1 12 1 ,  which  is  least 
when  1  /2  I  =  y/pjQ  and  which  is  then  equal  to  2y/PQ.  This  substitution  thus 
gives  an  inequality  stronger  than  (21);  and  carrying  it  out  leads  after  simplifica¬ 
tion  to  (20),  so  that  the  proof  is  complete.  We  have  incidentally  given  a  new  proof 
of  (20)  itself,  which  depends  only  on  (19)  and  the  multiplicative  properties  of  the 
s3mabols. 

For  passive  networks  there  is  no  exact  reciprocity  even  for  amplitudes 
(McMillan,  loc.  cit.),  but  we  do  have  1 2 1  =  |  r  |  when  the  objects  are  lossless, 
that  is,  when  a  =  a  =  0.  It  is  natural  therefore  to  expect  that  1 1 1  and  |  r  |  will 
be  in  some  sense  close  if  a  and  a  are  small,  and  such  is  the  case.  The  proper 
quantities  to  compare,  however,  are  not  1 1  \  and  |  r  | ,  but  rather  |  r/2 1  and 
1  p/t  I  ,  for  which  Eq.  (20)  gives  inunediately 

r  _  p 

t  T 

The  preceding  discussion  shows  that  this  inequality  caimot  be  improved.  It  is 
least  restrictive  when  A  =  x,  and  on  the  other  hand  A  =  x  is  consistent  with 
(19)  and  (20).  Hence  for  a  passive  object  (trrp)  with  absorption  coejSicients  o*  and 
a  one  has 

r  _  p 
7  T 


)’-< 


^  ■  A 

^'<71 


COS  -A. 

A 


(22) 
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and  equality  can  always  be  attained.  Here  we  have  the  analogue  of  reciprocity  for 
passive  objects.  It  shows  in  particular  that  if  a  ■passive  object  is  lossless  in  either 
direction  (so  that  a  or  a  =  0)  then  1  r/i  |  >=  |  p/r  ]  and  A  =  x. 

If  an  object  is  lossless  the  coefficients  must  satisfy  certain  relations  in  addition 
to  1  <  I  =  I  T  I .  For  example  =  x  with  A  given  by  (18);  ]  d  1  =  1  in  (2);  and 
/d  =  X  +  A  +  /p.  Using  o*,  o*,  and  6*  =  1  —  ]  |  —  |  rp  1  as  a  measure  of  loss, 

we  inquire  whether  there  are  conditions  analogous  to  these  for  passive  objects. 

Adding  |<T|*+|rp|*  —  Irrl*  —  |p/|*  —  2to  (20)  and  changing  signs  gives 
the  right-hand  inequality  in  0  <  o*  -f  at*  —  (a*  -|-  a*)V4  <6*(2  —  6*)<l  — 

I  d  I  *  <  a*  -|-  a*.  The  inequality  involving  b  results  from  d  <  |  |  -|-  ]  rp  | , 

and  the  left-hand  term  by  using  2xy  <  x*  -f  y*  on  this.  These  inequalities,  none 
of  which  can  be  improved,  show  how  far  ]  d  |  deviates  from  unity.  In  particular 

I  d  1  *  =  1  -  a*  -  a*  (24) 

except  for  terms  in  a*  and  a. 

To  estimate  the  deviation  of  A  from  x  it  suffices  to  rewrite  (22),  putting  the 
cos*  on  the  left  and  the  other  terms  on  the  right.  It  is  seen  that  the  more  A  deviates 
from  X  the  mare  nearly  must  one  have  reciprocity,  and  conversely.  Since  the  inequal¬ 
ity  is  least  restrictive  when  \r/t  \  ^  \  p/r  \ ,  and  since  this  condition  can  actually 
occur,  we  conclude  that  t  —  A  satisfies  4  sin*  J(x  —  A)  <  |  oa  |  */  |  trrp  \ ,  and 
equality  can  always  be  attained.  Thus  A  is  unrestricted  when  and  only  when 
a*a*  >  I  trrp  ] .  Except  for  terms  in  (oa)*  we  have 

I  X  —  A  I  <  oa/Vl  trrp  j.  (25) 

Finally,  the  relation  |  d  |  sin  (/d  —  ljf_  —  /p)  =  1  ir  |  sin  A  combines  with  the 
above  to  give  similar  inequalities  for  the  deviation  of  /d  from  x  -j-  A  +  /p. 
Using  (24),  (25),  and  the  fact  that  /d  =  A  -|-  /P  +  x  for  sero  loss,  one  gets  in 
particular 

\  [d  —  (x  +  A  +  /p)  I  <  fla\/|  tr/rp  |,  (26) 

except  for  terms  a*,  a  ,  and  (oa)*.  This  is  an  interesting  complement  to  (25). 

It  should  be  noted  that  the  three  equations  (19)  and  |  d  j*  >  1  —  o*  —  a* 
completely  characterize  passive  objects  as  they  stand,  and  lossless  objects  when 
made  into  equalities.  All  other  conditions  can  be  deduced  from  these,  including 
the  relations  for  phase,  even  though  the  equations  themselves  involve  only  the 
amplitude.  There  is  a  certain  propriety  in  being  able  to  characterize  the  objects 
thus,  as  the  original  physical  condition  was  a  condition  on  power  alone. 

The  foregoing  relations  permit  one  to  estimate  the  absorption  coefficient  of 
two  objects  in  terms  of  the  individual  coefficients.  As  a  simple  illustrative  case, 
suppose  two  identical  symmetrical  objects  (ttrr)  are  spaced  for  maximum  trans¬ 
mission.  This  amounts  to  considering  (ttrr)*  with  r  real  and  positive.  Computing 
the  absorption  by  (1),  noting  by  (26)  that  cos  /d  =  —  1  O(o^),  using  (24)  to 

get  I  d  I  *  1  —  a*  4-  0{a*),  and  taking  (1  —  |  r  [*)*  =  111*  +  O(o*)  in  the  de¬ 
nominator,  we  find  that  the  over-all  absorption  of  (ttrr)*  with  r  >  0  is  2a*/  \t  |*, 
except  for  terms  in  a*. 
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Such  questions  can  also  be  treated  from  first  principles  by  another  method. 
If  a  passive  object  has  left-hand  reflection  p  =  0,  then  not  only  is  |  <  |*  -b  I  r  [*  <  1, 
but  1  fr  I  -h  I  r  1  <  1.  For  by  inspection  the  maximum  reflection  of  the  object 
backed  by  a  length  of  line  and  a  short  circuit  is  1  fr  |  -|-  |  r  |.  The  above  inequality 
is  only  slightly  weaker  than  that  given  by  (20). 

Next,  suppose  (trrp)  is  follow’ed  by  a  lossless  tuner  with  reflection  1  p 
The  object  is  then  matched  from  the  right,  so  that  the  over-all  reflection  p  is 
sero,  and  hence  the  previous  result  may  be  used.  The  product  of  the  trans¬ 
missions  is  found  by  inspection,  and  shows  that  the  reflection  cannot  exceed 
(1  —  I  fT  1  —  I  p  |*)/(1  —  I  p  I*).  We  conclude  as  a  special  case:  If  a  bilateral 
passive  abject  (ttrp)  is  followed  by  an  object  with  left-hand  reflection  p,  and  the  two 
spaced  for  maximum  transmission,  then  the  over-all  reflection  cannot  exceed  o*/|  1 1*. 
Besides  its  practical  utility,  this  result  has  theoretical  interest  in  that  it  relates 
an  amplitude  reflection  on  the  one  hand  to  power  transmission  and  absorption 
on  the  other.  Combined  with  the  result  of  the  previous  paragraph,  it  shows  that 
if  two  identical  symmetric  objects  be  spaced  for  maximum  transmission,  then  the 
over-all  reflection  in  amplitude  cannot  exceed  one-half  the  over-all  absorption  in 
power,  plus  terms  involving  the  square  of  this  absorption. 

The  above  method,  which  is  general,  consists  of  matching  an  object,  backing 
it  by  a  similar  object,  or  othenvise  modifying  it,  and  deducing  its  properties 
from  those  of  the  combination  This  procedure  generally  leads  either  to  optimum 
results,  or  to  results  differing  from  optimum  only  in  higher-order  terms.  It  can 
be  used  to  give  a  simple  proof  of  reciprocity  as  follows.  If  (trrp)  is  followed  by 
(rfpr)  at  such  a  distance  as  to  maximize  the  over-all  transmission,  then  this 
maximum  transmission  is  |fTl/(l  —  |  p  1*),  by  inspection  of  (1).  Hence 
I  fr  I  <  1  —  I  p  I*.  Similarly,  |  fr  |  <  1  —  |  r  j*;  and  if  the  object  is  lossless  these 
become  |  fr  ]  <  |  t  [*,  |  fr  |  <  |  f  j*,  so  that  1 1 1  =«  |  t  |.  As  is  often  true  of  the  method 
in  question,  the  proof  starts  from  first  principles  and  involves  little  calculation. 

4.  SERIES  OF  REFLECTIONS.  4.1  Remarks  on  the  general  case.  The 

different  multiplications  considered  in  Sec.  2.3  lead  to  different  expressions  for 
the  transmission  and  reflection  of  a  series  of  objects.  For  example  the  answer 
may  be  expressed  as  a  matrix  product,  as  a  quaternion  product,  or  as  the  solution 
of  a  difference  equation.  Since  the  procedure  of  calculation  is  generally  well 
known  in  both  mathematical  and  engineering  literature,  only  a  cursory  discussion 
will  be  given  here.  As  an  illustration  one  may  make  the  substitution 
Xt  =  y*  +  1/p*  in  (9),  which  then  becomes  a  difference  equation  of  form  y*+i  — 
a*  +  bk/yk  ;  and  the  solution  can  be  written  as  a  continued  fraction  by  inspection. 
The  substitution  y*  =  —  p*x*  leads  to  an  equation  which  has  been  solved  in  terms 
of  determinants,  but  the  derivation  is  more  difficult. 

A  new  approach  due  to  P.  Marcus  gives  an  explicit  form  as  a  sum  of  products. 
The  procedure  is  to  write  (10)  as  two  difference  equations,  then  express  the  solu¬ 
tion  as  a  sum  of  products  of  the  individual  coefficients,  and  finally  prove  it  by 
induction. 

In  an  alternative  proof  (P.  Marcus,  loc.  cit.)  the  transmission  is  expressed  in 
a  compact  form  which  on  expansion  gives  the  sum  of  waves  following  all  possible 
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multiple  reflection  paths  once,  and  no  other.  A  single  multiple  reflection  path 
for  a  transmitted  wave  emerging  from  the  last  object  is  called  a  ray,  and  a  ray 
which  is  reflected  just  twice  is  called  simple.  A  ray  is  elemental  if  it  is  simple  or  a 
combination  of  simple  rays  which  can  have  only  one  order.  Associated  with  each 
ray  is  the  ray  transmission  coefficient,  which  is  the  ratio  of  transmitted  to  inci¬ 
dent  amplitude  on  the  ray;  that  is,  the  product  of  reflection  and  transmission 
coefficients  of  all  objects  from  which  it  is  reflected  or  through  which  it  is  trans¬ 
mitted,  respectively.  Dividing  this  coefficient  by  the  part  common  to  all  rays, 
i.e.  by  •  •  •  tn  ,  gives  the  partial  transmission  coefficient.  The  partial  trans¬ 
mission  coefficient  of  any  ray  is  the  product  of  the  partial  coefficients  of  its  com¬ 
ponent  simple  rays.  In  terms  of  these  quantities  the  over-all  transmission  coeffi¬ 
cient  T  can  be  expressed  as 

ji  ^  _ htt  ’  ’  ’  tn _ 

1  —  S(— !)•  (elemental  rays) 

where  c  is  the  number  of  simple  rays  making  up  each  elemental  ray,  and  the 
elemental  rays  are  represented  algebraically  by  their  partial  transmission  coeffi¬ 
cients.  This  is  the  compact  form  mentioned  above.  If  one  makes  a  certain  sys¬ 
tematic  classification  of  elemental  rays,  the  equation  leads  to  an  expression 
identical  with  that  first  found  algebraically. 

This  method  is  useful  on  account  of  the  simplicity  of  the  final  result,  the 
explicit  formulation,  and  the  suggestive  nature  of  the  derivation,  which  allows 
many  problems  to  be  treated  diagrammatically.  It  is  the  analogue  for  n  objects 
of  the  usual  multiple  reflection  methods  for  two.  In  the  present  connection  its 
importance  is  that  it  reduces  questions  of  transmission  for  series  of  objects  to 
questions  in  combinatorial  arithmetic,  and  thus  suggests  a  purely  combinatorial 
approach  to  the  foundations  of  network  theory. 

4.2  Repeated  elements.  If  the  objects  of  a  series  are  identical  then  the  over-all 
transmission  and  reflection  can  be  expressed  in  simple  closed  form,  as  is  well 
known.  One  procedure*  is  to  obtain  simultaneous  difference  equations  in  two 
unknowns  from  (8),  combine  these  into  a  single  equation  in  one  unknown,  write 
the  general  solution,  and  substitute  the  end  conditions.  With  (frrp)*  >■ 
(T»T»f2,P»),  the  solution  (which  assumes  f  —  r)  combines  with  (6)  to  give 


/  _ sinh  a _ 

"  ”  \t"“‘/  sinh  an  —  %/tT  sinh  a(n  —  1) 
r  sinh  an 

"  sinh  an  —  sinh  a(n  —  1) 


(27) 


for  the  general  case  t  ^  t,  where 

cosh  a 


1+J 

2‘^  tr 


(28) 


*  Cf.  P.  Marcus,  loc.  cit.,  where  reference  is  also  given  to  Fiske,  A  Broad  Band  T-R 
Switch,  G.  E.- Research  Laboratory  Report,  Oct.  18,  1943,  and  to  Smjrthe,  Static  and  Dy¬ 
namic  Electricity,  p  210,  p  336. 
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Interchanging  {t,  r)  and  (r,  p)  in  (27)  gives  T»  and  P. .  It  may  be  noted  that 
Eq,  (28),  A  -  T,  and  |  d  |  =  1  give  VTM  cos  a  =  cos  i  +  A)  for  loss¬ 
less  objects. 

P.  Marcus  has  obtained  another  proof  of  (27)  by  expressing  the  matrix  (10) 
in  terms  of  Pauli  matrices  and  the  variables  in  terms  of  trigonometric  functions. 

It  is  clear  from  (1)  that  (<rrp)"  is  a  rational  function  of  (,  t,  r,  p;  and  it  can  be 
thus  expressed  by  (27)  or  as  follows.  In  Eq.  (9)  replace  z*  by  Rk  and  drop  the 
subscript  k  on  the  other  terms  to  get  the  difference  equation  for  Rk  when  all 
objects  are  equal.  The  substitution  Rk  =  2rj/t/[l  +  (1  —  d  +  t>)y*],  where  v'  — 
(1  —  d)*  —  4rp,  leads  to  a  new  difference  equation  in  y*  ,  which  can  be  solved 
as  a  sum  by  inspection.  Carrying  out  the  summation  gives 


Rn 


with  w  determined  from 


^1  —  rp  vw  tr 

\  —  rp  VXD  —  tr 


(29) 


w  +  1  ^  /l  d  + 
tp  —  1  \l  +  d  —  V/ 


(30) 


The  expression  is  free  of  radicals,  as  v  will  occur  only  in  the  square.  An  alter¬ 
native  derivation  of  (29)  has  been  obtained  from  (10)  by  means  of  an  expression 
for  the  n***  power  of  the  matrix  due  to  H.  M.  James.  The  procedure  is  to  write 
it  as  a  sum  of  matrices  that  commute  and  use  the  binomial  theorem. 

For  certain  special  cases  the  equations  simplify  considerably.  If  1  +  d  =  2y/tr, 
for  example,  then  a  »  2A;rt,  and  taking  the  limit  in  (27)  gives 


1 

Vt"-7  n  -  -  1)  ’ 


Rn 


m 


n  —  (n  —  1)  ‘ 


(31) 


There  is  a  similar  expression  when  1  -|-  d  «=  —2\/h.  If  p  =  0  we  get 


(irrO)"  =  ^rT"ri--^o) 

by  induction  on  (1)  or  by  considering  multiple  reflections;  and  similarly 
$ 

(<0rp)" 


Many  properties  of  series  are  best  derived  directly  without  intervention  of 
the  general  equation.  For  example  it  is  clear  physically  that  the  reflection  Rn  in 
(27)  has  a  limit  as  n  — »  <»  whenever  the  object  is  lossy,  as  then  the  addition  of 
more  objects  eventually  has  negligible  effect.  To  evaluate  this  limit  directly 
recall  (Sec.  2.2)  that  /2n/Pn  =  a  and  (1  —  Dn)/Rn  =  h  for  the  whole  series  when¬ 
ever  these  equations  hold  for  each  object  of  the  series.  Here  D,  =  TnTn  —  Rn^n- 
This  invariance  of  r/p  and  (1  —  d)/r  gives  a  general  method  by  which  knowing 
one  of  the  three  variables  r»T» ,  /2n  ,  P«  allows  us  to  calculate  the  other  two. 
For  the  present  problem  the  fact  that  r»T»  — » 0  with  loss  shows  that  lim_D«  = 
— lim  RnPn  ;  hence  by  simultaneous  solution  lim  2Rn  =  ab  ±  y/a'b^  —  4a. 
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As  a  special  case  this  includes  series  of  identical  objects,  with  b  ^  (I  —  d)/r, 
and  gives  the  limit  of  the  reflection  as  the  number  of  objects  increases  indefinitely. 

The  vector  diagram,  which  is  often  used  when  the  reflections  are  small,  gives 
Rn  =  Zr* ,  or,  for  identical  objects,  Rn  =  nr.  By  the  above  method,  or  by  con¬ 
sidering  multiple  reflection,  one  finds  the  exact  result 

r-»0  r  1  —  tr 

Hence  the  fractional  error  in  taking  Rn  —  nr  ia  approximately  (n  —  1)(1  —  <t)/2, 
a  relation  which  shows  how  closely  the  reflection  of  the  series  is  approximated 
by  the  sum  of  the  individual  reflections. 

The  vector  diagram  also  suggests  that  two  or  more  identical  objects  can  be 
equally  spaced  for  zero  reflection,  as  the  corresponding  figure  is  then  a  regular 
polygon.  If  there  is  no  loss  this  property  can  be  proved  without  approximation 
by  (27)  or  as  follows.  Equation  (1)  shows  that  two  lossless  objects  can  be  spaced 
for  zero  reflection  when  and  only  when  their  transmission  coefficients  have  the 
same  absolute  value.  Hence  the  desired  result  is  evident  for  any  even  number. 
For  three  objects  A,  B,  C  we  know  that  A  and  B  can  be  spaced  to  give  zero 
reflection,  and  on  the  other  hand  they  can  be  spaced  to  give  reflection 
2  1  r  1/(1  -f  1  r  I*),  if  I  r  I  is  the  amplitude  reflection  coefficient  of  a  single  object. 
With  I  i2 1  as  the  reflection  of  the  two,  we  accordingly  have  |  E  |  <  |  r  |  for  one 
spacing  and  >  |  r  |  for  another;  but  |  A  |  is  a  continuous  function  of  the  spacing 
and  must  therefore  assume  the  value  |  r  |.  Hence  by  the  above  the  three  can  be 
spaced  for  zero  reflection.  This  shows  that  any  number  can  be  spaced  for  zero 
reflection,  since  we  have  three  or  three  plus  an  even  number. 

The  spacing  for  the  three  objects  can  be  uniform,  for  A  and  B  together  must 
have  reflection  |  r  |  (since  the  over-all  reflection  is  zero) ;  and  B  and  C  together 
must  have  reflection  |  r  |  for  the  same  reason. 

To  obtain  the  result  for  n  objects  assume  it  for  n  —  1  and  use  induction. 
The  n  —  1  objects  can  be  equally  spaced  for  zero  reflection,  and  they  can  also 
be  equally  spaced  for  reflection  >  |  r  |  (see  below).  The  result  for  n  objects 
now  follows  by  continuity  as  above.  The  proof  shows  that  three  objects  can  be 
spaced  in  two  essentially  distinct  ways,  and  more  than  three  in  infinitely  many 
ways. 

4.3  Dissimilar  lossless  elements.  If  two  lossless  objects  are  spaced  for  maxi¬ 
mum  transmission,  then  (1)  gives  /n  -f  /p  =  0,  and  shows  that  the  phase  shift 
on  reflection  from  the  left  is  A,  i.e.,  the  same  as  it  would  be  if  the  right-hand 
object  were  not  present.  Hence  the  reflection  from  a  loselees  series  is  maximum 
when  the  elements  are  so  spaced  that  the  reflection  of  each  adjacent  pair  is  maximum. 
If  they  are  identical,  in  particular,  then  the  reflection  is  maximum  when  they 
are  equally  spaced. 

The  foregoing  is  essentially  a  result  on  phase.  For  amplitude,  it  is  convenient 
to  introduce  the  standing-wave  ratio  s  associated  with  an  object,  which  is 
defined  by 


s 


(32) 
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Then  the  standing-uxive  ratio  for  a  aeries  of  loaaleaa  objects  cannot  exceed  the  product 
of  the  individual  standing-wave  ratios,  and  this  value  is  always  attained  with  some 
spacing.  The  proof  is  easily  given  by  induction  if  one  notes  that  the  maximum 
reflection  in  any  series  is  an  increasing  function  of  the  individual  reflections. 

It  has  been  shown  that  |  f  |  »  |  r  |  for  lossless  objects,  and  hence  that  the 
reflection  of  a  series  is  the  same  when  the  order  of  the  objects  is  reversed.  If  the 
spacing  may  be  changed  there  is  a  similar  result  for  general  permutations,  not 
only  for  a  reversal  of  order:  If  the  amplitude  reflection  for  an  array  of  lossless 
objects  is  equal  to  1 12  1  xoith  the  objects  in  any  given  order,  then  for  any  other  order 
there  exists  a  spacing  such  that  the  reflection  is  again  equal  to  \R\.  For  proof,  note 
that  any  permutation  can  be  attained  by  successive  interclumges  of  adjacent 
objects.  To  keep  the  over-all  reflection  constant  after  such  an  interchange,  we 
adjust  the  spacing  so  that  the  interchanged  pair  has  the  same  amplitude  reflec¬ 
tion,  then  add  a  length  of  line  on  each  side  to  give  the  same  phase  shift.  The 
possibility  of  this  procedure  depends  on  the  fact  that  |  ( |  «  |  r  |  for  lossless 
objects. 

A  fundamental  problem  in  series  is  to  adjust  the  spacing  for  zero  reflection, 
in  which  connection  one  has  the  following:  Given  a  series  of  lossless  objects, 
let  a,  6,  c,  •  •  •  be  their  respective  standing-wave  ratios  [see  Eq.  (32)].  Arrange 
the  notation  if  necessary  in  such  a  way  that  a  >  5,  c,  ■  ■  ■  .  Then  the  objects  can 
be  spaced  to  give  zero  reflection  for  the  series  when  and  only  when  a  <  bed  •  •  •  . 
For  proof,  put  the  object  with  standing-wave  ratio  a  at  the  extreme  right,  as 
may  be  done  by  the  result  just  established.  One  can  have  zero  reflection  for  the 
series  when  and  only  when  the  combined  reflection  of  all  objects  except  the  last 
equals  that  of  the  last.  One  easily  shows  by  induction  that  the  minimum  reflec¬ 
tion  of  a  series  does  not  exceed  the  maximum  reflection  of  the  individual  objects 
in  the  series.  The  first  objects  can  be  spaced,  therefore,  to  give  a  standing-wave 
ratio  <  o;  and  also  for  one  >  o  if  a  <bcd  •  •  •  ,  the  maximum  reflection  possible 
(v.  sup.).  Hence  by  continuity  they  can  be  spaced  to  give  a  standing- wave  ratio 
equal  to  a,  and  the  result  follows. 

For  two  objects  the  minimum  standing- wave  ratio  that  can  be  attained  is 
the  quotient  of  the  individual  ones,  the  larger  being  the  numerator.  Also  this 
minimum  decreases  as  the<  smaller  standing- wave  ratio  increases.  From  this, 
which  is  easily  proved,  we  conclude  in  the  above  notation:  If  a  >  bed . . . ,  then 
the  minimum  standing-wave  ratio  for  the  series  is  a/bod  ...  ,  and  this  minimum 
is  always  attained  for  some  spacing. 

Hartabd  Univebsitt 
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ITERATIVE  COMPUTATION  OF  COMPLEX  ROOTS 

Bt  P.  a.  Sauuelson 

1.  In  applied  mathematics  it  is  often  necessary  to  evaluate  complex  roots  of 
real  polynomials,  and  in  the  study  of  oscillations  it  is  frequently  necessary  to 
find  the  value  of  a  polynomial  for  a  number  of  complex  arguments.*  The  present 
note  points  out  that  all  this  may  be  done  by  the  same  efficient  methods  as  apply 
to  the  real  variable  problems — namely  by  synthetic  division  and  by  the  classical 
methods  of  Newton,  of  “false  position,”  and  of  generalized  inverse  interpolation. 
In  addition  there  are  set  forth  a  few  general  considerations  concerning  iteration 
that  are  relevant  to  any  comparison  of  the  efficiencies  of  different  methods  that 
have  been  proposed.  The  recent  method  of  Lin  for  finding  complex  roots  is  con¬ 
sidered  in  some  detail. 

2.  Let  us  consider  a  polynomial  of  the  n***  degree  with  real  coefficients 

n 

fix)  =  Oox"  +  Oix""*  +  •  •  •  +  a„  =  aiX*~' 

0 

Suppose  we  wish  the  value  of  /(xi)  where  Xi  is  real.  In  the  literature  one  occa¬ 
sionally  encounters  cases  where  such  an  answer  is  arrived  at  by  calculating 
powers  of  x  and  then  adding.  But  these  are  rare  since  it  is  almost  universally 
realized  that  the  work  may  be  reduced  by  a  factor  of  n  if  instead  we  take  ad¬ 
vantage  of  the  remainder-factor  theorem,  and  calculate  /(xi)  by  synthetic 
division.  This  involves  about  n  successive  multiplications  and  additions,  since 

fix)  =  (X  —  Xi)[ao'x"  ‘  -|-  Oi'x"  *  -|-  •  •  •  On-l']  +  /(Xi) 

where 

/  /  /  ,  /  / 

Oo  “  flo  >  =  Xi  do  “r  >  O2  =  Xi  fli  -p  02  '  *  ‘ 

On  =  XiO,_i  +  O,  =  fiXi) 

and  this  process  is  ideally  adapted  to  modem  desk  calculating  machines. 

If  xi  is  complex,  the  same  procedure  is  valid.  But  now  we  shall  have  to  mul¬ 
tiply  complex  numbers  at  each  stage;  and  this,  of  course  quadruples  the  work. 
As  a  result,  De  Moivre’s  theorem  is  often  invoked,  and  recourse  is  made  to 
trigonometric  tables.  Almost  nothing  is  more  tedious,  and  it  would  be  better 
to  accept  a  quadrupling  of  the  work  of  synthetic  division — if  no  better  method 
were  available. 

3.  But  actually,  by  a  simple  extension  of  the  most  elementary  polynomial 
identities,  it  is  easy  to  halve  the  labor  of  calculating  fix)  for  a  complex  Xi . 
Furthermore,  only  real  quantities  are  employed  up  to  the  final  step.  The  number 
of  multiplications  is  still  double  that  required  in  the  real  variable  case;  but  as 
we  shall  see  again  and  again,  even  this  extra  labor  is  mostly  an  illusion — since 

‘  The  first  5  references  deal  with  the  problem  of  complex  roots,  while  the  last  reference 
gives  a  convenient  discussion  of  all  the  usual  numerical  methods. 
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we  simultaneously  evaluate  both  f{xi)  and  f(xt)  where  xf  is  the  complex  con¬ 
jugate  of  Xi  . 

I  By  repeatedly  dividing  our  polynomial  by  terms  of  the  form,  (x  —  Xi),  (x  —  Xi), 

I I  (x  —  X|),  •••  ,  etc.,  we  arrive  at  a  simple  extension  of  the  remainder-factor 

;  I  theorem;  namely 

I  (2)  fix)  =  (x  -  xi)(x  -  X,)  •  •  •  (x  -  x,)/(x,  X,  ,  X,_i  ,  •  •  •  ,  Xi)  -h  ft 

where /(x,  x, ,  •  •  •  ,  Xi)  is  a  pol3momial  of  (n  —  r)  degree  and  where  the  remainder 
is  a  polynomial  of  (r  —  1)  degree  with  the  important  property  of  having  the 

I  I  same  values  as  the  original  pol}momial  at  each  of  the  arguments  x  =  x.- .  That  is, 

f(Xi)  =  0  -f  ft(x< ,  X, ,  Xr_i ,  •  •  •  ,  xi)  (t  =  1,  2,  •  •  •  ,  r) 

It  may  be  noted  that  if  s  of  the  Xi’s  should  be  equal,  then  (s  —  1)  of  the  deri- 
I  vatives  of  the  remainder  will  have  to  equal  the  corresponding  derivatives  of 

1  the  polynomial  at  such  an  X{ .  It  may  also  be  remarked  that  the  polynomial 

I  /(x,  X, ,  •  •  •  ,  Xi)  is  the  well-known  Newtonian  “divided  difference  of  the  r*** 

I  order”  of  our  original  polynomial,  and  is  a  symmetric  function  of  its  arguments. 

[,  Should  all  of  the  arguments  turn  out  to  be  equal  then  instantaneous  derivatives 

f '  will  enter  the  picture  in  a  manner  familiar  to  all  students  of  interpolation. 

^  We  may  apply  this  analysis  to  the  problem  of  evaluating  a  polynomial  for  a 

II  complex  number,  Xi .  We  consider  the  real  quadratic  expression  x*  -f  6iX  +  6f  * 

I  (x  —  Xi)(x  —  xf).  We  divide  oiir  polynomial  by  this  quadratic  expression, 

li  encountering  only  real  numbers  in  the  process,  and  arrive  at  a  (n  —  2)  degree 

quotient,  fix,  Xi ,  x*),  and  a  linear  remainder;  or 

I  i  ■  (3)  fix)  =  (x*  -1-  6ix  -t-  hjlltCx""*  -!-•••+  a"_t]  +  c"x  -{-  ci', 

I  I 

t  It  follows  that 

I  (4)  /(xi)  “  ci'xi  +  ci'  =  (cj'  Rexi  +  ci' )  +  t(  Imxic") 

I  For  efficient  computation  one  may  employ  the  useful  mnemonic  device  of 

j  algebraic  long  division,  or  the  equivalent  relations,  derived  from  equating 

I  coefficients  of  like  powers  of  x  on  both  sides  of  (3): 

Oo  ^  <4 

ff  m  99 

Cl  *  (ii  ““  0i  cio 

(5)  -  oj  -  6io7  -  6joi' 

99  r  ''  r  " 

C|  *  C|  “  OiCj  “  i^Ci 

99  L  ''  1.  '' 

a«_i  =  <v-i  —  —  ot<^n~4 

and 

Cl  =  o«_i  —  Oia„-t  “  OiOii-i 


(6) 


99  /\  L  '' 

Co  =  On  —  0  —  Otan^t 


ITERATIVE  COMPUTATION  OP  COMPLEX  ROOTS 


261 


In  all,  these  invdve  about  2n  multiplications.  This  is  twice  that  required  for 
a  real  x,  hutf(x*)  is  computed  along  with/(xi). 

As  an  illustration,  one  may  consider  the  problem  encountered  in  electrical 
and  mechanical  engineering  of  computing  the  complex  impedance  or  transfer 
function  of  a  differential  equation  with  constant  coefficients 

f(d/it)y(t)  -  «*■ 

whose  steady -state  solution  is  of  the  form 

y(0  - 

We  calculate  the  remainder  cix  -j-  co  ,  of  /(x)/(x*  -f-  ^),  and  find 

fm  -  Co  +  i{c['e) 

Here  our  complex  number  happens  to  be  a  pure  imaginary  and  the  work  is 
halved,  so  that  the  example  is  rather  a  trivial  one.  But  in  the  corresponding 
case  of  difference  equations,  met  in  many  fields,  where  d/dt  is  replaced  by  the 
operator  E,  such  that  Eyit)  »  y(f  -|-  1),  we  must  evaluate  terms  of  the  form 


y(0 


1 

/(cos  -f  t  sin  d) 


[cos  dt  -|-  i  sin  6t] 


and  here  the  efficiency  of  the  present  procedure  is  well  illustrated. 

4.  Let  us  turn  now  to  the  problem  of  calculating  complex  or  real  roots  of  our 
polynomial.  Two  problems  must  alwa3rs  be  distinguished:  (1)  that  of  deter¬ 
mining  tn  the  large  the  general  location  of  roots — by  Graeffe’s  root-squaring 
method,  Sturmian  test  fxmctions,  or  general  topological  investigation  of  the 
transformation  y  »  /(x);  and  (2)  improving  the  accuracy  of  a  given  root,  or 
set  of  roots,  once  we  have  accomplished  an  approximate  localisation.  It  is 
primarily  with  this  latter  problem  that  most  methods  deal  and  with  which  this 
discussion  will  be  primarily  concerned. 

The  classical  Newton  method  for  calculating  a  real  simple  root  is  to  use  the 
iterative  sequence  (defined  by  replacing  the  function  near  a  root  by  a  tangential 
strai^t  line) 

(7)  x,+i  -  H(x,)  -  X.  -  (/(x.)//'(x01 

It  is  easy  to  show  that  this  converges  to  a  simple  root,  A,  for  all  initial  values 
Xo  sufficiently  near  to  A.  Moreover,  as  is  well-known,  H'(A)  —  0  and  the  con¬ 
vergence  is  exceedingly  rapid,  the  number  of  “correct  decimal  places”  increasing 
asymptotically  in  a  geometric  rather  than  an  arithmetic  progression.  Such 
“quadratic  or  second-order  convergence”  is  always  sure  of  being  eventually 
more  accurate  than  any  “linear”  iteration  for  which  |  H'(A)  \  ^  0,  and  whose 
correct  decimal  places  eventually  increase  in  an  arithmetic  progression.  [6] 

This  does  not  mean  that  an  efficient  method  is  necessarily  always  to  be  pre¬ 
ferred  to  a  less  efficient  one.  Except  in  the  problem  of  “prodigious  calculation” — 
such  as  evaluating  \/2  to  a  thousand  decimal  places — an  asymptotically  in¬ 
efficient  method  may  be  satisfactory.  But  in  no  case  should  we  pass  over  a 
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more  efficient  method  unless  there  is  some  decided  disadvantage  in  its  appli¬ 
cation. 

In  the  case  of  complex  roots  it  is  natural  to  consider  using  the  same  Newton 
method.  In  fact  around  the  First  Worid  War,  Edwin  Bidwell  Wilson  used  this 
method  in  aeronautical  problems.  But  since  then  the  method  has  come  into 
disrepute,  apparently  for  two  quite  different  reasons.  First,  as  we  have  seen, 
it  is  very  time  consuming  to  evaluate  a  polynomial  for  complex  arguments  by 
the  conventional  methods.  The  second  objections  do  not  relate  peculiarly  to 
the  complex  variable  but  are  concerned  with  alleged  inadequacies  of  Newton’s 
method  in  the  case  of  multiple  roots  or  in  the  related  case  of  closely  clustered 
roots.  Discussion  of  these  second  objections  may  be  reserved  for  a  later  section. 

By  usi^  the  method  just  outlined,  we  may  expeditiously  evaluate  /(xi)  and 
f'(xi)  “  22“  The  work  is  double  that  for  a  real  variable,  but  we  ap¬ 

proximate  to  two  conjugate  roots  A,  and  A*.  In  practice,  even  in  the  real  variable 
case  we  need  not  work  directly  with  the  polynomial,  /'(x),  but  can  calculate 
/'(xi)  by  a  second  synthetic  division  of  P(x)  by  (x  —  Xt),  the  remainder  c"  being 
the  required  derivative.  A  similar  artifice  can  be  followed  in  the  complex  variable 
case.  For, 

fix)  ==  (x  -  x,)/(x,  X,)  +  fix,) 

-  (x  -  x,)(x  -  x*)fix,  xf  ,  X,)  +  ix  —  Xt)  fix*  ,  Xi)  -f  fix,) 

(g) 

f'ix,)  =  0  -f  (x,  -  X*)fix,,  xf,  X,)  -I-  fix,,x*)  +  0 

-  ix,  —  X,  )(Cj  —  X|C|  )  +  Cl 

Our  only  task  is  to  evaluate  fix,  x*  ,  x,)  ■*  ]Co~V/x"“^  for  x  x« .  This  too 
can  be  done  by  the  method  indicated  for/(x)  itself;  just  as  we  can  get  (a”)  from 
(o<),  so  we  can  get  iaT')  from  (o7).  In  short,  by  twice  dividing  fix)  by 
X*  —  ix,  +  xDx  -f  Xtx* ,  we  are  in  a  position  to  evaluate  fix,),  fix,),  fix*), 
fixt).  By  more  divisions  by  the  same  quadratic  factor  we  can  calculate  higher 
derivatives.  But  since  each  such  division  reduces  the  degree  of  our  polynomial 
by  2,  we  can  apparently  only  hope  to  evaluate  about  half  the  non-vanishing 
higher  derivatives  of  our  poljmomial  by  such  methods. 

Just  as  all  parts  of  the  proof  of  the  convergence  of  the  Newton  method  hold 
as  well  for  complex  as  for  real  variables,  so  too  the  proof  holds  for  the  con¬ 
vergence  of  the  even  more  ancient  “rule  of  false  position”  method.  In  this 
method  we  replace  the  function  by  the  straight  line  secant  joining  two  of  its 
points  in  the  neighborhood  of  a  root,  and  solve  for  a  third  better  point.  Thus, 
we  have  defined  a  difference  equation  of  the  second  order. 


(9) 


x,+t  *  Hix,+i ,  Xt) 


x,fix,+i)  —  x,^.^/(xt) 
fixt+i)  -  fix,) 


This  is  nothing  but  simple  linear  inverse  interpolation.  It  is  easy  to  verify 
by  differentiation  that  in  the  neighborhood  of  any  simple  root.  A,  we  have 


—  iA  A) 
dx,n  ’ 


iA,A) 


(10) 
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SO  that  the  process  must  converge  for  all  initial  values  xo ,  xi  sufficiently  close 
to  A.  Moreover,  the  convergence  is  very  it^id,  again  being  asymptotically 
quadratic  rather  than  linear. 

As  usually  expounded  in  the  text  books,  the  rule  of  false  position  is  used  to 
interpolate  between  two  values  oi  /(z)  of  opposite  sign.  This  is  unnecessary,  and 
in  fact  undesirable:  following  the  above  iteration  will  lead  to  convergence  to 
the  true  root  by  ezlropolation,  a  more  efficient  computational  procedure. 

Correctly  applied,  Newton’s  method  and  the  rule  of  false  position  are  about 
equally  powerful  and  involve  about  the  same  amount  of  work.  They  are  both 
much  more  efficient  than  the  usually-taught  Homer’s  method  which  proceeds 
one  digit  at  a  time,  and  which  in  order  to  diminish  the  roots  of  the  pol}momial 
by  the  appropriate  numbers  requires  that  all  the  derivatives  of  the  function 
be  calculated  at  each  stage.  Even  with  B3mthetic  division,  this  involves  a  good 
deal  of  unnecessary  work,  especially  after  the  very  first  stages.  This  is  perceived 
in  the  more  advanced  treatments  of  the  method  (vis.  Burnside  and  Panton’s 
classical  discussion) ;  and  it  stems  from  the  fact  that  Newton’s  method  and  the 
Rule  of  False  Position  quickly  outrun  single  digit  at  a  time  accuracy,  so  that 
the  practitioner  oi  Homer’s  method  soon  feels  that  he  is  almost  marking  time. 

The  following  numerical  example  is  designed  to  bring  into  immediate  play 
the  relations  which  always  hold  after  a  number  of  whirls  of  any  of  the  methods 
under  discussion.  The  equation 

fix)  =  .OOlz*  -  z  -  .01  =  0 

clearly  has  roots  in  the  neighborhood  of  1,000  and  —.01.  The  correct  larger  root 
to  10  significant  figures  is  1,000.0099999  which  could  be  determined  by  Newton’s 
method  with  3  whirls,  or  only  a  fraction  of  the  work  of  the  usual  full  Homer 
procedure. 

6.  The  prevailing  distmst  of  Newton’s  method,  which  dates  back  at  least 
to  Lagrange,  seems  to  stem  from  its  alleged  inadequacies  in  the  case  of  multiple 
roots.  In  such  cases  the  denominator,  /'(zi)  is  a  very  small  number  and  the  cor¬ 
rection  at  each  stage  is  the  ratio  of  two  very  small  numbers.  Nonetheless,  it 
can  be  shown  that  Newton’s  method  does  converge  to  a  multiple  root  for  all 
sufficiently  close  initial  values;  but  the  convergence  is  now  slower,  being  linear 
rather  than  quadratic.  In  fact 

(11)  0  H'iA)  -  («  -  l)/« 

where  « is  the  multiplicity  of  the  root,  A. 

If  we  knew  in  advance  that  the  sought  for  root  was  of  multiplicity,  «,  we 
could  solve  for  the  root  of /*“‘^(z)  —  0  by  the  efficient  iteration 

(12)  X.+1  -  z.  -  [f^\A)/f^\A)] 

But  in  numerical  work,  perfectly  equal  roots  only  occur  as  the  result  oi  some 
theoretical  idealization  of  the  empirical  situation.  We  rarely  can  be  sure  in 
advance  that  the  sought  for  root  is  multiple,  so  that  the  above  artifice  is  not 
very  useful. 
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In  applied  numerical  work,  we  not  infrequently  do  encounter  the  case  of 
roots  which  cluster  very  close  together.  And  it  might  be  argued  that  this,  rather 
than  multiplicity  of  roots,  provides  a  challenge  to  Newton’s  method,  because 
in  some  near  neighborhood  of  the  root,  the  first  derivative  will  vanish  and  cause 
the  iteration  to  blow  up.  Consider  as  an  illustration  the  simple  examples  x*  ~  0, 
and  X*  »  1.  Newton’s  iteration,  in  the  first  case  being  Xi+i  »  2/3xi ,  has  a  domain 
of  convergence  of  the  whole  complex  plane.  Here  root  multiplicity  actually 
somewhat  simplifies  the  problem  of  convergence  in  the  large.  But  in  the  second 
example,  x  0  is  a  singular  point  of  the  iteration. 

The  difficulties  arising  from  close  or  coincident  roots  are  intrinsic.  They  show 
up  in  other  methods  than  Newton’s,  both  in  locally  efficient  and  inefficient 
procedures.  Root  squaring  or  other  transformations  cannot  alter  the  basic 
qualitative  topology  of  the  problem  in  the  large.  Since  there  are  neighborhoods 
of  convergence  around  each  root,  there  must  always  be  watersheds  to  mark 
the  no-man’s  frontier  between  each  root’s  domain.  What  root  squaring  and 
other  transformations  can  do  is  to  help  us  to  land  in  the  convergence  neighbor¬ 
hood  oi  a  particvilar  root. 

From  a  physical  point  of  view  we  cannot  always  regard  multiple  or  clustered 
roots  as  a  nuisance;  they  may  even  be  a  positive  advantage.  Thus,  if  our  problem 

is  to  locate  a  relative  extremum  (or  stationary  point)  of  j  f(x)dx,  a  multiple 

root  means  that  the  extremum  value  is  nearly  constant  in  a  wide  region  near 
to  the  exact  root,  x  >-  A.  In  still  other  applications,  our  concern  is  with  the 
degree  of  closeness  to  which  |  /(x)  |  —  0,  rather  than  |  x  —  A  |  »  0,  and  the 
sequence  /(xi)  converges  no  less  rapidly  because  of  multiple  roots;  in  fact,  if 
one  can  use  (12)  or  any  other  artifice  to  get  Xt  to  converge  with  quadratic  order 
to  a  multiple  root,  then  /(xt)  will  converge  with  still  higher  order  rapidity. 

Often,  too,  where  nature  has  clustered  roots  in  a  close  array,  it  serves  no  use¬ 
ful  purpose  for  man  to  try  to  unscramble  them.  For  most  practical  purposes 
we  may  treat  close  roots  as  being  multiple  ones,  especially  since  the  constants 
in  any  empirical  equation  are  subject  to  error.  When  the  roots  are  close  together, 
the  separate  identity  of  each  becomes  sensitive  to  slight  changes  in  the  data. 
This  should  not  be  taken  to  mean  that  the  mathematical  features  of  the  total 
phenomena  are  “ill-conditioned”;  it  may  be  only  the  representation  into  par¬ 
ticular  components  that  is  ambiguous. 

6.  Thus  far,  no  explicit  attention  has  been  given  to  methods  which  approach 
a  root  with  only  linear  convergence.  Bernoulli’s  method  of  iq)proximating  to 
the  largest  root  of  a  pol3rnomial  by  means  of  a  difference  equation  sequence  is 
such  a  method.  So  too  is  the  closely  related  Whittaker  series  method  [7].  A 
popular  variant  of  the  Newton  iteration  is  the  simpler  sequence,  Xi+i  Xt  — 
f{xt)/f{B),  where  f'iB)  is  the  derivative  evaluated  at  some  fixed  point  near-by 
to  the  root,  A.  This  is  a  special  case  of  the  sequence 

(13)  xi+i  -  xi  -  \fixt)/R{xt)] 

where  R  is  some  suitably  defined  fimction:  e.g.  R  might  be  the  slope  of  a  secant. 
When  R{x)  «  /’(x),  we  have  the  Newton  method;  when  R(x)  is  a  constant,  we 
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have  the  just  mentioned  variant  of  the  Newton  method.  For  local  convergence, 
it  is  sufficient  that 

(14)  I  1  -  \S'{A)/R{A)\  I*  <  1 

But,  unless  R{A)  -  f{A),  the  convergence  will  be  at  best  linear,  and  if  is  a 
multiple  root  corresponding  to  an  extremum  of  /(z),  then  with  R  ^0  the  process 
will  not  be  convergent  even  for  initial  approximations  arbitrarily  close  to  A. 
Thus,  when  R{x)  ■  /(b)  ^  S'(,A)  -  0  f”{A),  there  will  be  divergence  of  the 

sequence  for  all  initial  values  on  one  side  of  A.  However,  for  simple  roots  thin 
sequence  may  behave  almost  as  well  during  the  first  few  iterations  as  an  asymp¬ 
totically  more  efficient  method. 

7.  Lin  [3,  4]  has  proposed  a  general  method  for  evaluating  a  pair  of  real  or 
complex  roots.  This  method  can  be  used  to  approximate  a  single  real  (or  com¬ 
plex)  root;  or  to  approximate  simultaneously  several  pairs  of  complex  roots. 
There  are  conditions  under  which  the  method  can  be  used  to  advantage;  but 
nonetheless  the  method  seems  to  lack  two  of  the  desirable  properties  of  Newton’s 
Method  or  the  Method  of  False  Position.  First,  it  need  not  converge  to  a  simple 
(or  multiple)  root  even  if  the  initial  guesses  are  infinitesimally  close  to  the  cor¬ 
rect  values.  Second,  its  convergence  is  at  best  linear  rather  than  quadratic. 
There  seem  to  be  further  difficulties  inherent  in  the  method  when  the  roots  of 
the  polynomial  happen  to  fall  into  special  patterns  and  constellations.  Also, 
rigorous  conditions  for  convergence  can  be  defined  only  in  rather  complicated 
terms,  although  simpler  heuristic  criteria  may  be  suggested. 

The  essence  of  the  Lin  me^od  is  to  set  the  right  hand  members  of  equation 
(6)  to  sero,  and  solve  for  a  new,  improved  set  of  b’s.  In  effect,  the  Lin  method 
makes  no  use  of  the  values  of  the  remainder  terms  resulting  from  previous  ap¬ 
proximations  to  a  root — since  the  method  assumes  the  remainders  are  all  sero. 
But,  as  the  Newton  method  shows,  it  is  the  quantitative  values  of  the  remainder 
that  permit  the  most  precise  estimate  of  the  needed  correction  to  the  true  root, 
so  that  a  valuable  part  of  our  available  information  is  being  discarded.* 

This  may  beet  be  illustrated  by  examining  the  Lin  method  as  applied  to  a 
single  root.  Given  an  approximate  value,  z* ,  we  seek  a  better  approximation, 
zi+i .  Dividing/(z)  by  (z  -  Zi)  gives 

/(z)  =«  (z  -  z,)[oiz*“‘  +  a[z""‘  +  •  •  •  -f  oLil  +  f(xt) 

where 

f(xi)  -  /(O)  +  z,ol_i 

Hence,  rearranging  terms  and  utilising  (6)  according  to  Lin’s  technique,  we  find 
_/(0)  _  XtOn-i  -  fix,) _ fix,) _  fix,) 

(15)  "  z:,  ~  ~  Z,~  -m 

x,  —  0 

*  The  Hitchcock  method  [5]  recognizee  this  feet;  like  Newton 'e  method  it  involves  two 
divisions  of  the  polynomial  by  a  trial  quadratic  factor,  and  correction  of  the  quadratic 
factor  by  means  of  the  remainder.  Its  convergence  seems  to  be  of  a  slower  order 
than  Newton’s. 
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where 


/(x.)  -  Jf(0)  ^  (^\ 

Xt  —  0  \Ax/o,m, 


-  Rixt) 


This  has  a  simple  graphical  interpretAtion.  It  differs  from  the  Newton  method 
only  in  the  denominator  of  the  last  term.  Instead  of  drawing  a  line  tangent  to 
the  curve  through  the  point  [xi ,  /(xi)],  we  draw  a  line  through  that  point  with 
slope  equal  to  that  of  the  secant  between  [0,  /(O)]  and  [xi ,  /(xi)].  If  the  desired 
root  A  is  small  in  absolute  value,  then  this  will  not  differ  much  from  the  Newton 
process  or  the  Rule  of  False  Position.  The  error,  (xi  —  A)  will  ultimately  behave 
like 


(x.+i  -  A)  -  [1  -  {f(A)/R(A))](x.  -  A)  +  ... 

or  nearly  proportional  to  [1  —  {/'(A)//2(A)  j)‘. 

For  the  Lin  process  to  converge,  it  is  not  enough  for  |  xo  —  A  |  to  be  suffi¬ 
ciently  small.  In  addition  the  equation  must  have  been  transformed  so  that  |  A  | 
is  “small".  Thus,  if  /(x)  —  x*  -|-  OiX  +  Ot ,  the  Lin  process  will  only  converge 
to  that  root  which  is  smallest  in  absolute  value. 

It  would  seem  that  in  the  more  elaborate  case  where  two  roots  are  sought, 
convergence  depends  upon  these  two  roots  being  “small" — not  absolutely  but 
in  comparison  with  all  other  roots.  Thus  consider  the  cubic 

Xi  +  OiX*  -1-  Ojx  -1-  Oi  *■  (x*  -f-  BiX  A"  Bt)(x  K) 

(16) 

-  X*  +  (Bj  +  K)x'  +  (B,/C  +  B,)x  +  KBt 


where  the  coefficients  may  be  real  or  complex.  Suppose  we  guess  an  initial  set 
of  values  bi(0),  6*(0),  which  are  near  to  Bi  and  B* .  For  what  values  of  (Bi , 
B* ,  K)  will  the  resulting  difference  equation  be  convergent  in  a  neighborhood 
of(Bj,B,)? 

Our  iterative  sequence  for  hi{t  4*  1),  f>i(f  +  1)  in  terms  of  hi(t),  6j(0  is  from 
(16),  (5),  and  (6)  defined  by 


(17) 


bt(t  -|-  1) 
bid  +  1) 


oi  Bi,-h  K  —  b(l) 

O,  -  6,0;'  _  (B,  +  KBi)  -  [KB,/{B,  +  K-  6,«)}1 
7,  B,  +  K-  blit) 


The  second  of  these  relations  is  a  difference  equation  for  6|(0  alone.  Regard¬ 
less  of  K,  it  has  a  stationary  point  for  &i(0  —  B, ,  and  it  will  converge  to  B,  for 
all  initial  values  6,(0)  sufficiently  near  to  Bi ,  if  at  the  point  —  B, 


(18) 


dbiit  -1-  1) 

B, 

Bi 

dbiit) 

K 

The  Lin  process  must  therefore  be  divergent  wherever  the  absolute  value  of 
the  third  root  is  small  relative  to  the  sum  and  products  of  the  pair  of  roots 
sought.  Doubtless  a  similar  qualitative  relation  holds  in  the  general  case.  Con- 
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sequently  it  is  only  after  certain  preliminary  transformations  on  the  roots  of 
the  pdynomial  have  been  performed,  that  the  method  will  enable  us  to  locate 
certain  specihc  roots;  or  only  after  other  roots  have  been  found,  and  have  been 
used  to  reduce  the  degree  of  the  equation. 

7.  In  conclusion,  I  should  like  to  point  out  that  no  mention  has  been  made 
of  the  problem  of  rounding  off  errors.  All  of  the  enunciated  theorems  concern¬ 
ing  convergence  apply  to  the  exact  iterative  sequence.  In  practice  we  must 
always  round  off,  and  even  the  most  powerful  method  can  be  rendered  nugatory 
by  the  manner  in  which  we  do  so.  In  fact,  the  really  powerful  methods,  as  is 
well  known,  secure  their  power  by  squeesing  the  last  bit  of  informatioD  out  of 
every  digit;  there  is  therefore,  always  the  danger  that  in  rounding  off  we  may 
throw  out  the  baby  along  with  the  bath  water,  so  as  to  end  up  with  0/0,  or 
what  is  worse,  with  the  ratio  oS  one  small  random  error  to  another  such  error. 
Rounding  off  errors  can  be  thought  oi  as  “noise”  impinging  on  our  dynamic 
sequences.  Much  remains  to  be  done  in  analysing  the  effect  of  such  shocks  on 
different  kinds  of  processes.  The  whole  subject — of  degree  of  convergence  and 
of  rounding  error — acquires  a  new  significance  in  the  modem  era  of  giant  cal¬ 
culating  machines. 
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THE  LINEAR-PERTURBATION  THEORY  FOR  ROTATIONAL  FLOW 

By  W.  R.  Sbabs 


1.  In  a  current  investigation,*  the  steady  flow  conditions  behind  a  “normal” 
shock  wave  sli^tly  disturbed  by  an  inhomogeneity  of  the  supersonic  stream 
are  being  studied.  It  is  desirable  in  this  case,  and  perhaps  in  other  cases,  to 
employ  the  ideas  of  the  so-called  linear-perturbation  theory  in  a  region  charac¬ 
terised  by  small,  but  non-vanishing,  vorticity.  The  equations  governing  this 
type  of  flow  will  be  set  up  here.  It  appears  that  they  may  be  generally  useful 
in  problems  involving  small-perburbation  type  of  flow  with  strong  shock  waves, 
as  well  as  in  problems  of  compressible  shear  flow. 

2.  Consider  plane  or  axisymmetric  steady  flow  with  velocity  components 
u  and  V  along  the  x  and  y  directions.  Suppose  17  is  a  constant  such  that 

tt  —  17  +  tt'  and  »  —  s'  (1) 

where  u'  <K  17  and  v*  U. 

Suppose,  furthermore,  that  the  stagnation  enthalpy  H  is  constant;  i.e., 
k*  +  {y/(rt  -  l)](p/p)  “  ^  -  const.  (2) 

where  9*  ••  u*  s*,  y  denotes  the  ratio  of  specific  heats,  p  the  pressure,  and 
p  the  density.  This  condition  is  satisfied  whenever  the  flow  proceeds  from  a 
region  of  uniform  flow  isentropically  except  for  the  presence  of  shock  waves. 
Let  the  subscript  (  )i  refer  to  conditions  in  a  parallel  stream  of  speed  U,  such 
that 

JtT*  +  [t/(t  -  1)1  Wp.)  -  H.  (3) 

Then,  neglecting  flecondnuder  terms, 

p/p  -  Pi/px  -  1(7  -  l)/i\Uu\  (4) 


Naturally,  the  parallel  stream  characterised  by  U,  pi ,  and  pi  may  be  ficti¬ 
tious;  nevertheless  these  are  convenient  reference  parameters,  and  are  completely 
defined,  for  given  H,  by  eqs.  (l)-(3). 

Eq.  (4)  can  be  converted , into  a  formula  for  the  density  ratio  by  use  of  the 
equation  of  state  for  a  perfect  gas. 


P/Px  =  (p/Px^expICS-Wc.) 


(5) 


in  which  S  denotes  entropy  and  c«  the  specific  heat  at  constant  volume.  Eq.  (4) 
becomes 


=  (l  -  (7  - 

Px  I 


1)3/-)“ 

o,J 


IHy-U 


exp 


where  M  denotes  U/ai  and  Oi  the  velocity  of  sound,  (ypi/pif*. 


(6) 


X  M.  C.  Adams:  On  Shock  Waves  in  Inhomogeneous  Flow.  J.  Ae.  Sc.  16, 685-690  (1949). 
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The  entropy  Si  is,  of  course,  constant,  since  it  occurs  in  a  uniform  parallel 
stream  wherein  H  is  constant;  furthermore,  S  is  related  to  the  vorticity  Q  by 
Bjerknes’  theorem: 

-  w,  =  Q  -  (p/pqR)  I  grad  S  \  (7) 

where  R  is  the  gas  constant  e,  —  c«. 

It  is  clear  from  eq.  (7)  that  the  vorticity  and  grad  S,  and  therefore  also  S  —  Si, 
are  small  quantities,  at  most  of  first  order.  Consequently  eq.  (6)  can  be  written 
in  a  more  consistent  approximate  form;  vis., 


^  -  (l  -  Jlf  -Vl - -  M- - 

Pi  \  Oi/\  y  —  1  c,/  ai  R 


Here  we  have  written  6S  for  S  —  Si,  and  neglected  second-order  terms  through¬ 
out. 

3.  Let  us  now  introduce  the  appropriate  stream  fimction  defined  by 

(p/pi)“y*  =  ,  (p/pi)py*  =  — (9) 

where  c  is  sero  for  plane  flow  and  unity  for  axi-symmetric.  Moreover,  let  us 
write 

^  -  C;(l  -f  €)-V+‘  -1-  (10) 

so  that  f '  is  a  perturbation  stream  function.*  Then,  by  virtue  of  eq.  (8),  we  have 

or,  to  the  first  order, 

(1  -  M'W  -  U(6S/R)  =  1/  -  (12) 

It  remains  to  express  6S/R  in  terms  of  the  velocity  components,  and  this 
is  easily  done  with  the  aid  of  eq.  (7);  we  have,  for  this  type  of  flow, 

1  grad  S  1  -  (d-S/d^)  {p/fn)y*q 

and  therefore 

Q  -  (p/pifl)y‘(d5/d^) 

Thus 

hS/R  ^  Pi  j  (vm  -  dtf^/p  -  j  (,v',  —  i4)  (udy  —  vdx)p/p.  (13) 


*  Cf.  S.  Goldstein  and  A.  D.  Young:  Aero.  Res.  Comm.  Reports  and  Memoranda  No. 
1909  (1943),  page  2. 
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But  it  is  certainly  permissible  to  eliminate  second-order  terms  in  this  expression 
and  therefore  we  write 

SS/R  ~  U  Wpi)  /  (v:  -r4,)dy.  (14) 


This  is  the  formida  to  be  used  in  eqs.  (12). 

The  differential  equation  for  is  now  obtained  by  solving  eqs.  (12)  for  u, 
and  Va ,  and  calculating  the  vorticity: 

(I  - 

o'. - 

from  which 


-  cy  -  yM*  -t 
1  +  (7  -  l)Af* 


and  finally 


(1  -  M*)iL  +  -  i  -  {1  +  (^  -  l)M*]yXl .  (15) 

Eq.  (15)  is  to  be  satisfied  by  the  perturbation  stream  function  in  rotational 
flow.  In  application  of  this  equation  it  will  be  consistent  with  our  first-order 
theory,  to  consider  the  vorticity  Q  to  be  a  function  of  y  only. 

It  might  be  mentioned  that,  except  in  the  small-perturbation  case  considered 
here,  the  conventional  stream  fimction  defined  in  eqs.  (9)  is  not  a  particularly 
useful  device  in  rotational  compressible  flow  problems.  This  has  led  Crocco* 
to  define  a  different  stream  function,  which  differs  from  the  usual  one  by  a 
factor  involving  the  entropy.  Crocco  worked  out  the  differential  equation  satis¬ 
fied  by  his  new  fimction,  and  it  has  been  verified  that  eq.  (15)  is  consistent  with 
it,  in  the  perturbation  case. 

4.  In  subsonic-flow  problems  (M  <  1),  eq.  (15)  can  be  transformed  into  equa¬ 
tion  of  incompressible  flow*,  by  application  of  the  familiar  Prandtl-GIauert 
affine  transformation: 

{  -  X,  n  -  y/l  -  M*  y  »  /9y,  say  (16) 

Thus,  for  plane  flow,  it  becomes  Poisson’s  equation  in  the  {,  ii  plane. 

It  may  be  of  interest  to  relate  the  compressible  rotational  flow  past  a  given 
body  to  a  corresponding  incompressible  flow.  Suppose  the  following  incompres¬ 
sible-flow  problem  has  been  solved:  A  stream  of  speed  nU  flows  rotationally 
past  a  body  (cylindrical  or  axisymmetric)  defined  by  the  profile  curve  r)  — 

*  L.  Cioooo:  Zeits.  f.  angew.  Math.  a.  Meoh.  17, 1-7  (1037). 
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the  vorticity  being  given  by  the  function  F((,  i;);  that  is, 

•  +  +/(€,,) 

/«+/«- («A)/,«  -umn)  ,  ^ 

•  •  (17) 

^  —  0  defines  ij  —  H(t);  i.e. 

iiV(\  +  +/[£,  ffcei  =  0 

Then,  by  virtue  of  eqs.  (16),  ■*  /(x,  fiy)  is  a  solution  of  eq.  (15),  provided 

that 

[1  +  (7  -  1)M*]/S-Q(x,  y)  -  F(x,  ^).  (18) 

Thus  eq.  (18)  is  the  formula  that  prescribes  the  vorticity  distribution  F({,  i;) 
in  the  associated  incompressible  flow.  The  compressible  stream  function  can 
now  be  written  as 

^  -  Cf(l  +  €)-y-"‘+/(x,/3y)  (19) 

and  the  streamline  ^  «  0  yields  the  profile 


provided  that 


/3y  «=  H(x) 

17(1  +  €)-y+‘  =  mC7(1  +  €)-‘^(x)'+‘ 


(20) 


or 

y  =  (21) 

Eqs.  (20)  and  (21)  require  that 

^  .  (22) 

In  summary,  then,  the  compressible  steady  flow  with  vorticity  Q,  past  the 
body  y  »  y{x),  is  related  to  an  incompressible  flow  of  reduced  stream  speed, 
with  vorticity  F,  past  a  thinner  body  ij  =  ^E({).  Except  for  the  new  information 
about  vorticity,  the  rule  is  precisely  the  same  as  in  irrotational  flow.*’  ‘ 

The  force  on  the  body  immersed  in  such  a  compressible  flow  can  be  related 
to  the  force  that  acts  in  the  corresponding  incompressible  case.  It  is  found 
that  the  rule  relating  the  forces  in  the  incompressible  and  the  associated  in¬ 
compressible  flows  is  the  same  as  for  irrotational  flow.  Moreover,  it  appears 
from  a  study  of  this  question  that  these  forces  will  not  be  affected  by  the  vorticity, 
to  the  first  order,  nor  will  there  appear  a  first-order  drag. 

COBNBLL  UnITSBSITT 

(Received  March  26,  1949) 


«  B.  Gothert:  N.A.C.A.  Tech.  Memo.  1106  (1946). 

•  W.  R.  Sears:  Quart.  Appl.  Math.  6.  89-91  (1947). 


SUMMATION  OF  SLOWLY  CONVERGENT  SERIES* 

Bt  Otto  SzXsz* 

IJ..  Mo6t  of  the  classical  summability  methods  aiwign  to  a  series  (con¬ 
vergent  or  not)  the  “sum”  lim  ,  if  this  exists,  where 

(LI)  Vn  “  , 

and 

Xn  ~  are  the  partial  sums  of  a  series  ;  (a»«)  is  a  triangular  matrix 
with  positive  elements  >  0,  and  we  assume  1,  n  -■  0, 1, 2,  •  •  • 

If  such  a  method  sums  every  convergent  series  to  its  proper  value  it  is  said 
to  be  regular.  This  is  the  case  for  the  transform  (1.1)  if 

lira  a.,  *  0,  for  »  =  0, 1,  2,  •  •  •  . 
lit.  Examples.  1.  The  method  of  arithmetic  means: 

(1.2)  Vn  “  — ^  X,  -  (n  +  1  -  t>)M,  . 

n+lo  n-f-lo 

2.  Cesdro  means  of  order  a: 

y»  -  JiJ  £  -  TS)  2  , 

Yu  0  Yu  0 

where 

(a)  (o  +  l)(o  +  2)  •  •  •  (o  +  n) 

- s - • 

0  —  1  reduces  to  example  1. 

3.  N&rltmd  means: 

(1.3)  Va  “  ^  Pn—^X^f  -•  P*  ,  Pa  ^  0>  ^  ^  0* 

Aa  0  '  .  0  Aa 

Pa  “  ri*””  reduces  to  example  2. 

4.  Typical  means: 

(1.4)  l/a  “  (l/Xa)ijo  P*X*  ,  Pa  ^  0,  Xa  —  P*  ^  *• 

5.  Va  -  (1  -  aa)x,  +  OaXa-l  ,  0  <  O,  <  1. 

*  Presented  to  the  American  Mathematical  Society  June  19, 1948 
>  This  paper  was  written  at  the  Institute  for  Numerical  Analysis  of  the  National  Bureau 
of  Standards,  with  the  financial  support  of  the  Oflice  of  Naval  Research  of  the  U.  S.  Navy 
Department. 


272 


STTUMATION  OF  SLOWIiT  CONVERGENT  SERIES 


273 


6.  Hatudorff means: 

On,  -  j[*  <’(1  -  0"^?(0  dt,  j[*  9(0  dt^l,  9(0  >  0. 

9(0  “  a(l  —  0*~*  reduces  to  example  2. 

7.  Eider  means: 

0<1<1. 

1.3.  While  such  transforms  sum  many  divergent,  oscillating  series,  th^  con¬ 
verge  slower  than  the  sequence  {x,},  when  {x*}  is  an  increasing  sequence,  that 
is  ii»  >  0.  For  then 

y»  <  Xn'^o  On,  =  Xn  <  8,  where  x,  |  «.* 

In  other  words  if  x,  =  is  the  inverse  of  the  transform  (1.1),  then 

under  the  given  assumption  x.  is  closer  to  s  than  . 

This  suggests  the  use,  for  series  wilh  positive  terms,  of  nonregular  transforms  or 
the  inverse  of  a  regular  tran^orm.  We  discuss  in  detail  the  effect  of  transforma¬ 
tions  inverse  to  transformations  by  typical  means. 


2.1.  From  (1.4) 

P»Xn  “  XitV*  ~  ij/w— 1  I  W  ^  1»  3Jo  *  yo  »  Pn  ~  , 

SO  that 

X,  *  —  |(X,  —  Xm_i)y,  +  X,_i(y,  —  yn-i)}  =  y»  +  (y.  —  y»_i) 

P»  I  J  P» 

is  the  inverse  of  (1.4).  We  shall  apply  this  type  of  transform  to  a  certain  pIash 
of  series. 

We  assume  that  >  0,  and  that  for  some  constant  a  >  1 


Un  ^ 

1  «  i 

1 - 1-0 

We  write 

U— 1 

n 

(2.1) 

1- 

®  1 

w»-l 

n  n 

Hence 

i22) 

Un  “  U,_i  - 

®  1 

- M— 1  + 

n 

7—1 


1 1 


*  In  a  stricter  sense  Zm  converges  slower  to  z  than  ]/•  to  y,  or  more  rapidly,  according  as 


z,  -  z 


I V-  -  y 


X,  -  X 

y-  -  y 


0. 
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and 

(2.3)  nti,  -  (n  -  l)t4^i  +  (1  -  . 

It  follows  from  (2.1)  that  n“u,  «  0(1),  hence  nu,  — ►  0  and  1  is  convergent; 

from  (2.3),  replacing  n  by  i;  +  1 


w*.  -  (t>  +  l)w,+i  -  (a  -  I)!*,  -  -y.M, , 
and,  in  view  of  nu,  —*■  0, 

(2.4)  nUn  =  (o  -  l)2lrw.  - 

Hence,  if  u»  **«»—> «, 

(2.6)  (a  -  l)«._i  +  nu,  »  (a  -  1)«  -  . 

Let 

max  I  7,  I  -  f f  n  i  0,* 

9^n 

then  (2.5)  yields 

I  (a  -  1)(«  -  «*)  -  (n  +  l)tt,+i  1  <  7,+i  u,  =  ■y,+i(«  -  «,) 
or 


s  —  Sn  — 


(n  +  !)«,+, 


a  —  1 


<  (» - «.). 

0—1 


We  have  now  established  the  following  result : 

Theorem  1.  If  (2.1)  holde  then  the  transform  =  «,  +  —  converges 

0—1 

more  rapidly  than  s,  ;  we  have 

(2.6)  I «  —  <»  I  <  —  \  («  —  Sn),  where  %  ■=  max  1 7,  |  J,  0. 

0—1 

The  transformation  U  used  in  this  theorem  can  be  iterated,  provided  stronger 
assumptions  are  made  on  u,  .  The  details  of  the  examination  are  omitted. 

2i2.  The  case  li,  =  (n  +T)“*  (hence  o  —  2,  «  —  vVo)  has  been  studied  nu¬ 
merically*;  the  results  obtained*  suggested  that  the  transform  yields  a  de¬ 
creasing  sequence.  That  this  is  the  case  for  a  general  class  of  series  is  shown  by 
our  next  theorem. 

Theorem  2.  Assume  that  Un  >  0,  and  that  for  some  constants  a  >  1,  j8  >  —  1 

(2.7)  n-1,2,3, 
n  -h  o  -h  p 

*  The  symbol  i  means  that  the  sequence  is  monotonio  decreasing. 

*  W.  G.  Biekley  and  T.  C.  B.  Miller,  The  numerical  summation  of  slowly  convergent 
series  of  positive  terms.  Philosophical  Magasine,  Ser.  7,  vol.  22,  1936,  pp.  764-767. 

*  loc.  cit.  p.  760. 
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»n  +  tt,  I  «. 

a  —  1 

It  follows  from  our  assumption  (2.7)  that  tin  ■■  0(n~*),  so  that  ^ti»  converges, 
and 

'  ,  n  -j-  fi 

Sn  -  «»  4-  - ^  Un  — 

a  —  1 

Furthermore 

f  /  ,n  +  /5  n  +  ZS+l 

—  «»+l  •=  «!.  —  «»+l  +  - :  tt, - - -  tii^n 

0—1  0  —  1 


n  +  jS^  n  +  /34-l  +  o  —  1_ 

7  tin  z  tln.|.l 

0—1  0—1 


n  0  n  P  a 

- :  tin - - -  tin+i , 

0—1  0—1 


and  this  is  non-negative  by  assumption  (2.7).  This  proves  Theorem  2. 
In  particular  for  tin  >=  (n  +  1)~*  and  o  «>  2,  the  assumption  becomes 


1  ^  n-H/S  1 

(n -f  2)*  -  n -t- 2  +  ^‘(n -b  1)*’ 
or 

(n*  -|-  2n  -f  1)  (n  -f-  2  -b  /3)  ^  (n  +  ^)  (n*  +  4n  -|-  4), 

that  is 

2n*  -b  (2  -|-  0)n*  -b  n  +  2(2-  -b  $)n  2  +  0  ^  0  +  4)n*  -f-  4/3n  -b  4n  -|-  4/3, 


or 

(26  -b  5)n  +  2  -b  /3  ^  (4/3  -b  4)n  +  4^,  2  -  3/3  ^  (20  -l)n,  n  =  1,  2,  3,  •  •  • 
Hence,  if  2  —  36  ^  26  —  1,  or  3  ^  5/3, 6  ^  3/5,  then  our  assumption  is  satisfied. 
Example 

1  _*■ 

V  0  (4n+l)(4n+3)  “  1.3  5.7  9.11  ‘  “  8* 

Now  v/8  »  0.39270  •  •  •  , 

«o  -  0.33333  •  •  •  ,  «i  «  0.36190  •  •  •  , 

8t  -  0.37200  •  •  •  ,  s,  =  0.37712  •  •  •  , 

«4  «  0.38021  •  •  •  ,  «»  -  0.38228  •  •  •  , 

««  -  0.38376  •  •  •  ,  «T  -  0.38487  •  •  •  . 

On  the  other  hand  in  Theorem  1  a  2,  tn  *  Sn  +  (n  +  l)tin+i ; 


to  “  «i ,  <1  -  0.38210  •  •  •  ,  <1  -  0.38127  •  •  •  , 

t,  -  0.38540  •  •  •  ,  to  -  0.38761  •  •  •  , 

.  t,  -  0.38894  • .  •  ,  to  »  0.38981  •  •  •  , 

t,  -  0.39041  •  •  •  . 
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Thus  the  approximation  to  t/8  by  is  considerably  faster  than  by  Fur¬ 
thermore  Theorem  2  holds  with  a  —  2,  /3  —  1,  so  that  (n  4*  1)m»  “ 
+  2u«  is  decreasing  to  t/8. 


2.3.  The  essence  of  our  procedure  is  to  compare  in  the  case  of  a  convergent 
series  '^7  ,  where  u,  | ,  ntin  and  2Z»+i  w.  -  r,  . 

It  is  known  that  in  this  case  nu»  — » 0;  in  fact 


(2.8) 


Un+I  +  •  •  •  4-  ti*«  >  nutn  >  nuu+i ,  or 
nu*,+i  <  nufc,  <  r,  -  ri,  -►  0, 


hence  nu,  — ►  0. 

An  improvement  of  this  relation  may  be  of  interest.  We  have 
u*+i  +  •  •  •  4-  <  nun, 


or 

(2.9) 

Hence 

so  that 


r»  —  r*,  <  nu,  -  n(r,_i  —  r,). 

(n  4-  l)r«  <  nrn-i  +  r*. , 

(»  +  l)r,  <  53“  vr^i  4*  2"  • 


From  (2.8)  and  (2.9) 

ntifc.  <  r,  —  rj,  <  nw,; 
hence,  if  we  write  u(n)  for  ti,  and  r(n)  for  r» 

n2’tt(n2’'"‘)  <  r(n2’)  -  r(n2-"‘)  <  n2’u(n2’),  r  -  0,  1,  2,  •  •  •  , 

and 

n  SJL*  2*M(n2’‘*’‘)  <  r(n)  <  n  2’u(n2*). 

If  we  put 

2’u(n2’)  -  ft,  -  u(n)  +  2u(2n)  +  •  •  •  , 

then 


and 


(n/2){Rn  —  M(n)}  «  nR^  <  r,  <  nft, , 


Rn  —  tin  ^  2Rtn  . 


It  follows  that  Rn  decreases  as  n  increases,  and 


,  nRn  0. 

It  is  now  suggestive  that  for  series  satisfying  the  condition  (2.7)  any  useful 
corrective  term  must  be  of  the  form  c(n  4-  $)ti» ,  where  c  and  /9  are  constants. 
We  shall  discuss  a  more  general  problem  in  the  following  section;  it  will  give  more 
information  on  the  form  of  a  useful  corrective  term. 
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3.1.  A  generalisation  of  the  form  «»»««  +  cnu,  ,  c  a  positive  constant,  is 
the  form  (,=»«,  +  Put*.  ,  where  p„  >  0.  We  assume  only  that  >  0,  and 
convergent.  First  of  all  for  what  functions  p,  will  U  yield  a  closer  approximation 
to  9  than  a»? 

We  must  have 

hence 

p,u,  <  2(«  -  «,)  -  2r, , 

that  is 

0  <  p»(r,_i  -  r,)  <  2r, , 


or 


It  follows  that 


PnT^l  <  (2  +  P»)r»  . 


n  n 

^0  n  p»  <  r,  n  (2  +  p,), 


1 


1 


or 


r. 


>  ro  n 


p» 

2  +  p* 


But  0,  hence  we  must  have 


p* 


2  +  p» 


0, 


or 

f;_J_  =  00. 

I  2  +  p. 

In  view  of  pn  >  0  this  condition  is  equivalent  to 

(3.1)  Zr(l/p,)»«. 

Observe  that  now 


(3.2)  in  “  "I"  pH  Un  ,  W  =  0,  1,  2,  •  •  •  , 

is  the  inverse  of  a  regular  transform  by  typical  means;  according  to  case  2.  of 
§2  put 


or 


1  _  ^11— 1 

Pn  “  ^—1 


^11-1(1  +  Pi»)  =*  ^nPn  , 
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thus 


x.-x,nL±ir, 

1  p» 

then  (see  (1.4)) 

»•  “  (1/K)T.oPA 


and  X,  — >  00  by  (3.1). 

3.2.  We  now  assume  that  a  given  sequence  p«  satisfies  the  assumptions 
(3.3)  p,  >  0,  and  ^Tp7^  “  « . 

We  wish  to  determine  a  corresponding  class  of  convergent  series  ~  s, 
u,  >  0,  for  which  the  transform  (3.2)  yields  a  sharper  approximation  to  $  than 
t  that  is 

—  «  *  o(«  —  «»)  as  n  — »  00 . 

Actually  we  shall  determine  the  class  of  series  for  which 
PnUn  r, ,  r,  “  Sr+iu* , 


that  is 


PnUn/rn  -►  1,  SS  n  -►  OO. 


Accordingly,  let 

P»irn-i  -  r,)  -  (1  +  yn)rn  ,  where  7, 


0, 


or 


It  follows  that 


PnTn-l  “  (1  +  Pi»  +  yn)rn  • 


(3.4) 

and 


1  1  +  p»  +  7* 


n  >  1, 


7«  >  “1, 


(3.5) 


=  r_i  —  r. 


p. 

1  +  p*  + 


— - — ) 
1  +  P*  +  7»/ 


1  +  7. 

Pn 


- - - ) 

1  +  Pit  +  yn/ 


It  is  seen  from  (3.4)  that  i ,  and  from  (3.3)  now  r»  i  0.  Hence 
22(r_l  -  Tn)  is  convergent.  Finally  in  view  of  (3.5)  converges, 
and  p„Ua  7»  .  For  this  series  now 


«  —  t,-«  —  «n  —  pntln  -  “ 7«»’i.  “  0(^11). 
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Furthermore 

sgn  («  -  O  “  -  8gn  7, 

thus  if  7»  i  0,  then  i  «,  and  if  7.  T  0,  then  T  «.  Observe  that 

f 3  0)  ^  7i>  Pn—l  _ Pii _  ^  f  “f*  7»  _ Pn— 1 _  P»—l 

Wn-1  1  +  7i»-i  P»l+Pii  +  7»  1+  7»-i  l+P«+7»  !  +  />» 


We  have  now  proved  the  following  theorem: 

Theorem  3.  Let  >  0,  ^iPn^  —  »,  7i,  — ►  0,  c  a  positive  constant,  and 


(3.7) 


tin 


c 


1  +  7»  Pn 

Pn  1  1  +  P»  +  7* 


>0; 


Then  converges,  and  the  transform  —  «»  +  p*u,  converges  more  rapidly  to  s, 
than  Sn .  Furthermore  if  7,  i  0,  then  i  «,  and  if  7.  T  0,  then  T  s. 

Example.  Let 

P»  "  (n  +  a)/j8,  n  >  1,  ^  >  0,  a  >  0,  and 


Un 


e»9(l  +  7») 


n 


»  4-  a 


n  +  «  1  /3ll  +  {(w  +  a)/j8)  +  7*1 

_  c^(l  +  7.) 


n 


»  +  a 


so  that  in  particular,  for  7.  -■  0 

u,  »  - -nfl - - - 

^  n  +  a¥t>  +  a  +  ^  n¥\  r  +  a  + /5/  n 


n  +  a  1  /3  +  »4-a  +  /37t  ’ 
18 


+  a  +  /5> 

Note:  Similar  results  hold  for  integrals  of  the  form  u{t)  dt. 


cfin 


Univbbsitt  or  Cincinnati 
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AERODYNAMIC  THEORY  OF  OSCILLATING  SWEPTBACK 

WINGS* 

By  M.  J.  Turnbb 

1.  Introduction.  An  approximate  aerod3mamic  theory  of  oscillating  wings  of 
finite  span  without  sweepback  or  with  very  moderate  sweepback  has  been  de¬ 
veloped  by  E.  Reissner*' '  for  incompressible  flow.  The  w^)ect  ratio  limitations 
appear  to  be  no  more  severe  than  in  applications  of  lifting  line  theory  to  prob¬ 
lems  of  steady  flow.  The  developments  presented  in  this  paper  comprise  the 
initial  phase  of  a  study  which  has  been  undertaken  to  formulate  an  aerodynamic 
theory  of  oscillating  wings  with  appreciable  sweepback.  We  consider  first  a  wing 
of  constant  chord  length  with  sheared  planform  as  indicated  in  Fig.  1. 


Fio.  1.  Sheared  ^ng 


Although  such  forms  appear  to  be  of  no  direct  practical  interest,  it  is  antici¬ 
pated  that  some  features  of  the  subsequent  theoretical  development  will  be 
applicable  in  studies  of  the  sweptback,  V-form  wing.  Furthermore  the  theory  of 
the  sheared  wing  may  have  direct  application  in  the  flutter  analysis  of  swept 
wings  of  moderately  high  aspect  ratio,  since  the  oscillatory  aerodynamic  forces 

>  This  paper  is  based  on  work  done  under  the  auspices  of  the  Bureau  of  Aeronautics,  Navy 
Department,  Washington,  D.  C. 

*  Eric  Reissner,  On  the  general  theory  of  thin  airfoils  for  nonuniform  motion,  N.A.C.A. 
Tech.  Note  946  (1944). 

*  Erie  Reissner,  Effect  of  finite  span  on  the  airload  distributions  for  oscillating  wings; 
I — aerodynamic  theory  of  oscillating  wings  of  finite  span,  N.A.C.A.  Tech.  Note  1194  (1947). 
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on  one  half  of  the  wing  will  not  be  influenced  appreciably  by  the  state  of  motion 
of  the  other  half.  Wing  displacements  and  aerodynamic  forces  are  generally 
small  near  mid-span;  hence  it  is  not  essential  to  obtain  a  precise  determination 
of  the  forces  in  that  region  for  purposes  of  flutter  analysis. 

The  boundary  value  problem  of  the  oscillating  sheared  wing  is  formulated  in 
oblique  coordinates.  By  introducing  certain  approximations,  depending  upon 
the  assumption  of  sufficiently  large  aspect  ratio,  the  resulting  two-dimensional 
integral  equation  is  transformed  into  a  one-dimensional  equation  for  the  circula¬ 
tion  function.  As  in  Reissner’s  work,*  the  effect  of  finite  span  is  to  introduce  an 
additive  correction  to  the  basic  function  C(k). 

The  fundamental  integral  equation  of  lifting  surface  theory  for  the  sweptback 
wing  is  derived  in  the  final  section  of  the  present  paper,  thus  providing  a  suit¬ 
able  basis  for  further  investigations. 


2.  Integral  equation  of  lifting  surface  theory  for  the  sheared  wing.  Oblique 
coordinates,  (x,  y),  in  the  plane  of  the  lifting  surface  are  related  to  rectangular 
coordinates,  (Xr ,  y,),  by  the  relations 


X,  -  a;  -f  y  sin  /9,  |/r  “  y  cos  /9. 


(1 


The  flow  is  rectilinear  at  x  «  —  «  with  velocity,  U,  parallel  to  the  x-axis.  The 
density,  p,  is  constant,  and  the  pressure  in  the  imdisturbed  stream  is  denoted  by 
jH .  Velocity  components  at  an  arbitrary  point  of  the  half -space  z  >  0,  where 
the  pressure  is  po  +  P,  are  denoted  by  U  +  u,  v,  w,  referred  to  rectangular  axes. 
The  z-axis  is  directed  upward,  perpendicular  to  the  x, ,  pr-plane.  Incremental 
velocities  u,  v,  to  are  derived  from  a  potential,  as  follows 


ti  ->  3^/dx,  *  d0/dx,  V  —  ,  to  » 


and  the  incremental  pressure,  p,  is  related  to  the  velocity  potential  by  the  equa¬ 
tion 


-p/p  -  d^/dt  -H  Ud^/dx.  (2) 

Airfoil  and  wake  regions  are  defined  as  follows 

Rt'.  — 6  ^  X  ^  6,  — «6  ^  p  ^  s6, 
b  <  X,  — «6  ^  y  ^  zb. 

Vertical  displacements  of  the  lifting  surface,  positive  in  the  direction  of  the  f- 
axis,  are  given  by 

h  -  Mx,  y)e*“* . 

Boundary  conditions  on  the  flow  in  the  upper  half-space  are 
to  -  ®,(x,  y)®**"  inside  iZ, , 


p  "  0  outside  £« , 


1 
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where 

®«  ■*  UdH/dx  “I"  uaR. 

Subsequent  derivations  are  based  upon  the  equation* 


“  v*. 

±  r _ (Vr  -  fh)(Xr  -  h) 

9yr  L((yr  - 


+ 


1»r)*  +  S*][(,Xr  —  (r)*  +  (t/r  —  Vr)*  +  ST'* 


(4) 


where 


y(ir  t  Vr)  “  2[d^({f  ,  Vr  t  0+  • 

In  Eq.  (4)  and  throughout  the  remainder  of  this  piq)er  we  are  concerned  only 
with  spatial  variations  of  ph3rsical  quantities;  the  bar,  which  has  been  used  here¬ 
tofore  to  distinguish  functions  of  spatial  coordinates  from  time  dependent  func¬ 
tions,  is  omitted. 

In  transforming  Eq.  (4)  to  oblique  coordinates  d/dyr  is  replaced  by  —d/dvr , 
where 

d/dvf  “  -  tan  /3d/d{  -{=  sec  fid/dv-  (5) 


The  element  of  area  in  oblique  coordinates  is 

dA  cos  /?  dv- 

Transforming  Eq.  (4)  by  means  of  Eqs.  (1),  (5),  (6),  we  obtain 


*.+*« 


where 


(6) 

(7) 


(y  -  v)  cos  p  /(x  -  {)  -H  (y  -  n)  Bin  ' 

"  l(y  -  v)*  cos*  /S  -f  «*]  \  r 

r  -  [(x  -  f)*+2(x  -  t)(y  -  v)  sin  +  (y  -  ij)*  +  «*]*. 


Integrating  by  parts  with  respect  to  v  &nd  noting  that  y((,  ±8b)  —  0,  we  obtain 
from  Eq.  (7) 


with 


// S'* +  ® 

*.+*• 

(x  --  {)  cos  fi  /(x  -  {)  sin  /3  -h  (y  -  n)\ 

[(x  -  {)*  cos* /3 -f  **]  \  r  /' 


*  Reiner,  Eq.  (62),  p.  22  of  paper  quoted  in  footnote  2. 
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In  the  limit  as  2  — » 0  Eq.  (8)  becomes 


y)  cos 


-Uis 


\(x  -  f)(y  -  n)  y 


d^df,,  (9) 


where 


ro  -  {(z  -  {)*  4-  2ix  -  i){y  -  ,)  sin  /8  +  (y  -  ij)’)*'*, 
and,  by  means  the  identity 

Eq.  (9)  is  transformed  into 
».(*, »)  cos  |J  - 


-  1  /■*  f  {_?!_  +  1  -  IjfJIil)  df  d,. 


(10) 


Eq.  (10)  is  the  fimdamental  integral  equation  of  lifting  surface  theory  for  the 
sheared  wing. 

3.  Derivation  of  the  integral  equation  for  the  circulation  function.  We  next 
separate  the  right-hand  member  of  Eq.  (10)  into  two  parts,  Ii  and  /j ,  represent¬ 
ing  the  contributions  from  airfoil  and  wake  regions,  respectively.  Non-dimen¬ 
sional  variables  are  introduced  as  follows: 


The  result  is 

where 


z*  -  z/6,  y*  -  y/6,  -  {/6,  -  ,/6. 

tc.(x*,  y*)  cos  jS  =  /,  -I-  /, , 


.  -1  f  ^  dj.  -  ■  f  d,- 

2t  7-1  X*  -  I*  4»6  J-,  y*  -  If* 

-If  /  r:-\y*-v*i  \  , 

4t  7-.  7-1  dv*  \(z*  -  r)(y*  -  n*)I  ^  ^ 


(11) 


(12) 
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The  third  integral  in  Eq.  (12)  has  been  neglected  in  Reissner’s  theory  of  un¬ 
swept  wings.  The  justification,  for  /S  —  0,  is  as  follows:  (a)  dy/^^*  may  be  con¬ 
sidered  constant  in  the  immediate  neighborhood  of  the  line  «•*  »  v*.  When 

1  y*  -  I  «  I  *•  -  r  I 


K 


70 


—  I  «*  —  «* 


r*  —  t* 


(14) 


(X*  -  niv*  -  V*)  ix*  -  niv*  -  r,*)  ’ 

an  odd  function  of  (y*  —  y*). 

(b)  In  the  region  1  y*  —  y*  1  ^  1  a:*  —  L  i  e-  over  most  of  the  wing, 

K  _ (g*  —  f*) _ ^  0  r  ^  ~| 

^  '^2(y*  -  ,*)  |y*  -  ,*|  ^l(y*  -  ,*)*J- 

In  the  present  case,  with  /3  0,  the  approximation  given  by  Eq.  (14)  is  valid 

in  the  region  1  y*  —  i?*  1  ]  x*  —  {*  [.  Hence  the  contribution  from  that 

region  to  the  integral  in  question  is  still  small.  However,  when  |  y*  —  i»*  |  » 
I  X*  —  {*  I  it  is  found  that 


K 


sin 


consequently  it  is  not  permissible  to  neglect  the  integral  entirely.  Following  a 
suggestion  due  to  Reissner,  we  introduce  the  approximation 


A,  (y*  -  ,*) 


(16) 


where 


fa 

An  explicit  representation  for  Aff(a)  can  be  obtained  by  elementary  methods 
of  integration.  It  is  found  that 


Afi(a)  «  -  sin  /3  log  I  o  I,  I  o  1  «  I, 


and 


sin  jS/l  a  1  as  1  a  I  — ►  « . 

Also  it  will  be  observed  that  Af  vanishes  as  /3  — »  0.  Eq.  (12)  becomes 

^  f-  -  ’•)} 

In  R,  ,  where  {  >  6,  >  1,  we  have 


tU,  n)  -  -*•  ^  r(,)s-«-'‘'>‘*-‘>,  7(f,  ,•)  -  r(,*)e-*‘<*^«, 


9ti* 


ik  dr  -a(i*-i) 
■y  d?  * 


(17) 
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k  - 

Eqs.  (17)  are  introduced  into  Eq.  (13),  with  the  result 

/*  *  +  /« , 


'■-Sw’fiCr-*-'  ■■•> 

g  £  f  £  ’•  '1  '“> 

In  £q.  (20)  we  separate  the  ^-range  of  integration  into  two  parts  as  follows 


££■£/:-££■ 


/4  , 

where,  with  the  new  variable  of  integration  X  *»  k(^  —  x*). 


tt(i— «•)  /•» 


J-dn* 


FfW  -  n*)]dv*, 


It  is  given  by 


,aa-.»)  r* 


i  i  £  §■  ^ 

The  second  integral  in  Eq.  (24)  is  similar  to  the  third  integral  in  Eq.  (12); 
it  may  be  simplified  in  the  same  way  by  means  of  Eq.  (15),  with  the  result 

By  combining  Eqs.  (11),  (16),  (18),  (19),  (21),  (22)  and  (25)  we  obtain 
„.(x*  ,•)  eo.  0  .  df*  +  ^  W)  f  df* 


(26) 
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It  is  convenient  at  this  point  to  introduce  the  new  circulation  function* 

0  -  (l/5)rs® 

Then  Eq.  (26)  becomes 

«.(*..  CO.  ^  df-  +  ^  <r 

-  £  f*  -  ->*)  -  w  -  ,♦))} 


(27) 


By  comparison  of  Eq.  (27)  with  the  corresponding  equation  for  the  rectangular 
wing*  it  is  found  that  the  principal  results  from  the  earlier  work  may  be  applied 
here  with  only  minor  modificaticms.  In  the  derivation  of  the  integral  equation 
for  the  circulation  function  we  replace  l/(y*  —  v*)  by  l/(y*  —  ij*)  +  ,  F 

by  Ff  and  w.  by  tr.  cos  /S ,  with  the  result 


Q(vV  +  M(k)  £  0  “  **^<»f*(j'*  “  ’*>1} 


(28) 


where 


M(k) 


Jo(k)  -  iJx{k) 

rfc{[7o(ik)  -  Ki(A:)]  -  xViik)  +  F^*)])  ’ 
4  cos  /5  £  tp.(i*  V*)  df* 

Tik[Hi^(k)  +  t^r(ifc)]  ■ 


(29) 


A  collocation  procedure  for  the  numerical  solution  of  Eq.  (28)  can  be  formu¬ 
lated  along  the  lines  of  Reissner  and  Stevens’  method^  for  unswept  wings.  It 
will  be  necessary  to  tabulate  the  functions  A^(a),  Ffi{X),  and  to  prepare  tables  of 
integrals 


£  Fff  [A»(cos 


^  —  cos  9)]  cos  n0  do. 


£  Afi  [s(cos  ^  —  cos  ®)]  cos  nO  dO, 


for  suitable  values  of  0,  k,  t,  n  and 


4.  Lift  distribution  on  oscillating  sheared  wing.  The  pressure  jump  at  the 
lifting  surface  is  giving  by 

pU  »-*•+  pU  J-i 

+  y{x*,  y*). 


*  Reiflsner*,  Eq.  (15),  p.  8. 

*  Reissner*,  Eq.  (44^  p.  19.  Set  fc.  -  0,  f  -  {*,  s  -  x*,  *i  -  t,  and  A[*i(y*  -  ^*)J  -1/ 
(y*  -  n*)  -  <*(y*  -  -»*)Fl*|y*  -  nll/lv*  -  nl- 

*  E.  Reissner  and  J.  E.  Stevens,  Effect  of  finite  epan  on  the  airload  dietribulUone  for  oe- 
eiUating  vringe;  Il—metkode  of  calculation  and  examplee  of  application,  N.A.C.A.  Tech. 
Note  1195  (1947). 
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For  the  sheared  wing 

Ap,  _  2  COS  0 

pU  ^  T 


y*)  d^*  - 


2  COS  0 


t/rr?  L  /B-?  ^ 

^  -  l)(c(«  + 


(30) 


where 


A,(x*  {*) 


1  1  -  x*^*  +  Vl  -  Vl  ~  x*« 

2  1  -  x*{*  -  Vl  -  {•*  Vl  -  x**‘ 


In  the  two-dimensional  case  w,  is  independent  of  y  and  Q  »  oji^.  Ebccept 
for  the  cosine  factor,  Eq.  (30)  is  then  identical  with  the  known  formula  for  the 
two-dimensional  problem  without  sweep.  Hence  the  only  modification  required 
in  existing  formulas  for  lift  and  moment  on  a  rigid  airfoil  is  to  reduce  the  aero- 
d3mamic  coefficients  by  the  factor  cos  0.  The  chord  length  is  measured  in  the 
direction  of  flight.  Angular  displacements  of  wing  and  control  surfaces  are 
measured  in  a  vertical  plane,  parallel  to  flight  direction. 

The  effect  of  finite  span  is  to  introduce  the  additive  correction,  of ,  to  the 
basic  function  C{k)  *  F{k)  -|-  iO{k),  where 

iJxik) 


Of 


C(A:)  -I- 


L* 


Uk)  -  iJiik), 

6.  Tabulation  procedure  for  the  function  Ff  (X).  The  function 

\X\ 


(31) 


F,(X) 


f'-a 


+ 


XX 


XX 


-■) 


dX 


is  encountered  in  the  theory  of  unswept  wings.  Fo(X)  is  an  odd  function;  it 
may  be  expressed  in  the  form 


F.(X)  -  (iJri/jr)F(|xi). 

where 

F(X)  has  been  tabulated  by  Cicala*  for  positive  values  of  the  argument. 

Instead  of  calculating  Ffi(X)  directly  it  is  preferable  to  compute  the  differ¬ 
ence 

F,(X)  -  FfiX) 

*  P.  Cioala,  Comparison  of  theory  with  experiment  in  the  phenomenon  of  winy  flnUer,  NA. 
C.A.  Tech.  Memo.  887  (1939). 


'{X*  -  2XXsin/3  H-X*}*'*  -  {X* -+- X*}' 
XX 


dX.  (32) 
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We  may  write 


{X*  -  2XA'  sin/J  +  X*}*'*  -  {X*.+ 


and,  since 


2XX  sin  /9 


^  I  sin  /3  I  <  1, 


X*  +  X* 

it  is  permissible  to  introduce  the  binomial  expansion 

/,  2XX8ini8V'*  ,  ,  ^  /2XX8inA» 

-‘+5‘^i-xrTjp-j- 

For  computational  purposes  the  following  approximation  is  introduced 


(33) 


/,  2XXsini8V'*_  ,  1 /'2XX  sin  /2XX  sin /SV 

\  x*  +  x*/  ^  2Vx*  +  x*/'^»4s®*Vx*  +  x*/' 


(34) 


The  coefficients  c»  are  determined  by  the  method  of  least  squares,  minimising  the 
integral 

£  + 1:  dz, 

where 

c  «=  sin  /3«  , 

/9.  «  miucimiim  value  of  /9  for  which  theoiy  will  be  employed. 

For  ■■  45**  the  error  of  the  approximation  in  Eq.  (34)  is  not  greater  than 
0.5%.  F.  B.  Hildebrand  has  pointed  out  the  desirability  of  retaining  the  true 
value  of  Cl  from  the  binomial  expansion  in  Eq.  (34). 

From  Ekis.  (32),  (33)  and  (34)  we  obtain 


F,(X)  -  F^X)  =  i:  2-c.X"-^  8in-/3£-j^ 


cos  X  dX 


•  '""‘sinXdX  „ 


+  X*}-*'* 

After  some  manipulation  there  is  obtained 

D  o  .„/‘*cosXdX  ..  .  t  (  X  y.  f*  ^n\dK  \ 

Ra-2cisinpj^  jX*  +  X*|‘«  4ci  sin  ^  X  ^ 

.  Q-  o(  „4  /■"  cos  X  dX  \ 

+  8c,8in^(^Xj^  {XHTx^r-Xi  {x7+x*pj 


(35) 


,  .  4^/2  X  X*r  sinXdX  ^  X‘ f*  sinXdX  \ 

+  16c4  8in  {X*  +  X*}»/*  5  I  {X*  +  X»}‘'V’ 


(36) 
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7  o  .„/■**  sin X dX  ,  •  JaZ-vf*  cosXdX  \ 

If  -  2c,  an  ^  +  4c,  an  ^  j 


{X*4-X*)>« 

+  Mn‘0(x'[^ 

+  16c.sinV(f| 


sin  X  dX 
+  X*)*/* 

cosX  dX 
{X*  +  X*}»'* 


_  r"  cos  X  dX  \ 

Ti  {x»  + 


The  integrals  involving  cos  X  may  be  expressed  in  terms  of  modified  Bessel 
function^  as  follows: 


I 

I 


cos  X  dX 
{X*  +  X*}*'* 

cos  X  dX 
jX*  -f  X*}*'* 


=  ii:o(|x|), 


•  cosXdX  _A:,(|Z|) 

,  1X*  +  X*}*«  \x\  ’ 


a:,(|x|)  _  /Co(|x|)  2fi:,(|X|) 

3X*  3X*  Z\X\*  ‘ 


(38) 


sin  X  dX 


+  X'\ 


n+m  ' 


n  =  0, 1,  2, 


If  we  introduce  the  notation 

r.(x)  -  ixrfi^ 

then  it  can  be  easily  shown  that 

rp _ 1 _ I  Tn-I  _ 2nTn 

(4n»  -  1)  I X i-  (4n*  -  1)  (2n  +  1)  jXl* 

To  and  Ti  have  been  discussed  elsewhere;*®  for  X  >  0 

TfiX)  -  Ko(X)  /o(f)  d{  -  UX)  Kf(^)  de  +  ^  Io(X), 


(39) 

(40) 

(41) 


r,(x)  -  -t;  =  Kiix)  j[' m)  d{  +  /i(x)  ii:,(€)  d^  -  ?  /,(x).  (42) 

The  integrals  occurring  in  Eqs.  (41)  and  (42)  have  been  tabulated.” 

6.  Integral  equation  of  lifting  surface  theory  for  the  sweptback  wing.  It  appears 
desirable,  in  the  analysis  of  the  V-form  wing,  to  treat  symmetrical  and  anti- 
symmetrical  motions  separately.  Because  of  the  geometric  symmetry  of  the 
wing,  this  makes  it  possible  to  formulate  the  basic  integral  equation  for  one 
half  of  the  wing  only,  and  thereby  to  simplify  the  region  of  int^ration. 

As  indicated  in  Fig.  2,  oblique  coordinates  are  to  be  employed,  with  the  y-axis 
parallel  to  the  leading  edge  of  the  right-hand  half  of  the  wing.  We  return  to 
Eq.  (4),  which  is  valid  for  a  wing  of  any  planform.  The  airfoil  region  is  divided 

*  Gray,  Mathews  and  MacRobert,  A  tretUUe  on  Buael  fundiona  and  their  applieationa  to 
phyaiea,  2nd  ed.,  Macmillan  and  Co.,  Ltd.,  1031,  Eq.  (35),  p.  62. 

"  W.  P.  Jones,  Wind  tunnel  interference  effect  on  the  valuea  of  experimentally  determined 
derivative  coefficienta  for  oacillating  aerofoila,  Brit.,  A.R.C.,  R.  A  M.  1012  (1043),  p.  0. 

“  V.  R.  Borsian  and  V.  A.  Fok,  Akad.  Nauk.,  Leningrad,  Fisiks-Mat.  Institnt,  Trudy 
(Travaux)  (1)2,  6-10  (1081). 
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r  ^ 


o 


6 


Fio.  2.  Sweptback  Wing 


into  a  right-hMd  i^on,  Si ,  md  .  left-hand  region, ia  divided  similarly 
^  account  of  the  symmetry  of  the  airfoU,  Eq.  (4)  may  be 

ar  ”  ~4i  <*£'  <<1' 

t^here 

-  {(Xr  -  t)*  +  (y,  -  ,,)*  +  zT\ 


-  {(Xr  - 

-  {-)’  +  (y, 

r  +  Vr)* 

- 

r 

Xr  -  fr 

iVr  - 

Vr)*  +  Z*  L 

r' 

Vr 

+  Vr  r 

1 

(Vr  + 

Vr)*  +  Z*l 

r" 

The  relations 

7({r  ,  —  Vr) 


/  7({r ,  Vr)  for  symmetrical  motions, 
l“7($r,  ijr)  for  antisymmetrical  motions, 
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are  introduced  into  £q.  (43)  and  the  reeulting  equation  is  transfonned  to  oblique 
coordinates  by  means  of  Eqs.  (1),  (5)  and  (6).  Since 

"  “XT  -  tan/3— -sec/S  — , 
oy,  dtir  dif 

dVr  difr  ^  ^  ^  dir  ’ 


and,  by  straightforward  calculation, 

d*' _ iy  —  n)  cos  8 

d€  “  ’ 


(y  +  ir)  cos  ^ 


it  follows  that 


^  ^  ff  ft  N /(*-{)  cos /3 

(45) 

//  ") ~ °°* g  +  g g  + 

*i+*i  ■' 

The  upper  or  lower  sign,  preceding  the  second  integral  in  £q.  (45),  is  to  be  chosen 
according  as  the  motion  is  symmetrical  or  antisymmetrical.  Both  integrals  in 
Eq.  (45)  are  transformed  by  int^ration  by  parts  with  respect  to  ir,  and  the 
substitution  yH,  bg«)  »  Ois  made.  The  limiting  form  of  the  resulting  equation 
as  s  — » 0  is 

”•(*■  -  -S  in  {(T^  +  J 

-  s  /  /  ^  {(.  -  m  - ,) + 4 

*.+*•  ^  (45) 

*  S  /I.  •»  {i(^  i)  +  2>.i,fflv  -i  +  4  ^ 


1  ^ 

4t  J  /  dir  \[(x  —  f I 


«n  8Ky  +  y  +  n^^\ 


ijdf  dir. 


r»  -  {(x  -  {)*  +  2(x  -  f)  (y  -  ir)  sin  /3  +  (y  -  ir)*}*'*, 

ri'  -  {(x  -  €)*  +  2(x  -  €)  (y  -  ir)  sin  ^  +  (y  -  ir)*  sin* /3  +  (y  +  ir)*  cos*  /9}*'* 

-  {l(x  -  €)  +  2y  sin  8?  -  2  sin  |8[(x  -  f)  +  2y  sin  /3]  (y  +  n)  +  (y  +  n)*}*'*i 

K  -  fi'  -  {(x  -  {)*  +  2(x  -  {)y  sin  8  +  y*}*'* 

-  {l(x  -  {)  +  2y  sin  /SJ*  -  2  sin  /3((x  -  f )  +  2y  sin  jdjy  +  y*}*'*. 
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/i  and  ft  are  arbitrary  functions  of  (x  —  y,  subject  only  to  the  requirement 
that  the  integrals  in  Eq.  (46)  shall  be  convergent.  We  make  the  obvious  choice 


- 


^  +1 

(X  -  ^  y' 

f;' 


K®  -  {)  +  2y  Bin  /3}y  y  ’ 
and  Eq.  (46)  becomes  •  • 


(47) 


I  (*  -  l)(y  -  v)  y  -  V  (»  -  {)y 


ro 


+ 


4t  J  J  di;  \  [(x  -  {)  +  2y  sin  /3](y  +  ij) 
*i+*i 


v  +  v  [{x  -  i)  +  2y  sin  /3]y 
Finally  we  employ  the  identity 


(48) 


to  transform  Eq.  (48),  with  the  result 

-  L  ii  ^0  ~  I y  ~  ^  I  1  _i _ fi-  y 

^  J  J  Sn\(x  —  {)(y  —  ri)  y  —  V  (»  —  t)y 

*i+*i 


4t  J  jf  dif 
*;+*; 


^  / 


ro 


+ 


1 


U(»  -  €)  +  2y  sin  ^](y  +  ij)  '  y  +  ij 
fi' 


(49) 


[(x  -  f)  +  2y  sin  /3]y 


-i} 


df  dij, 


Eq.  (49)  is  the  fimdamental  integral  equation  of  lifting  surface  theoryjfor 
the  Bweptback  wing,  expressed  in  oblique  coordinates.  As  given  here,  it  relates 
the  vertical  component  of  fluid  velocity,  tra(x,  y),  in  the  right-hand^alfjof  the 
airfoil  region 

A.:  —bo  ^  X  ^  xi(y),  0  ^  y  ^  &o<, 
to  the  distribution  of  vorticity,  y((,  rf),  in  the  region 
Rtt  Rwi  ~bo  ho9. 
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The  distribution  of  induced  velocity,  tD,(x,  y),  along  a  particular  chordwise 
line,  y  «  const.,  is  composed  of  two  parts.  The  contribution  of  the  first  int^p:td 
in  £q.  (40)  is  the  velocity  that  would  exist  if  the  flow  were  two-dimensional, 
with  the  vorticity  distribution  y((,  if)  «  y{^,  y).  Three  dimensional  effects 
are  represented  by  the  second  and  third  integrals. 

Chancb  VouaHT  Aiscbait, 

Division  or  Unttbo  AiscaArr  Cobfobation 
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